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Steady one-dimensional shocks of such strength that one degree of ionization is of importance are con 
sidered. The equation of state of argon is computed, equilibrium conditions behind the shock front are 
evaluated, and a recombination coefficient derived from detailed balancing. It is shown that for a given 
shock velocity the shock front is flat and nonluminous at first but soon becomes luminous with corre 
sponding change in hydrodynamic variables and degree of ionization, and that the flat portion decreases 


in width with increasing shock velocity. 


INTRODUCTION 
A SHOCK wave traveling through an atmosphere 


of argon gas may conveniently be described in 
the following way. In front of the shock wave is the 
undisturbed atmosphere in equilibrium. Upon being 
struck by the shock, a violent disturbance occurs, which 
soon however settles down to a new condition of sta- 
tistical equilibrium behind the shock. Connection be- 
tween the two regions of equilibrium is uniquely 
determined by the Rankine-Hugoniot or shock rela- 
tions.! 

Disturbance of the statistical equilibrium takes place 
in the following way. As a shock wave passes through 
the gas the translational degrees of freedom of the 
atoms are excited. The distance required to achieve 
translational equilibrium has been investigated theo- 
retically? and in the limit of strong shocks is of the order 
of two collision lengths. This seems to have received 
satisfactory experimental verification.’ If the temper- 
ature of the translational degrees of freedom is suffici- 
ently high, transfer of energy to other degrees of freedom 


* Most of this work was performed under the auspices of the 
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Laboratory, University of California, Los Alamos, New Mexico. 

t This report is based on a thesis submitted by the author to 
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takes place until complete thermal equilibrium is 
reached. The region in which this transfer of energy 
takes place is one of nonequilibrium. ‘The shock front 
is then defined to be all the region between the undis- 
turbed atmosphere in front of the shock and the point 
behind the front of the shock at which thermal equi 
librium is first essentially achieved. 


I. EQUILIBRIUM BEHIND THE SHOCK FRONT 
1. Introduction 


The general hydrodynamic features of a shock are 
determined by the properties of the equilibrium regions 
in front of and behind the shock front. The conditions 
in front of the shock are completely known, of course. 
However, the region behind the shock front in argon 
is a plasma consisting of argon atoms in various states 
of excitation, argon ions, and electrons. Despite the 
fact that such a plasma has received considerable 
attention, particularly at low pressures and tempera 
tures,’ knowledge of this state is far from being satis 
factory. This is especially true at the high pressures and 
temperatures behind a shock front. 

In Part I, the equilibrium equation of state and the 
thermodynamic functions of the argon plasma are 


calculated. There are available several methods for 
determining the equation of state of gas. Here, the 


Saha equation has been used and the partition functions 


®R. Rompe and M. Steenbeck, The Plasma State of Gases 
(Koppers Company, Inc., Pittsburgh, 1950) 
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1684 JOHN W. 
evaluated by a method suggested by Bethe.* The 
reason for using Bethe’s method is that it is simple and 
well adapted for high-speed computing machines. In 
this calculation, as indeed throughout this report, it 
will be assumed that the number of doubly ionized 
argons is negligible. 


2. Equilibrium Conditions 


Consider a plasma state behind the shock front in 
complete thermal equilibrium. Let the concentration 
[A] be defined as the ratio of the number of neutral 
argon atoms to the original number before ionization 
takes place. Similarly [A+ ] is the ratio of the number of 
singly charged argon ions to the original number of 
argon atoms and [ &/] is the corresponding concentra 
tion for electrons, where, at all times 


[61]=[At]. 


If g is the average number of particles into which an 
argon atom splits at temperature 7’, then 


g=[A]+2[A*], (1) 


where the factor of 2 is due to the presence of one 
electron for each ion. Although the density behind a 
shock front is high, the temperature is also high; hence 
it seems valid to neglect intermolecular forces and 
assume the perfect gas equation of state to hold: 


R . 
p=go—T, 
M 


4 


(2) 


where R is the gas constant per mole and M is the 
original molecular weight. 
Following Bethe, the quantities « and 6 are defined 
by the relations 
p R 
Te pb ; 
p M p 


E+ 


where £ is the internal energy per gram. 


From (2) and (3), 
R 
1) i 
M 


R € 

— 

M g 
B= e/g. 

The quantities 6 and ¢ have been defined for compu- 
tational purposes. A parameter analogous to 6 may be 
separately defined for atoms, ions, and electrons. This 
parameter 8(g,) will include the energy of translation 
and electronic excitation; hence for each species 


E(qi)/kT, (5) 


(4) 


B(qi) 1 
where E(q;) is the internal energy per particle and q, 


*H. A. Bethe, Office of Scientific Research and Development 
Report OSRD 369, 1942 (unpublished) 
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stands for a particle which may be an argon atom, A, 
an argon ion, A*, or an electron, &/. The quantity e is 
then given by 


1(A) 
«=6(A)[A]+8(A*)[At]+ = (At]+6(6D[ 61]. 


(A) is the ionization energy for argon and B(A) means 
8 for neutral argon and includes the energy of trans- 
lation and excitation. B(A*) is similarly defined for 
singly ionized argon. Since for a free particle the energy 
is $kT, B(6l)=2.5. 


The equilibrium constant for the argon interaction is 
K=[At][ 61]/[A] 
[At]. 


x7/(1—x), (6) 


where 


3. Partition Functions 


Once the equilibrium conditions have been defined, 
then, for an ionizing reaction the Saha equation may 
be used to write the equilibrium constant in terms of 
the partition functions. The Saha equation for the 
argon equilibrium reaction may be written. 


Qarku\! 1 74 Z(At) Z(El) eA? 
(—-) --- , @ 


he n,n Z(A) 


where yp is the reduced mass, 1.€., 


p=mtm,./m, m=m*+m,, 


and m,;=number of argon atoms in one cm? of the 
undisturbed gas in front of the shock, n=density ratio 
ps/pi, pi:= density of the undisturbed gas in front of 
the shock, py= density in the equilibrium region behind 
the shock, /= first ionization potential of argon, Z(A*) 
internal partition function for the argon ion, Z(A) 
internal partition function for the neutral argon atom, 
and Z(&/)=internal partition function for the electron. 
The density ratio 7 is used in (7) in place of the 
corresponding pressure ratio £ because n varies between 
1 and about 10 across the shock front whereas £ may 
become very large and, in fact, is set equal to # in the 
strong-shock approximation. 
The internal partition functions are defined by 


Z Lis Rn€ “ “ 
with m corresponding to a state of the system with 
energy E,, and statistical weight g, (the energy of the 
ground state is arbitrarily set equal to zero). The 
internal partition function of the electrons reduces 
simply to the degeneracy 2. Hence, if 


Qrku\'1 T! 
f=f(Tn)= ( ) sy 
i ny 


Z(At)e er 
OF 
Z(A) 


(8) 


(9) 
then 


(10) 
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At high temperatures the higher excited states of the 
atom become numerous and may contribute appreciably 
to the partition function. The summing over these 
higher states could become quite laborious but even 
worse would be the overlapping of the higher quantuni 
states of neighboring atoms. Therefore, a cutoff must 
be made. This cutoff successively eliminates the high 
quantum states of the atom as the density is increased. 
The corresponding process is termed pressure ionization. 

The radius of a hydrogen-like electron orbit is 
d,=adgn*, where dp is the first Bohr radius and n is the 
principal quantum number. It is now assumed that all 
electron orbits are suppressed whose radius a, exceeds 
half the average distance between neighboring atoms. 
Let this half-distance be ro; then, if L is the number of 
atoms per cm? in front of the shock, 


3 ' 
ay 
4a Ln 


Hence, the limiting value of n is 


173 \"s 
n,=Dn"!®, D=const ( +) ; 
ao) 4a L 


As n, is nonintegral, g is reduced proportionately. For 
n2>n,+ 4 the state will be completely cut off, and for 
n<n,— 4 the state will be fully counted in the partition 
function. Hence, the internal partition function of the 
atom depends not only on the temperature but to a 
small extent on the density, 1.e., Z=Z(7,n). 

In the above approximation the partition function of 
the free electrons is underestimated since their potential 
energy is neglected. Also, the integration over phase 
space is not carried out properly. While it is difficult to 
estimate the size of the error, it cannot be large since 
theory and experiment are in good agreement (see 
Fig. 8 and paper of Shreffler and Christian’). In 
addition, the above theory agrees with more precise 
calculations made at Los Alamos. 

The contribution to the partition function from the 
low states is easy to obtain because of their small 
number. However, the contributions from the higher 
states which have one electron excited to n24 is a 
different matter both because of the great number 
available and because of the cutoff that must be made. 
Hence, the partition function for the neutral atom may 
be written as 


mA ies +Zhighs (11) 


where Zj,w is summed over the low states (n=3) as 
in (8). 

The ground state of argon is a (3p)®'So level with a 
multiplicity of one and an energy by convention equal 
to zero. There is also a level from the configuration 
(3p)® (3d), observed spectroscopically, which has a 


TR. G. Shreffler and R, H. Christian, J 
(1954). 
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relatively high energy, viz., 113 000 cm-! or 162 500 
degrees. The level has a multiplicity 60. Levels with 
two excited electrons have such high energies as to be 
unimportant in the partition function 

The quantity Zy ign may be evaluated by the following 
approximation: Consider a highly excited atom as an 
ion with an electron moving around the ion in a large 
orbit. The spectrum will be alkali-like and the energy 
Eni, of a state of principal quantum number » and 
orbital quantum number /, will be 


Ent I t Bion Bui; 


(12) 


where £j,,=excitation energy of the ion (20), and 
E,. = binding energy of the electron. 


If (12) is substituted in (8), Zpign becomes 


Lhigh inal (134) 


T's 
#high- 


Zion 1S determined similarly to Zi ~ although the low 
states are more numerous for Au than for Ar. The 
quantity Zpigh IS the partition function for the (one 
electron) high excited states of the neutral argon atom, 
when one neglects the multiplicity of the core configu 
ration (which is included of course in Zj,.). It is given 
by 

y° 


Zhigh= 2, Kni(per har’ /ar 


(14) 


where g,i() is the adjusted multiplicity. As shown by 
(42), ear 
which is subtracted from the energy of the ion, i.e., 
E, =I1—E, with E, the excitation energy. The high 
excited states of the ion have not been included because 


corresponds to a positive binding energy 


their contribution to the partition function is negligible 
in the temperature range concerned 


4. Energy Content 


If the partition function is known, it is possible to 
the other 
The energy content is of particular interest because of 


obtain various thermodynamic functions 
its importance in determining the shock conditions 
(Sec. 5). 


The average energy per particle in units of kT’ is 


D gnl(En/kT )e 20!*? 
B(qi) ; { . (15) 
Z 
The % represents translational energy, , the internal 
energy per particle for the remaining degrees of freedom, 
and Z is the corresponding partition function 
Let 
W=D0 gn(En/RT eo Bn*? 
then 
B= (5/2)+ (W/Z) 


W may be evaluated in the same way as Z, i.e., 


W = Wiowt W nigh; 


with Wiow given by (16) but summed over just the low 
states, 
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5. Shock Front without Heat Conduction 
or Viscosity 


In Secs, 2 to 4 it has been shown how component 
concentrations and energy content may be calculated 
in a gas which is in a state of complete thermal equi- 
librium. If this equilibrium state is specified to be that 
which exists behind a shock front, then the density 
and temperature are determined by the conservation 
equations, the equation of state, the shock velocity, 
and the initial conditions. It is assumed that heat 
conductivity and viscosity can be neglected which is 
perfectly valid if the conditions are those of equilibrium 
and there are no dissipative losses. 

Consider a one-dimensional shock for which the shock 
equations may be written as follows: 

Conservation of mass: 


pv=m= const, (17) 


where p is the density and v the velocity with respect 
to the shock front, i.e., 


v=u—U (18) 


’ 


u being the material velocity and U/ the shock velocity. 
Conservation of momentum: 
Vo=const. (19) 


pt+mv=mV 0, 


Conservation of energy: 
Bp/pt+}iv=3C%, C 


If (17) and (2) are substituted into (19) and (20), 
then, after dividing through by p,’, the functions F; 
and /*, are obtained: 


F = gn?(R/M)T—UV n+ U?, 


const. (20) 


(21) 
and 
F, 


Be(R/M)n?T —4C%pP+-4U?2, (22) 


where I’; and F, must go to zero together. 

The constants V» and C are determined from the 
conditions in front of the shock; hence, for a given 
value of U, and if B(n,7) and g(n,7) are known, the 
quantities n, 7, &, and « may be uniquely determined 
in the shock front and behind the shock front. 

In the above equation radiation has been neglected 
but a brief consideration shows that this is probably a 
good approximation for the range of shock strengths’ 
under consideration. For example, if §=500, »=7, and 
y=4/3 which is about right for 7=20 000 degrees and 
U =6X 10° cm/sec, then the energy density for internal 
degrees of freedom is 10" ergs per gram. However, if 
black-body radiation is assumed, the radiation density 
is only about 10° ergs per gram. 

Assuming about 0.1 of the argon atoms are either 
excited or ionized and an average wavelength for emitted 
radiation of 210° cm, a rate of radiation of about 


10° ergs per gram per second is obtained. If this is 


® Shock strength is defined here as the pressure ratio = p4/p,, 
where f, is the equilibrium pressure and p, is the fore-pressure. 
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compared with the internal energy, viz., 10"' ergs per 
gram it is seen that the relaxation time, E/E, for radi- 
ation loss is of the order of 100 usec which is much 
longer than the time for complete relaxation of the 
shock front. (As will be shown in Part II, this time is 
of the order of 10~* sec, which is also about the lifetime 
of a radiative transition.) 

Computations for Parts I and II of this report have 
been given in both tabular and graphical form.’ The 
equation of state for argon has been tabulated in 
terms of the partition functions and the equilibrium 
constant for temperatures between 7500°K and 26000°K 
and density ratios between 1 and 20. The equilibrium 
region behind the shock front has been computed for 
shock velocities between 3 and 9 times 10° cm/sec and 
for two fore-pressures, ~;=59.3 cm Hg and p,=1.0 
cm Hg (see Figs. 8 and 9). 


Il. NONEQUILIBRIUM REGION 
1. Introduction 


In Part I it has been shown how the conditions in 
the region behind the shock where thermal equilibrium 
is assumed to be established may be completely deter- 
mined. The nonequilibrium portion of the shock, i.e., 
the part between the undisturbed gas in front of the 
shock and the equilibrated region behind the shock, 
will now be examined. 

Although a true thermodynamic temperature does 
not exist in this region, the velocity distribution of the 
neutral atoms, the ions, and the electrons is at each 
point close to Maxwellian. A local “temperature” which 
is characteristic of this distribution may therefore be 
introduced. The use of such a temperature is probably 
valid, since the high density and pressure involved 
cause a Maxwellian distribution to be very quickly 
established. 

The flow region involving the shock front may be 
conveniently divided into four parts (see Fig. 1). The 
undisturbed gas in front of the shock is region 1. 
Region 2 represents that part of the shock front in 


T 








hassinai 
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Fic. 1, Temperature vs distance in a steady shock front, showing 
the equilibrium and nonequilibrium regions. 


®J. W. Bond, Jr., Los Alamos Report LA-1693, 1954 (unpub- 
lished), 





St RUCTURE 


which translational equilibrium takes place which, for 
strong shocks, has a width of about two mean free 
paths. In region 3 equilibrium of the various internal 
degrees of freedom of the gas atoms takes place, and 
in region 4 it is assumed that complete thermodynamic 
equilibrium again exists. In Fig. 1 equilibration between 
translational degrees of freedom is first reached at 
point A and complete equilibration between all degrees 
of freedom is first reached at point B. 

To obtain the conditions at point A, the shock 
equations may be used, with the assumption, however, 
that the internal degrees of freedom are not excited. 
Hence, a constant y, viz., 7 
The pressure at point A is given by 


5/3 for argon, is used. 


Pa 2p1 


ply +1) 


£4 ial 


pr 


and the density from 


The temperature ratio is given by 
T4/T\=&a/na. 
2. Production of Electrons in the Shock Front 


If the cross sections for all the various atomic inter 
actions that take place in a shock front were known, 
it would be possible to compute the rate of transfer of 
energy from the translational degrees of freedom to the 
other degrees of freedom, 1.e., the rate at which true 
thermal equilibrium is established. For argon a rela- 
tively simple model of the shock front will be adopted 
which involves only cross sections that either have been 
determined experimentally or may be computed. 

There are numerous processes by which electrons are 
produced in forming a plasma; however, a brief con- 
sideration shows that to a fair approximation all but 
two may be neglected, viz., 

A+A—A+At+e, (23) 
and 


e+A (24) 


Reactions involving the production of multiply-ionized 
atoms may be neglected because of the higher ionization 
potentials. The reaction A+At—>2At-+-e is neglected 
because, while its cross section is about the same as for 
(23), the concentration of At is relatively small. The 
absorption reaction, 


>2e+ At. 


hv+A—e+ At, 
is neglected because of the long lifetime involved, the 
low radiation density (see Part I, Sec. 5), and because 
the photons escape from the system. 
Finally, the argon atom may be excited by processes 
similar to the ones listed above. Once excited it can 
drop into a metastable state from which ionization can 
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take place either by collisions or by a photoprocess. In 
both cases radiative transitions are involved and, as 
pointed out above, the lifetimes of radiative transitions 
are of such lengths as to warrant neglect of excitation 
It is possible, however, that excitation processes com 
pete with some of the one-step processes, but the cross 
sections are not known very well.’ 

Since, at the peak of the shock (point A, Fig. 1), 
only the translational degrees of freedom are excited 
and there are no electrons present, the reactions be- 
tween argon atoms will be considered first. The pro- 
duction term may be written 


qi J fsorseno.o rLV\dVo, 5) 


where f(v,), {(v,) are the normalized Maxwellian distn 
butions for the two reactants (in this case, neutral argon 
atoms), o,(v,) is the ionization cross section, v, is the 
relative velocity, and dv,, dv, are the elements of 
The Maxwellian 
distributions here is particularly good because of the 


volume in velocity space. use of 
high shock velocities to be considered" and because the 
masses of the reactants are equal. 

The ionization cross section for reaction (23) was 
measured by Rostagni” for various low values of the 
relative energy. In the very low energy range, say 
below 100 ev, the measurement of the cross 
particularly difficult because the chance of energy 
transfer that it is not to reduce 
background unimportant 
Wayland found a low-energy tail with a threshold 
value of 48 ev which has been fitted to the Rostayni 


section 18 


is so minute easy 


effects to an magnitude 


results 

When one inserts the expressions for the distribution 
functions into (25), the following relation for q: is 
obtained 


, mov? mov? 
N11 Af feof ) ef “) 
2k7 2k1 
Xa(v)vdv dv. 
A is the normalizing factor which is given by 


nfm \* 
A od i 
2 \2nrk7 
where is the number density of argon atoms at an 
arbitrary point in the shock front. If the production 


coefficient is 
m ’ mv? mo? 
6,(T) i( ff exp( ) exn( ) 
2akT 2kT 2k7 
Xa(v)vdv,dvs, 


” H. Maier-Leibnitz, Z. Physik 95, 499 (1935 
4H, K. Sen, Phys. Rev. 92, 861 (1953) 
2A, Rostagni, Nuovo cimento 13, 389 (1936) 
44H. Wayland, Phys. Rev. 52, 31 (1937) 


(26) 
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then the production of electrons by reaction (23) is 
given by qi= By’. 

Once electrons have been produced by the A+A 
reaction, then reactions between electrons and atoms 
take place. It has been assumed that ionizing reaction 
(24) is the only one of importance; the corresponding 
production term is g3=Agnn,, Bs is similar 
in form to B, except that the masses and temperatures 
of the two colliding particles differ. The cross section 
a4 18 the cross section for the reaction (24). The values 
used were those measured by Bleakney™ to which were 


where 


fitted the low-energy tail measured by Stevenson and 
Hipple ” 

Implicit in the use of 8, in the above form is the 
assumption that the electrons are in a Maxwellian 
velocity distribution. This assumption is probably valid 
if electron-electron collisions are predominant, and such 
is the case if the degree of ionization x is greater than 
about 10°*. Hence, if x>10-* it is assumed that the 
electrons are at a temperature 7, and the plasma at a 
temperature 7’, In this range, and before equilibrium 
is reached, the electron temperature is somewhat lower 
than the plasma temperature because each time reaction 
(24) occurs an amount of kinetic energy equal to the 
ionization energy of argon is lost to the electrons. The 
rate of decrease of electron energy due to ionization 
collisions is offset by the rate of increase in electron 
energy due to Coulomb collisions. A formulation for 
the latter rate is given by Landau.!® 


3. Recombination Processes 


After electrons have been produced in quantity, 
recombination between the electrons and argon ions 
becomes important. There appear to be no experimental 
measurements of the recombination coefficient in the 
temperature and density range for the shocks under 
consideration. Therefore, the recombination processes 
that could occur will be discussed separately. 

Dielectronic recombination involves the formation of 
a doubly excited atom, i.e., At+e—-A”, which then 
either reverts to its initial state, ejecting one electron 
and leaving the other excited electron in a bound state, 
or undergoes a radiative transition going over to a 
stable, singly excited state. A computation by Massey 
and Bates!’ shows that this process may be neglected 
here. 

An argon atom and an argon ion may unite in a 
triple impact to form a molecular ion, A,*. Because of 
the short duration of the time of formation, the dissoci- 
ative recombination process, 


Ayt+e—A'+A’, 


could be of considerable importance. However, mole« 


“W. Bleakney, Phys. Rev. 36, 1303 (1930) 

©), P, Stevenson and J. A. Hipple, Phys. Rev. 62, 237 (1942) 

1. Landau, Physik. Z. Sowjetunion 10, 154 (1936) 

17H. S. W. Massey and D. R. Bates, Repts. Progr. Phys. 11, 
62 (1942) 
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ular binding energies of this type are much lower than 
the mean temperatures which are in the range from 2 
to 3 electron volts; hence, it is probably safe to assume 
that the concentration of A,* is negligibly small. 
Radiative capture of an electron by an argon ion is 
a two-body process and may be represented by the 
reaction 


At+eA'+hy. 


Here again experimental cross sections are not available, 
and hence theoretical values must be used. A classical 
theory for radiative recombination due to Kramers'* 
will be considered first. 

Behind the front of the shock a plasma is formed 
which consists of free electrons and neutral and singly- 
ionized argon atoms in various states of excitation with 
respective concentrations n,, n, and nt, where nt=n,, 
and the velocity distributions are Maxwellian. The 
radiative capture cross section for an electron by an 
argon ion may then be estimated in the following way. 
When an electron passes through an electric field in 
which the charge distribution is uniform, it loses energy 
at a rate dependent upon the square of the acceleration. 
If the accelerating force is exerted by a positive charge, 
the path of the electron will be hyperbolic and such 
that the greatest acceleration, and consequently the 
greatest energy loss, will be at the point of closest 
approach to the positive charge. Let us assume each 
argon nucleus to be surrounded by a uniform charge 
distribution, which may be obtained by taking the 
field calculations of Hartree” for a 
neutral argon atom and reducing the outer orbital 
charge by unity with appropriate adjustment of the 
radius and charge density. When the electron pene- 
trates this charge distribution it radiates energy; and 
if the assumption is made that when the energy loss is 
greater than the initial kinetic energy of the electron, 
capture takes place, then the cross section is 


self-consistent 


a(v) = 1.4885 & 105Z,8/5/ V/s, 


in agreement with a formula given by Biondi.” In this 
formula the dependence of the effective charge Z, on 
the velocity v is not included. However, even if this is 
done it is found that o(v) is far too large. 

If instead of using the above classical theory, quan- 
tum theory is used, more satisfactory results are ob- 
tained. Usually the cross section o,, for the inverse 
process, that is, photoelectric absorption, is calculated. 
This causes but little difficulty, for the radiative capture 
cross section a, can be obtained from it by detailed 
balancing. 

It is possible to use a rather simple approximation 
for the photoelectric cross section since the processes 
involved are those in which the kinetic energy of the 


18H. A. Kramers, Phil. Mag. 46, 836 (1923). 

1). R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 

* M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 
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electron in the ionized state is small compared to the 
ionization energy. For this case it is valid to expand the 
continuum wave function occurring in the matrix 
elements of the transition probability about the function 
for zero energy. If a similar expansion (which is @ priori 
much less justified, but which nevertheless gives good 
numerical results) is used for the bound-state wave 
functions, and the resulting cross section averaged 
over all values of the orbital angular momentum of the 
bound state, the cross section derived by Menzel and 
Pekeris* and discussed by Mayer” is obtained. 

With appropriate modifications for argon and assum- 
ing hydrogenic wave functions for the higher excited 
states and an effective charge of 5 for the 3p orbital, 
the total capture cross section is given by 


o,-= 3.018 10-7 /E cm’, 


with £ in electron volts. This formula agrees well with 
values for argon obtained by adjusting Bates’ results 
on hydrogen and oxygen.” 

The radiative recombination coethicient is given by 


r!7 w\! uv? 
a3 ( ( ) } exp Jor(o)eas, 
T Ct 2kT 


a3= 2.174K 1074/7". (27) 

Iinally, consider three-body recombination. If Thom 
son’s™” theory is used, one may compute the chance 
that an electron, after colliding with a neutral argon 
atom, is captured into an orbit about a neighboring ion 
which must be at a distance less than ro=2e?/3kT. 


The resulting cross section is approximately 


Srry’m Nog 


th ’ 
m 


where m, is the mass of an electron, m the mass of an 


argon and oq the diffusion cross section for 


electrons in argon. 


atom, 


Since o, and oy, are of the same order of magnitude, 
it would be necessary to take both the radiative and 
three-body recombination processes into account. How 
ever, in the temperature range 1 to 3 ev the Thomson 
theory is only applicable for atom densities 10” Sn 
= 10" per cm* whereas the atom densities achieved in 
the shocks being treated le in the range 10'* to 10” 
per cm’, 

In view of the inapplicability of the Thomson theory, 
another method aimed at finding the recombination 
coefficient a must be used. To obtain such a method 
consider the derivation of the source term. It has been 


1D. H. Menzel and C. L 
Astron. Soc. 96, 77 (1935 

2H. Mayer, Los Alamos Report LA-647 (unpublished) 

% Bates, Buckingham, Massey, and Unwin, Proc, Roy. Soc 
(London) A170, 322 (1939 

*H. S. W. Massey and E. H. S. Burhop, Electronic and Tonic 
Impact Phenomena (The Clarendon Press, Oxford, 1952). 
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assumed that the only significant reactions occurring 
in the plasma, which consists of argon atoms A, argon 
ions At, and electrons e, are the following: 


By 
A+AA+At-+e, 


3 


v9 
A+hveAt+e (30) 


3 


Ihe electron production rates are given by the p’s 


and the recombination rates by the a’s. From these 


reactions a source term may be written as 


S=dn,/dt=B\n?+-Bynn,+Bynn, 


anmneg—asne—agne, (31) 


where all the coeflicients are functions of temperature 


/ / / io he 
only, and where a4y’=a4/n and as =a5/n,. The atom 
density is m, electron density m,, photon density ,, and 
electron and ion densities are equal. The recombination 


coeflicient may then be written 
a ayn { 5 Ne { 3. (32) 


In the equilibrium state dn,/dt=0 or, from (31), if one 
uses the asterisk to denote equilibrium values, 


*2 * * 


) Ne Ny 
(4 | D3 { By 
*2 * * 


te n n 


/ / 
4 n* { 5 Ne” + ay 


From Part I, 


hence 


tay 


1—x\? 1—x n,* 
a,( ) | 3,( ) t+ (By 
‘ 1 n* 


reversibility, not 


ay/n* { 5 N* 


By the prin iple of mi roscopl 
only must the over-all production of electrons be zero 
in the equilibrium state, but each individual reaction 
(28) to (30) must be balanced. Hence 


Thus the nonequilibrium recombination rate a of (32) 
may be obtained from knowledge of the equilibrium 
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concentrations and 6, and #, (giving ay’ and as’) and 
from the quantum formula for radiative recombination 
(giving az), i.e 


n l1—x\? nn, 1—x 
6,( ) +- 6,( ) +a. (34) 
n* x n.* x 


4. Structure of the Shock Front 


The equation for the rate of electron production, 
i.c., the source term, is given by Eq. (31). In order to 
apply this equation to the nonequilibrium part of the 
shock front, a term that expresses the change in 
macroscopic density must be incorporated. This may 
be done by writing the continuity equation in terms 
of electron density as 


On,/dt+d(un,)/d0X =S 


’ 


where u is material velocity and X is the Eulerian 
distance coordinate. 
In a Lagrangian system where x’ is the distance 


coordinate, this becomes 


dn, On, 


dt at 4d, 


and substituting 


paV/al Ou/ Ox" V 


’ 
the following equation is obtained : 


d log(n.V)/dt= S/n,. (35) 


The density of the plasma is given by p= m(n-+-n,); 


and since the degree of ionization x is 
x=n,/(n-+n,), 
when 


it follows that n,.V=x/m. Thus (35) becomes 


one uses (31), 


dx By x x? ay’ 
| (B3—28,)+4+ (« Bsa ) 


dt mV mV mV mV 


’ 


x3 
{ (a4/- as’), (36) 
m* V2 
where it is assumed that the photon density n, is 
negligible 
The various production and recombination coethi- 
cients are all temperature-dependent and, in general, 
may depend on both the plasma and electron tempera 
tures. In the initial phase of the shock front the most 
significant reaction is that going to the right in (28), 
and the « orresponding produc tion coetlicient B; depends 
only on the plasma temperature. When a sufficient 
number of electrons are produced by reaction (28), 
the reaction going to the right in (29) becomes im- 
portant and the production coefficient 83 depends 
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primarily on the electron temperature 7,. As equilibrium 
is approached, the various recombination processes as 
well as the photoelectric process become important; 
but in the region close to equilibrium the electron 
temperature is not much different from the plasma 
temperature and a4, as, a3, and By may all be assumed 
to depend on the plasma temperature 7. 

If the electron temperature has a significant effect on 
the structure of the shock front, it becomes important 
to determine its value. In order to do this, an additional 
relation involving 7, is needed. Such a relation may 
be found from an energy balance between processes in 
which electrons lose energy and those in which electrons 
gain energy. In the region of the shock front in which 
7’, plays an important part, it has already been noted 
that the electrons lose energy by the ionizing process 
(29) and gain energy by Coulomb collisions. The 


TEMP (°abs) 
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I'1G. 2. Temperature vs (Eulerian) distance in the shock front for 
various shock velocities (p;=59.3 cm Hg). 


resulting energy balance is given by 


dT, 


dn, 
w= kn —— I—, 
dl dl 


where 7 is the ionization potential. Inserting the 
Landau" relation for d7',/dt and the proper reaction 
rate for dn,/dt, we have for w, 


n2e s8rm,.\ ? z (kT.)* 
Gr) (5) 
i NR Le n,e° 
r 4 AAA i AAA 
Inana( ) ( ) feo - * Jolt 
rk’ a 2ka 


In this relation 


ae=m-/T.,, ag=ma/Ta, a=actag. 


In computing the electron temperature from w, the 


varying plasma properties in the shock front must be 
considered. Thus w is a source term similar to S$ and 
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the equation used is 


OE 


a 
+ [u(E, +p.) ]=a, 
ol aX 


where £, is the electron energy per unit volume and p, 
is the electron pressure. This equation must be coupled 
with the three conservation equations, the equation of 
state, and the equation of continuity for electrons. 
The state variables then are p, 7, n,, 7, and the 
coordinate variables are X and 1. 

The equations were integrated across an argon shock 
front for three different shock velocities, viz., U = 6.0, 
5.5, and 5.0% 10° cm/sec, and for a fore-pressure of 
59.3 cm Hg and temperature of 285°K (corresponding 
to atmospheric conditions at Los Alamos). It was 
assumed that Maxwellian distributions prevailed at all 
times; hence the equations given in Part I were used 





Ol 
-~ Kem) 


Fic. 3. Compression vs (Eulerian) distance in the shock front for 
various shock velocities (p;=59.3 cm Hg) 


to obtain the various hydrodynamic quantities. In 
order to shorten the computations, the following 
relation for € was used : 


e=2.5+4(5.5+183 000/T). 


This involves the assumptions that 6(A*t) = 2.5 and that 


W W Won 
oes, 
Z Z Lion 
both of which are good approximations for the range of 
shock velocities considered. The results of the inte 
gration are shown in Figs. 2 to 7. 

It has been noted previously that the electron 
temperature is lower than the plasma temperature. 
This has the effect of delaying the time at which 
reactions (28) and (29) produce electrons at equal rates. 
The point where these rates are equal is called the 
onsel point and can be determined by equating the first 
two terms on the right of Eq. (36). 


The shock front may now be described in the follow- 
ing way. When a shock front passes a point X the 
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é 
10* x6 


U#6.0x 105 cm/sec 


X (em) 


Pressure ratio vs (Eulerian) distance in the shock front for 
59.3 cm Hg) 


various shock velocities (p; 
translational degrees of freedom of the gas are first 
excited and translational equilibrium is achieved within 
about two collisions. This point is referred to here as 
the peak of the shock. The time required for trans 
lational equilibrium is smal! compared to that for the 
remaining processes involved in the shock front and 
hence is not included in the computations. The local 
temperature at the peak of the shock is high enough 
so that a significant amount of energy may be trans 
ferred from the translational degrees of freedom to 
those of electronic 
clearly indicated in Fig. 2 where it is seen that the 


excitation and ionization. This is 


equilibrium temperature 7* is considerably lower than 
74 at the peak of the shock. This is particularly true 
for increasing shock velocity as shown in ‘Table I: 

The only reactions available at first are collisions 
between argon atoms for which the corresponding 
ionization cross section is quite small. This means that 
the transfer of energy takes place rather slowly until 
onset of ionization is reached (see Fig. 6). Thus the 
values at the peak of the shock remain approximately 


u(em/sec ) 


10° x5.5 


U=6.0 x OS cm/sec 


~\ 
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Fic, 5. Material velocity vs (Eulerian) distance in the shock front 
for various shock velocities (p; = 59.3 cm Hg) 
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Ionization vs (Kulerian) distance in the shock front for 
various shock velocities (p;= 59.3 cm Hg). 


unchanged for some distance, resulting in a rather flat 
region in the shock front. This is true for all shock 
parameters as Figs. 2 This distance is 
referred to as the onset width. If the relaxation point is 
that point at which 63% of the equilibrium ionization 
is achieved, it may be seen that the onset width offers 
the most important contribution to the total relaxation 
width. By considering the leading term in Eq. (36), it 
is seen that the onset width scales inversely with initia] 
density p, (or pressure p,) at constant initial temper 
ature 7). 

In determining the onset width, 6; is the most 
significant quantity because the degree of ionization is 
small in this region. If 8; is correctly evaluated, the 
onset width will depend on the electron temperature. 
Landau’s theory'® shows that the velocity at which the 
electron temperature approaches the ion temperature 
is approximately proportional to the ion density and 
inversely proportional to the electron temperature. 
Hence, for a low degree of ionization, the velocity of 


to 7 show. 


equilibration is low, which means that the onset width 
may be somewhat greater than if the electron and 
plasma temperatures were equal. As the ionization 
increases, the velocity of equilibration increases in such 
a way that for an ion density greater than 10'* per cm’ 
and for an electron temperature of 2 ev it is probable 
that the electron and ion temperatures are about the 
same, 

Once the onset of ionization is reached, transfer of 


energy from translational degrees of freedom to ele 
ranie I. Temperature in an argon shock front; p:=59.3 cm Hg. 


t 


M, 
(shock Mach numbers cm per sec 


5.0 10° 
5.5 10° 
6.0X 10° 


17.4 
19.1 
20.8 
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tronic excitation and ionization proceeds quite rapidly. 
This results in a more rapid change in the shock 
parameters, especially the temperature (Fig. 2) and 
the degree of ionization (Fig. 6). Again it is seen that 
the effect is more violent for higher shock velocities; 
e.g., if the distance in which this sudden change takes 
place is AX, then for U =6X 10° cm per sec, AX =0.01 
cm, while for  =5X 10° cm per sec, AX =0.04 cm. At 
first the electron production term involving 3 is most 
important, but soon the recombination terms take over 
and equilibrium is quickly achieved. The shape (or 
profile) of this region is rather sensitive to the value of 
a, but because the region is relatively narrow a does 
not have much effect on determining the total relaxation 
width of the shock front. 

It is interesting to note that there is a range of shock 
velocities in which the width of the shock front may be 
significant, i.e., in which the conditions in the shock 
front are considerably different from the equilibrium 
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Fic. 7. Compression in the shock front vs time (p;=59.3 cm Hg). 


conditions behind the shock front. At low shock 
velocities, i.e., below about 3X 10° cm/sec, there is not 
much ionization behind the shock front, hence 
remains constant and the conditions at the peak of the 
shock remain unchanged. As the shock velocity U 
increases above 3X 10° cm/sec, y decreases and a long 
and relatively low temperature bump appears behind 
the head of the shock. (This is an indentation in terms 
of pressure and density.) As U becomes greater the 
bump becomes progressively higher but shorter until 
at 10° cm/sec it extrapolates to a thickness of approxi- 
mately 10°° cm with a peak temperature of about 
9) 000°K, and an equilibrium temperature of about 
26 OOO°K. (However, for U’~10*® cm/sec, the number 
of doubly ionized atoms can no longer be neglected.) 
This picture of the shock front is qualitatively the same 
if the fore-pressure is 1.0 cm Hg. 

In the above calculations, second order effects have 
been neglected. For example, if the transport properties 
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of the gas are considered, it is found that there is a 
small resultant diffusion of the electrons toward the 
front of the shock (see under Electric effects, Sec. 6 
below), although the magnitude of the process is such 
that the macroscopic properties of the gas remain 
unaffected. Also, the effect of radiation streaming 
ahead of the shock is probably unimportant since the 
energy loss by radiation is relatively small as is the 
density of radiant energy (Part I, Sec. 5). 


5. Effect of Impurities 


Impurities such as oxygen or other molecules in the 
argon would have a strong influence on two parts of 
the computation. In the case of the equilibrium calcu 
lation the additional degrees of freedom, i.e., rotation, 
vibration, dissociation, and molecular excitation, be 
cause of their lower energy levels, will soak up a 
considerable amount of energy which is then not 
available for exciting (or ionizing) the argon atom. 
Calculations show that a small percentage (between 
about 1 and 10%) of oxygen in the argon may keep the 
argon from ionizing. 

The second place in which impurities play an im 
portant part is in the determination of the onset of 
ionization. If the ionization cross-section between argon 
and Oy or O is large, then even though the amount of 
oxygen is small, enough electrons may be furnished for 
the A+e reaction to take over, resulting in an effective 
decrease in the onset width. 


6. Comparison with Experiment 


In general, experimental work is quite meager al- 
though this field is now being explored, particularly 
by A. R. Kantrowitz and his co-workers, by O. Laporte, 
and by various people at Los Alamos. As mentioned 
previously, the shock velocity is the one well-determined 
quantity for a shock wave; and, of course, it may be 
assumed that the conditions in front of the shock are 
known. 

Material velocity. 
have measured the material velocity in a shock wave 


Shreffler, Christian, and others 


immediately behind the shock front.’ Their measure- 
ments correspond to the velocity in the equilibrium 
region and are plotted in Fig. 8 along with the theo- 
retical values. It is seen that experiment and theory 
are in good agreement in this region. 

Electric effects. 
Alamos have shown that inside the shock front there 


Unpublished measurements at Los 


exists a positive potential, the magnitude of which 
increases with increasing shock strength. Also, for a 
given shock velocity the potential is much smaller if 
the gas is diatomic. This latter effect, as explained in 
Sec. 5, is due to the presence of the additional degrees 
of freedom in the diatomic gas which absorb energy 
that otherwise would have gone into exciting or ionizing 


the atom. 


SHOCK 


FRONT IN 1693 


u (cm/sec) 
9 


p*lcmbHg 


59.3 cmHg 


6 


U(cm/sec) 


Fic. 8. Material velocity vs shock velocity in the equilibrium 


region behind the shock front 


Cowling” has shown that diffusion can be more 
important than viscosity or thermal conductivity in its 
effect on shock propagation, particularly if the gas is 
composed of two constituents having a large mass 
difference and if the pressure gradient is large, the 
direction being such that the heavier particles tend to 
move toward the regions of greater pressure. In the 
present case such a situation exists immediately in front 
of the equilibrium region (see Figs. 4 and 6). Hence, a 


separation of ions and electrons should take place 
which probably accounts for the measured potential 
gradient in the shock front. 


Shock width-—Measurements on the structure of the 
shock front in argon have been made at Cornell at a 
fore-pressure of 1 cm Hg. The point at which the onset 
of ionization occurs is determined by a conductivity 
measurement and the equilibrium region is specified by 
the luminosity. The Cornell measurements are in fair 
agreement with the computations here.*® Additional 
measurements made by Laporte and his group at the 
University of Michigan on xenon, again at 1 cm Hg, 
also are in agreement with the present results in that 
there is a delay between the front of the shock and the 
region of luminosity and this delay decreases with 
increasing shock velocity. 

Spectral distribution.Observations on spectra in 
shock waves show that at low shock velocities distinct 
lines exist whereas at high shock velocities a continuous 
spectrum is seen. This is because of the following rea 


sons. First, at low shock velocities, transitions from the 


% TG. Cowling, Phil. Mag. 33, 61 (1942 


2% Private communication from S. C, Lin to R. FE. Duff 
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vs shock velocity in the equilibrium region 
behind the shock front 


hic. 9. Tonization 


continuum to bound states do not occur because there 
are no free electrons, or at most, very few. There will, 
however, be many excited states of the atoms, thus 
one would expect a discrete spectrum to be observed. 

For a high shock velocity and, consequently, a high 
degree of ionization, there are many electrons in free 
states. Since for the range of energies considered in 
this report these free states are in approximate Max- 
wellian distributions with energies centered between 
one and three electron volts, one would expect the 
radiated energy to be continuously distributed. This is 
the ordinary recombination spectrum which is observed 
in strong shocks. 

In addition to the continuous recombination spec 
trum, one might expect to observe line spectra because 
of the presence of excited atoms. However, the pressure 
and temperature behind the shock front are high enough 
so that Stark, collision, and Doppler line broadening 
are significant. Undoubtedly most of the broadening of 
the spectral lines is due to the Stark effect which enters 
both because of the presence of ions and because of the 
high electric field in the shock front. This latter, which 
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has been mentioned previously (see end of Sec. 4 and 
under Electric effects of the present section), depends 
directly upon the electron density. These effects tend 
to smear the spectral lines out to such an extent that 
they are masked by the continuous recombination 
spectrum. Also, even when the degree of ionization is 
high, the occupation number for a particular excited 
state is relatively low and hence the line it emits is 
weak and more easily merges with the continuous 
background. Finally, there are many closely spaced 
lines in the argon spectrum and because of the broaden- 
ing of the lines they may be expected to overlap. As 
the initial pressure is lowered, however, the spectral 
lines do begin to stand out against the continuous 
background. This is evident since for constant initial 
temperature the pressure behind the shock front de- 
creases proportionately with decreasing fore-pressure. 
Consequently, the degree of ionization is higher and 
the temperature behind the shock front lower (see 
Fig. 9) and, although the higher degree of ionization 
will produce a relative increase in the amount of 
continuous radiation, the lower temperature and par- 
ticularly the lower density will decrease the amount of 
line broadening. This is discussed more fully elsewhere.® 
Luminosity. 
smaller number of degrees of freedom available in a 


As discussed previously, because of the 


monatomic gas compared to a diatomic gas, much of 
the energy can go directly into ionization. Thus a 
relatively high degree of ionization can be obtained 
behind a shock front in an inert gas. Consequently, an 
argon shock of sufficiently high strength may be 
brilliantly luminous, and because of the continuous 
distribution of energy in the spectrum, it is used in 
experiments where such an energy distribution is 
desirable, e.g., in flash photography.” 

Note added in proof—The theory and computations 


presented in this report are in general agreement with 
the work of Petschek** in which the effect of a lower 
electron temperature is discussed in some detail. 


27 Hamilton, Jensen, and Koski, Los Alamos Report 621 
(unpublished) 


*6H. Petschek, thesis, Cornell University, 1955 (unpublished). 
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The time-dependent theory of fluctuations is based on a combined application of the phenomenological 
theory of dissipation and the stochastic theory of random processes, The traditional method of joining 
these theories into a uniform scheme proceeds by adding a random perturbation to the differential equation 
of the phenomenological kinetic theory (the Langevin equation in case of Brownian motion). In the present 
approach the problem is considered as an essentially statistical one. The role of the differential equation is 
to fix the form of the distribution function over the manifold of fluctuation paths in function space. The 
solutions of the equation constitute the most probable region in function space and the fluctuations appear 
with their appropriate probabilities. The connection between the phenomenological equation and the distri 
bution function is stipulated by means of a postulate, the essential ingredient of which is the auxiliary function 
recently introduced by Onsager and Machlup. Heuristically this postulate was suggested by the kinetic 
analog of Boltzmann’s principle established by these authors. In the present logical structure it is sufficient 
to join this postulate to the standard assumptions of the phenomenological and the stochastic theories for the 
derivation of the entire time-dependent fluctuation theory. A number of statements usually postulated ap 
pear as theorems in this presentation. The reversible and irreversible aspects of time play an essential part 
in the argument. The calculation of fluctuations is carried out in the temporal and the spectral descrip 


tions. The relation of the two schemes is discussed along with the scope and limitations of the theory 


1. INTRODUCTION 


HE thermodynamic theory of fluctuations deals 
with two types of problems. On a simpler level 
one considers the fluctuation of a quantity as registered 
at a single instant of time over an ensemble of systems. 
In the problems of the second type one observes each 
member of the ensemble over a time interval rather 
than a single instant, yielding a fluctuation path a= a(t) 
for each system ; we are concerned with the distribution 
of these paths over an ensemble. 
This classification of fluctuation problems corre; 
sponds closely with the division of phenomenological 
thermodynamics into thermostatics dealing with equi- 
librium and irreversible thermodynamics; or kinetics 
devoted to the study of time-dependent dissipative 
processes. 

Whenever ambiguity might arise we shall qualify a 
fluctuation problem as “time-independent,” “static” 
or “thermostatic,” on the one hand and as “time 
dependent” or “‘kinetic’ 

The time-independent theory is based on Einstein’s! 
interpretation of Boltzmann’s principle. The definition 


’ 


on the other. 


of the entropy function is extended to a class of non- 
equilibrium states and used to establish a probability 
density function (p.d.f.). 

Recently Onsager and Machlup** proved a theorem 
which is the kinetic analog of the Boltzmann-Einstein 


* This paper is a development of the Ph.D. thesis submitted 
by Irwin Manning to the Department of Physics, Massachusetts 
Institute of Technology. The work was supported in part by the 
Army (Signal Corps), the Air Force (Office of Scientific Research, 
Air Research and Development Command), and the Navy 
(Office of Naval Research). 

t Present address: Physics Department, Syracuse University, 
Syracuse, New York. 
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principle. They established a probability distribution 
function (p.d.f.) for fluctuation paths in terms of an 
auxiliary function (henceforth: the OM _ function), 
which in turn was defined by means of the phenomeno- 
logical kinetic equation. 

The Boltzmann principle plays a central role in the 
time-independent theory. It allows one to compute 
fluctuation moments and, more generally, serves as a 
point of departure for the theory of the generalized 
canonical ensembles. 

In this paper we embark on a program in which the 
Onsager-Machlup theorem is used as a similar organ 
izing principle for the development of the time-de- 
pendent theory. 

According to the central idea of this theory there is 
close connection between fluctuation and dissipation 
phenomena. 
is accounted for by the method of stochastic differential 
equations. The phenomenological equations are aug 
mented by a random term producing the correct 
amount of fluctuation. The equation obtained in case of 


6 


'” In the usual approach this connection 


Brownian motion is called the Langevin equation.’ 

We shall show in this paper that the same problem 
can be attacked also from another point of view. 
Instead of focusing attention on differential equations, 
one considers the set of fluctuation paths and describes 
various physical situations in terms of appropriate 
distribution functions. The statistical point of view 
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inherent in this approach is similar to the one taken in 
the static fluctuation theory. However, the situation is 
complicated by the emergence of time as an independent 
variable. To clarify some of the problems connected 
with the role of time is the main purpose of this paper. 

Sections 2 and 3 contain a short summary of the 
basic definitions and postulates of the phenomeno- 
logical theory of dissipation and the stochastic theory 
of fluctuations. In Sec. 4 we formulate a postulate 
which allows us to combine these disparate elements 
into a unified theory of kinetic fluctuations. We shall 
arrive at a derivation of the OM p.d.f. which differs 
from the original proof of Onsager and Machlup. The 
behavior of the OM function on time reversal plays an 
essential part in the argument. 

We then go on to deal with the calculation of aver- 
ages. The theory exhibits a duality corresponding to 
two methods for the description of fluctuation paths. 
In the lemporal description the values of the fluctuating 
quantity are specified within narrow limits at closely 
spaced time intervals. In the spectral description one 
deals with Fourier coeflicients considered as random 
variables. 

We shall show that the OM p.d.f. has two equivalent 
formulations, one in the temporal, the other in the 
spectral description. We demonstrate the application 
of the p.d.f. in both schemes. 

The theory will be developed within certain restric- 
tions to be specified in detail later. Some of these 
assumptions, such as the limitation to a single fluctu- 
ating variable, are made primarily in the interest of 
simplicity. We hope to make extensions to more general 
situations in a future paper. On the other hand, assump- 
Markoff 


processes and to linear phenomenological equations 


tions such as the limitations to Gaussian 


represent more essential restrictions on the scope of the 


present method. 


2. PHENOMENOLOGICAL RELATIONS 
a. Thermostatistics 


Let us consider a closed thermodynami 
which is specified in equilibrium by its fundamental 


system 


equat ion 


S=S$(Q1,02,°°*Qy), (2-1) 
where S is the entropy and the Q, are a set of extensive 
variables obeying conservation laws. Associated with 
each variable Q, is a conjugate thermostatic force, 


F;=0S/00;, 1=1, 2, °°: (2-2) 

‘The most important pairs of conjugate variables are 
U,1/1T; Ny, ~uy/T; 9, ~¢/T where U is the internal 
energy, 7’ is the absolute temperature, V, the number 
of moles of the chemical species y, 4, the chemical 
potential of this species, q the electric charge, and ¢ 
the electrostatic potential. 
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The thermostatic theory based on Eq. (2-1) applies 
only to systems which have reached their state of 
thermodynamic equilibrium. In order to extend the 
formalism to processes, we use the device of composite 
systems. The original system is partitioned into closed 
subsystems each of which is allowed to reach equi- 
librium. A process is initiated by the relaxation of an 
internal constraint; it consists of the redistribution of 
the quantities Q; among the subsystems, a transition 
from a constrained to an unconstrained (or less con- 
strained) equilibrium. 

In this paper we shall consider only the one-variable 
case in which a single quantity Q is redistributed 
between two subsystems. 

The entropy of the composite system is in this case 

S(0’; 0”) 


S'(0')+8”"(0"), (2-3) 


where S’ and S” refer to the subsystems. For all proc- 
esses in the composite system, 

/ ” } 

+0 constant. 


The deviation from unconstrained 
described in terms of the variable 


equilibrium — is 


— (0 —-Q."), (2-4) 


where (),, Q,’ are the equilibrium values. 
We define the thermodynamic force as 
g8 O° “Os” 
X = _ itd sid 
da dO" aQ” 


In unconstrained equilibrium X =0. 

We note that the process corresponding to the 
differentiation (2-2) leaves the system homogeneous, 
but not closed, while the process of increasing ( is 
performed, In contrast, (2-5) refers to an internal 
displacement within a closed, but no longer homo- 
geneous system. 

We shall need the expansion of the 
around equilibrium 


total entropy 
S=So—}sa?+---, (2-6) 
Here 

VS aS’ ats” 
(2-7) 


ao’” 


Oo Of y’”? 


It is a consequence of the entropy maximum principle 
that s>0O. If the primed system is a reservoir then 
PS’ dF 
0. 
dQ” = AaV’ 

There are two obvious physical interpretations of 
the single-variable theory. First, we have Q=U, 
F=1/T, and s=1/(7°C,), where C, is the constant 
volume heat capacity; the process is heat conduction 
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under conditions of negligible thermal expansion 
(Ccul,). 

Second, we have Q=q, F=¢/T, s=1/(TC), where 
C is the electric capacity; the process is electric con- 
duction." 

In all that follows, we shall assume that the composite 
system is close enough to unconstrained equilibrium 
(a small) so that the series (2-6) can be broken off 
after the second term. To within this approximation 


the thermodynamic force (2-5) becomes 


x sa. (2-5a) 


b. Kinetics 


We now turn to the temporal aspects of the regression 
process. From the thermostatic point of view we can 
merely say that relaxation of a constraint leads eventu- 
ally to a new equilibrium with an entropy which is not 
smaller than the initial entropy. 

In irreversible thermodynamics, or kinetics, we 
describe the rate of the regression process in terms of a 
phenomenological equation connecting the forces and 
fluxes. We assume this relation to be linear. Hence, in 
the single variable theory we have 


Ra=X, (2-8) 


Here X is defined by (2-5), @ is the current or “flux’ 
within the composite system and R is the resistance of 
the partition or of the connecting wire which establishes 
the coupling between the two systems. It is assumed 
that this resistor does not contribute significantly to 
the entropy of the composite system. 

In view of (2-5a) the kinetic equation can be written 
also as 


Rat+sa=0. (2-8a) 


The form (2-8) or (2-8a) of the kinetic equation 
involves a number of simplifying assumptions. First, 
the thermostatic formalism developed for constrained 
equilibria is assumed to hold even in the absence of 
constraints. One speaks in this case of local equilibrium. 
This assumption may fail far from equilibrium and in 
the presence of relaxation phenomena." 

The second simplification inherent in (2-8a) is the 
linearity of the relation. This may fail not only for 
large values of the current, but also for small ones. An 
extreme instance for such a behavior is a superconductor 


'! This statement calls for some qualification. A displacement of 
electric charge is always associated with a transfer of energy 
Hence, we have a coupled-flux problem. This point of view is the 
basis for the theory of thermoelectric effects. However, if all parts 
of the composite system are maintained at a constant temperature, 
the energy transfer need not be made explicit in the theory. This 
will be justified from the general thermodynamic formalism in a 
subsequent paper. 

2 Tt is interesting to note that relaxation effects become ame 
nable to treatment in a limiting case which is in a way comple 
mentary to that of local equilibrium. Thus in the case of a spin 
lattice system, there may be approximate equilibrium within the 
spin system and within the phonon system in the face of a local 
disequilibrium between the two. 
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in which Ohm’s law breaks down as the current falls 
below a critical value. 

Finally, we have assumed also that the forces govern- 
ing the variations of a are independent of the ‘“veloci 
ties” a, i.e., there are no external magnetic fields or 
Coriolis forces present, nor is the entropy dependent 
on @, 

The solutions of (2-8a) are of the form 

y(t)=Aen™, 
with 
5/R, 
and A a constant. 
We consider now the function 


R 
(a+ ya)’, 
} 


© (Ra—X)? (2-11) 


1R 


which is identical within a multiplying factor to that 
introduced by Onsager and Machlup.2 We shall refer 
to it as the OM function. 
Obviously O20 and Oj in 
if and only if its argument is a solution of Eq. (2-8a), 
The OM function can be written also in the form 


O +l b(a)-+-WC(X) 


O(y)=0, 1.e., O vanishes 


S], (2-12) 
where 


7 SRa’, (2-13) 


y=}R'N, (2-14) 

; Os 

S a=NXa. 

Ju 
The quantities @ and y are the dissipation functions, 
and their sum is the rate of total entropy production, 
lor processes which satisfy the kinetic equation, 

¥(X)=48. 


On the basis of this relation the quantities 2p and 2p 


p(y) (2-16) 


are sometimes used interchangably with the entropy 
production S. Actually, however, (2-16) is no longer 
valid if fluctuation paths are taken into consideration. 

An extension of the phenomenological theory to 
include fluctuations will be developed in Sec. 4. Mean- 
while, in the next section we summarize the definitions 
and postulates involving probability functions needed 
for that purpose. 


3. STOCHASTIC PROCESSES 


In this section we confine ourselves to a brief formu 
lation of the basic definitions and postulates, appro 
priate to our case, which will provide the mathematical 
equipment for dealing with stochastic processes, For 
an integration of this formalism into a wider context 
we refer to Onsager and Machlup.?* 

4 Further details concerning the formalism will be found also 
in Wang and Uhlenbeck’s review on the theory of Brownian 
motion (reference 9). There is a considerable formal analogy 


between the kinetic fluctuation theory and the theory of Brownian 
motion paths 
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We introduce the notation that 


aD) +++ Qf? 
W, da) ++ +da?) 
lh oe* by 


be the probability that the fluctuation path a(/) satisfies 
the following specifications: at the times 4;<ty-++ <l, 


Re a 72%, (3-2) 


where a, «--, a; da”, , da”) are given numbers. 
We say that a(/) is to pass through the “gates” of 
infinitesmal width specified by (3-2), and we will call 
the above equations a finile gale specification. W, is 
called the joint, or p-gate, probability density function 
(p.d.f.) for the fluctuation path. 

We proceed to formulate some basic assumptions, 
more or less standard in the theory of stochastic 


(3-1) 


a” Salt.) <a 4 da, k 


processes. 
Postulate I: We assume that the process is M arkoffian; 
that is, that W, can be written in the form 


where 


a’? — 
P, da‘? 
ts 1 | ly 


a’?-» then 


is the probability that if a(¢,—1) 
a”) Salty) <a +da™, 


P, is called the conditional p.d.f. 
Postulate II: The process is stationary, i.e., W, and 
hence, ?, depend only on the time lags 


Tk lk lk ly k en p. (3-4) 


The above postulate suggests the following simplified 


al) 
W (a) wal ) 
ty 
a® lq 
Po(a® 12) a") psf | ) 
te | ty 


Postulate I11: The fluctuations satisfy the principle 
of microscopic reversibility: 


a) sae QP AP) wee Ql 
Tat Wy . (3-7) 

ty ° ly t; ese ly 
Since the W’s and P’s are probability densities, they 
are normalized, non-negative, and satisfy the consis- 


notation: 


(3-5) 


(3-6) 
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tency relations 
ooe at 
i; «ee | 
a) «+. 
. fo fonl 
ty oe 


where k< p. 
It follows from (3-3) that 


a?) 
Jaro. . da’, (3-8) 


lp 


Pola ,rp\a?) ++» Pola ,72|a )Wila™), (3-9) 
Thus the entire process is determined by the two basic 
probabilities W, and P»,. However, these are not 
independent of each other, but are related according 
to (3-7) and (3-9) as 


P2(a® ,72|a )Wila) = Po(a ,72|a)Wi (a). 


(3-10) 
We shall use also the p-gate conditional probability 
density defined as 


>» Ll eny(2) oe | py(1)) 
Pp) m 4) , } 
P (a) 7» ja”) ,T2\ a’) 


a) ee a?) 
wf ) / Waa, (3-11) 
ty coe 


lp 


Accordingly, we write the Markoff chain relation (3-9) 
in the form 


Py (a 13 °° 1a 72a) 


Pola ,rp\a'?-?)- +» Poa ,r2|a™), 


(3-12) 


Using the terminology of statistical mechanics, we 
shall also refer to the probability density functions W, 
and P, as “distributions.” 

The foregoing postulates form a precise basis for 
further deductions. Before proceeding on this line of 
thought, however, it is natural to ask the question: 
Under what conditions can we expect that the distri- 
butions defined in terms of the above postulates corre- 
spond to the actual behavior of physical systems? We 
do not wish to discuss this delicate question in any 
detail at this point, but the following hints will convey 
an idea of the factors involved. 

The strongest assumption is the Markoffian postulate 
I. It requires in the first place that the system has a 
short ‘“‘memory”’, in the sense that a knowledge of the 
values of a(t) at the times ¢,_1, yields information of 
no greater value in predicting a(t,,;) than if we knew 
a(t,) alone. This is apparently a good approximation 
if the time interval /,—¢-; is long compared to the 
mean collision time. Systems exhibiting slow relaxation 
processes and frozen-in molecular disorder are omitted 
from consideration. 
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The Markoffian assumption also requires that the 
number of a variables chosen is adequate for the 
specification of the statistical properties of the system. 
This means that the application of the present one- 
variable theory is severely limited. The rules governing 
the choice of variables will be considered in another 
paper dealing with more general systems. 

Finally, the fact that the formalism operates in 
terms of probabilities renders it inadequate for the 
description of effects in which the quantum mechanical 
interference of probability amplitudes manifests itself in 
macroscopic phenomena. Hence such phenomena as 
superconductivity and superfluidity are presumably 
beyond the scope of the present formalism." 


4. DERIVATION OF THE DISTRIBUTION FUNCTION 


The previous section contains the formal framework 
for the description of a general class of random proc- 
esses. In order to interpret the latter as thermodynamic 
fluctuations we shall the probability 
densities W, and P», in terms of the phenomenological 
coefficients of Sec. 2. 

This junction of the phenomenological and stochastic 
theories into a unified theory of fluctuation and dissi- 
pation calls for the formulation of two postulates. The 
first of these is well known.' It refers to W, and we 
summarize the argument only since it casts light on 
the subsequent discussion of the p.d.f. Ps. 

Postulate IV; The p.d.f. Wi(@) can be expressed as a 
function of the entropy function: 


W (a) {(S(a@)). 
This postulate is motivated by the intuitively recog 


nized parallel between the one-gate p.d.f. and the 
entropy function.’® It is justified by the correctness of 


express bask 


(4-1) 


its implications. 

Once the qualitative relation (4-1) is granted, one 
concludes in well-known that the unknown 
function f is of the form 


fashion 


W i (a) « exp S(a)/k |, (4-2) 
where k is Boltzmann’s constant. On using the expansion 
(2-6), we obtain the distribution law in the Gaussian 


approximation. After normalization we have 


W (a) = (s/2ak)' exp(—sa*/2k). (4-3) 


From here the variance of a is 


ks, (4-4) 


(a) 

The notation on the left-hand side indicates an ensemble 
average. 

The discussions of this paper will be confined to 


Gaussian distributions. In particular, we shall use (4-3) 
4F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1, p. 142 
1’We note that the entropy function corresponding to the 
local equilibrium state a is a random function. This is in contrast 
to the thermodynamic entropy of the equilibrium state. 


IRREVERSIBLE 


THERMODYNAMICS 1699 


rather than the exact distribution (4-2). The scope and 
limitations of this approximation will be considered in 


the final discussion. 

We proceed now to formulate a postulate which is 
the kinetic analogue of (4-1) and which expresses a 
qualitative connection between the conditional pdf. 


P, and the OM function. In order to render the analo 
gous properties of these functions apparent and, in fact, 
even to state the postulate in a precise fashion, we need 
an auxiliary concept to be referred to as the exponenti 
ally smoothed fluctuation path, This is introduced in a 
natural fashion in the context of the problem of time 
reversal. 

It is a generally accepted principle’'® that fluctuation 
paths around thermodynamic equilibrium are sym 
metric with respect to the transformation which reverses 
the sense of time: t-+—?. We shall denote the corre- 
sponding operator by AK. This principle finds its expres 
sion in the symmetry of the joint probability densities 
W, (postulate III). On the other hand, assuming that 
a” >a™, one obtains from (3-10) and (4-3) 


a | a) lq? 
pf | )> pf } ) 
le | ty ly ty 


irreversible trend toward equilibrium is 


(4-5) 


Hence, the 
expressed in terms of the conditional probabilities. 

This reconciliation of the reversible aspect of fluctu 
ation and the irreversible trend toward equilibrium 
within a discrete stochastic model has been known for 
a long time.!® However, the situation is less clear within 
the continuum model of the phenomenological theory. 
This gap can be filled by utilizing a unique property of 
the OM function. 

We start from the fact that the @ variables, con 
sidered as averages over molecular parameters, are 
under time reversal: Ka=a (reference 7), 
force is defined by (2-5a) as 
X. In contrast, the fluxes trans 

a. They are # variables in 


invariant 
The thermodynamic 
X sa; hence KX 
form according to Ka 
Casimir’s terminology." 

We have seen in Sec. 2 that the OM 
minimized by the phenomenological curve g(t) of (2-9). 
The concept of minimization implies that we may 
insert into © virtual paths which do not satisfy the 
phenomenological equation. We shall construct such 
virtual paths by means of the time reversal operator. 
We obtain at once K g(t)= Ae” and shall refer to g(t) 
and Kg(t) as the forward and reversed paths, respec- 


function is 


tively. 

The dissipation functions @ and y are positive 
definite and are invariant under time reversal. In 
contrast KS S; in other words, the reverse paths 
are associated with a decrease of total entropy. These 
are “unnatural” processes excluded by the second law 


16 P. Ehrenfest and T. Ehrenfest, Encykl. Math. Wiss. 4, 2, ii 
(1911), and Physik. Z. 8, 311 (1907) 


17H, B. G, Casimir, Revs. Modern Phys. 17, 343 (1945). 
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of thermodynamics. Therefore we obtain from (2-13) 
and (2-17) 

S>0; (4-6) 


O(g)=0, O(K¢)-: 


or, expressed in words: The OM function vanishes for 
forward paths and is equal to the rate of entropy decrease 
for the reverse paths. 

This selective property of the OM function with 
respect to the sense of time remains valid even under 
more general conditions, Let us consider the virtual 
path 


a= Ae + Be, (4-7) 


where A and B are constants, and y is defined by 
(2-10). We have 


O(a) = O( Be”) = Ry’ Bree, (4-8) 


and 


(2 
Ola)dt hs BY (e?12 ert) 
vi 


Salty) — Sp(te) ASp, (4-9) 


where —AS, is the entropy decrease associated with 
the reverse component of the path (4-7). 

Equations (4-6) to (4-9) show that the OM function 
has a peculiar “filtering” property, The entropy de- 
crease associated with the reverse component is regis- 
tered while the forward component is ‘‘passed,” leaving 
the corresponding entropy increase unrecorded. 

Motivated by the above, we associate with each gate 
specification (3-2) an exponentially-smoothed path a(t), 


detined by the (p—1) equations 


y¥(t~ them! } B,ev' tei) (4-10) 


Gexp(t) 1,¢ 
in the intervals 
WwistsSh, k=1,°°+, p—l, 
where y is defined by (2-10). The 2p constants Ay, B, 
are to be determined by the conditions 
= KeKe p. 


There is a one-to-one correspondence between the gate 
specifications and the smoothed paths. One finds 


(4-11) 


Qoxp (tk) a‘*®, k 


kl l (kh 


' pr) (aq! ph 


A, (px 
(4-12) 


1 (kh 


By= (pr pr) "a 


where 


(4-13) 


pr=er, ty=ly— les. 


‘The exponentially-smoothed path enables one to take 
advantage of the remarkable “filtering” property of 
the OM function expressed by (4-9). We obtain 


ty p 
f Ofdex, (I) }dl > ASz(rx), (4-14) 
tf ! 


k 


where Sp(7r,) is the entropy decrease associated with 
the reversed component of a(¢) in the time interval r;,. 
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The expression (4-14) therefore, is a kind of measure 
for the deviation of the specification (3-2) from phe- 
nomenological behavior. This, together with the remark 
following (4-5), motivates us to formulate the following 
postulate, in analogy to (4-1). 

Postulate V: The conditional p.d.f. P, of (3-11), 
(3-12) can be written as a function of the left-hand side 
of (4-14): 


tp 
Pla” ry; +++ 5a, 72/a) -e( f Ofcoxo(at ) 
t 


(4-15) 


Added to the four standard postulates introduced 
earlier, this postulate is sufficient for the derivation of 
the entire fluctuation theory. This circumstance pro- 
vides its justification. 

We proceed now to determine the function g. Ac- 
cording to (3-12), 


P3(a® 73; a? ,T2|a) 


= P»(a® ,73|a) Po(a® ,r2| a ), 


(4-16) 
From (4-15) and (4-16) 


ta t3 
(f Olaars)al+ f O(aas)it 
ta t3 
(f O(acas)dt el f O(axs)it), (4-17) 


The only nonsingular solution of this functional 
equation is 


t2 
Pola? yT2|a)) x exp(af Olaexs)dt), (4-18) 
t} 


where a is a constant which remains to be determined. 
We write (4-18) in a more explicit form by using 
(4-10), (4-12), and (4-9), 


Pla ,r2|a) « exp| Sas(a®? a) po)? (1 — po?) |. (4-19) 
The ratio of time-reversed conditional probabilities is 

Pia 71a) / Pola ,71| a?) 

exp{4as[ (a?’)?— (a)? }}. (4-20) 
The same ratio is obtained also from (3-10) and 

(4-3) and the comparison yields a 1/k. Thus we 


have, finally, 


Te / a) 


1 fr” 
-eso| - f O( aor) (4-21) 
k t) d 


) (p ses * ae 
P ila Tp; ,a 


and 


) 


1 
a exp| - s(a)?— 
dk 


1 pe 
Jovan] (4-22) 
kd, 


< 1 
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Although phrased somewhat differently, Eqs. (4-21) 
and (4-22) describe essentially the distributions of 
Onsager and Machlup.’ The latter expressed their result 
in a variational language. It is evident, however, from 
their discussion that the exponentially smoothed paths 
are the extremal functions of their problem. The concept 
of smoothed path is an artifice which enables one to 
formulate the distribution functions in closed form. 
Further discussion of this point is postponed to Sec. 8. 


5. AVERAGES IN THE TEMPORAL REPRESENTATION 


We will use the notation that 7 is the time average 
of the parameter y for a single system taken over an 
infinite time interval, and (y) is the average taken over 
an ensemble of systems at a particular instant of time. 
Since we are dealing with equilibrium ensembles, the 
ergodic property yields 


Y= (9). (5-1) 


The distribution functions obtained in the last section 
can be used to compute averages of various types. For 
this purpose the explicit form (4-19) is a convenient 
starting point. 

We write the conditional p.d.f. in the normalized 
form'® 


Po(a® ,r|a) = (s/2rk)4(1—p?)? 


Xexpl . (s, 2k) (1—p*) (a —a"p)* |. (5.2) 


From P, and W, the W, can be built up stepwise. 


We have 


and 


(1—py2*) (1 


{$) 2 Yo laa _ | 
1 — p23” 1 — p42" 1 — p23" 


From (5-5) the structure of the distribution function 
is apparent and it is easy to write down the general 


18 This expression was first obtained by G. E. Uhlenbeck and 
L. S. Ornstein, Phys. Rev. 36, 823 (1930). It served as a point of 
departure of Onsager and Machlup* for the derivation of (4-21 
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expression for W,. Instead of doing this we prefer to 


characterize W, by means of its characteristic function. 


The characteristic function of the variables 2), «+ +s, 


with respect to the distribution W, is defined as the 
Fourier transform of the joint p.d.f. 


(exp(td_> 4 a2,)) 


+s +@ 
f af exp(id_, a on) W pda" s+ da’, (5-6) 
x Zz 


It is easy to verify that 


1 k P 
, ( )(E4+2E sau) | (5-7) 
Ye 1 i>h 


The proof consists essentially in showing that the 
matrix of the quadratic 
(5-7) is the inverse of the form in the bracket of Eq. 
(5-5). 


R\21° P *Zp) 


form in the parenthesis in 


One makes use of the obvious relation 
PikPki=Pit, L<le< hy. (5-8) 


The use of the generating function has the advantage 
of allowing the straightforward calculation of averages. 


We have 


( — ) 
k 

can’ "ag ”*) 

0 (OZ F 23 


or, using (5-4), 


(5-9) 


Hen e 
(5-10) 


(a(Ha(t T) wet", (5-11) 


(a(t)a(t+-7)) 


The equality of the first two terms of Iq. (5-11) is 
the usual expression of the principle of microscopic 
reversibility. 

The conditional p.d.f. (5-2) immediately yields a 
description of the regression of fluctuations within an 
those 


equilibrium ensemble. Focusing attention on 


members of the ensemble for which 


a(l)=a, (5-1la) 
we have 


a py, (5-12 


(a (ty) | a"? (ty) 


where the vertical bar indicates that the averayingy is to be 
performed only over those ensemble members satisfying 
(5-11a). 

Introduce the quantity 


Aa(ly) =a(ly)— a" py» (5-13) 


to denote the deviation of an actual path from the 
average regression curve (5-12) at the instant fy. We 
find 

Aa(t))=ks '(1 (5-14) 


pir). 


We turn now to the discussion of systems undergoing 
an irreversible process. We consider an ensemble of 
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systems in constrained equilibrium, each of whose 
members has a=a"’, At a given instant of time t; a 
“shutter” is opened in each system, and the entire 
simultaneously starts its approach to unconstrained 
equilibrium 

We see that the phenomenological regression given 
by (2-9) is identical to the average regression (5-12) of 
fluctuation theory. This statement, frequently advanced 


as a postulate,’:’ is implied by our postulate V. 


6. FLUCTUATIONS IN THE SPECTRAL 
REPRESENTATION} 

We turn now to the spectral description of fluctuation 
paths. Consider a very long time interval 6, and expand 
the fluctuation path of each member of the ensemble in 
a lourier series'® 


Re > a,e'n', 


nel 


a(t) (6-1) 


Here ‘“Re’’ means “real part,” and 


w= (29/8)n, (6-2) 


n= Antiby. (6-3) 


In order to describe the statistical properties of the 
paths a(/) of (6-1), introduce the notation that 


fray," ** an; b1,°**,bn)day,-+-daydb,,---dby (6-4) 


be the probability that an observed a(/) satisfies the 
specifications that the real and imaginary parts of the 
first A (6-1) lie the 
intervals of width da,, db, centered around the values 
(We will call such a 
specification a finile Fourier specification.) 


Fourier coefficients of within 


appearing in the argument of jy. 

Analogous to the procedure of Sec. 4, we find it 
convenient to associate with every such path specifi 
cation a Fourier-smoothed path a&(t), defined by the 
equation 


N 


Re : a,e*™" 


nel 


a(t) (6-5) 


The first NV Fourier coefficients are determined by the 
specification associated with (6-4) and all other a,’s are 
set equal to zero. 

in the associated 


the differences 


specifications, it is not obvious that fw should be very 


On account of 


similar to W, of the temporal description. However, 
it will be shown in the next section that for the sto 


t Note added in proof —The connection of the Onsager-Machlup 
formalism with the method of Rice (spectral representation) has 
been recently developed also by Hashitsume, Progr. Theoret. Phys 
(Japan) 15, 369 (1956) 

’ There should be a term ao= (1/0) fo'a(t)dt included in (6-1) 
which is omitted for simplicity. The end results will remain 
unaffected since we will eventually allow 0 &. 
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chastic process of Secs. 4 and 5 


1p? 
fy=Cy exp f O{a(t)}dt | 
kJ, 


In the above, Cy is a coefficient of normalization. 

In this section we derive a few of the implications of 
the above formalism. On using (2-11), (6-1) and (6-4) 
we write explicitly for this probability density 


6 
fn=Cn exo 
8k n= 


@\X Nn 
Cyn ( ) [] w.2/o(w,), 
Sark n=1 


R/ (R?+-5?/w*) 


(6-6) 


N (a . + by )w,” 


| (6-7) 


a(W») 


where 
(6-7a) 


and 
g(a) (6-8) 
is the real part of the admittance in the language of 
the electric analogy. 
We concern ourselves at first with the autocorrelation 
coefficient. According to (5-1) we need not distinguish 
between time and ensemble averages. We have 


»tum(t+r )). (6-9) 


Omé 


>((Re ae") (Re 


nm 


(a(lja(l4 T)) 
Computing expectation values with the probability 
densities (6-7), we find 
(b,7) = 4ka (w,)/Ow 7”, 
bnbm) =9, 


(a2 
(ay, 


(Andm nm, (6-10) 
(dybm) =0. 


The above, therefore, becomes in the limit 0>~, 


2k r® a(w) 
{ coswtdoa). 
T+ ° 


0 Gd 


(a(lja(l+7) (6-11) 


‘The integration yields 


(a(Lha(t+7r))=kse- 7" (6-12) 


in agreement with (5-11). On setting r=0 we obtain a 
result identical with (4-4), which was derived by 
averaging in terms of W,. 

The spectral density for a’ can be obtained by 
inspection of (6-11) with r=0 or, alternatively, by a 
direct calculation, using the p.d.f. (6-7), of the expec- 
tation value of the component of a lying within a 
narrow frequency band. We have 


Ga(w) (2k/m)a(w)/w*. (6-13) 


This is the fluctuation dissipation theorem of Callen 
and Greene.* 
Let us introduce the quantity e(¢) defined by 


Ra+sa=e. (6-14) 


On substituting (6-1) into the above and noting (6-7), 
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we find that the coefficients in the Fourier expansion 
of «(t) have Gaussian distributions. Furthermore, on 
making use of (6-13), we obtain the spectral density of 
€ as 

G,= 2kR/x. (6-15) 

Equation (6-14) is the Langevin equation, and the 
above properties are formal expressions of the Langevin 
postulates. The fact that these appear as theorems in 
our formulation is essentially a justification of our 
postulate V. 

In the electric analogy (6-15) is the Nyquist relation® 
of thermal noise for an RC circuit. Changing from the 
entropy to the energy representation, we have 

e=V/T, R 


R/T, w=2rnp, (6-16) 


where V is the voltage and ® the conventional resis- 
tance. Hence 
(6-17) 


Gy (v)=4kT R. 


7. EQUIVALENCE OF THE TEMPORAL AND SPECTRAL 
DISTRIBUTION FUNCTIONS 


The averages obtained with the probability densities 
W, from (3-1), (4-22) and fy defined by (6-4), (6-6) 
were found to be consistent with each other. However, 
it still remains to show that the probability densities 
W, actually imply the p.d.f.’s fy. We first show that 
the inverse statement is true. 

Using our fy, we shall compute the character- 


istic function 
Pp 
Zn) (exo i), na”), 
_ k=l 


and shall prove that the result the 
characteristic function g(z,,°-+,z,)(5-7) computed by 
means of W,. It is well known, however, that the 
characteristic function uniquely determines the distri- 
bution.”” Therefore the process governed by the distri 
butions fy implies the process described by the W,’s. 
For the sake of simplicity we carry out the calculation 
for the case of p=2. The generalization is entirely 
straightforward. 
Let us set ¢; 


h(2,°° (7-1) 


is identical to 


tand t2=/+-7. We obtain from (6-1) 


a”) =a(t)=Re > ae", 


n=l 


a 


Re es a,erenttn, 


nel 


a(t+-r) 


We first compute 


hy (222) = (exp|izia +izga |)y, (7-3) 


where the subscript N indicates that the averaging 


*% See, e.g., B. V. Gnedenko and A. 
Distributions for Sums of Independent Random Variables, 
lation by K. L. Chung (Addison-Wesley Publishing Company, 
Inc., Cambridge, 1954), p. 50 


N. Kolmogorov, Limit 


trans 
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takes place only over the first V Fourier coefhicients. 
On using for fy the explicit form (6-7), we obtain 


x 


N 
hy=CnI[ A,B, exp i Re Y ane 
n=l 


N+1 


where 


Oa n*wp? 
A.™ f exp 
L | Sko (Wy ) 


+-10n| 21 SINW,l+2 Sinw,, (t+ 7) } 


Ob nw x 


By f — 
L | Ska (w 7 


} ib,[ 21 COSW yl +22 COSW,(L-+- 7) db 
and Cy is given by (6-7a). We have 


exp 


. 
Cy IT A,B, 


a, 


We go now to the limit 6—-»* and N/0 
Under this limiting process the residual factor in (7-4) 
can be replaced by unity,”! and the negative of the 


WAN , 


exponent in (7-6) becomes 

2k N 
> i 

RA nel 


lim 1° 29+ 22122 COSWal) (Wa 


Hence 


h= lim hy (7-8) 


\N +e 


exp 


This is indeed identical to (5-7) for p= 2. Since the 


extension to arbitrary p offers no difliculty, we have 
shown that the fy imply the W,. 
That the inverse statement is also true follows from 


21 Choose any e>0 and consider the collection of all paths which 
make this factor differ from unity reater than e 
It can be shown that the probability measure 
tends to zero as N-»+%. This follows directly fros 
of J. L. Doob (Stochastic Processe John Wiley 
York, 1953), p. 155] (make the sub 
from a property of convergence in the mean |Doob, p. 9, 
(4 6) ] 


ount g 
of thi 
) theorem 4.1 
and Sons 


by an al 
collection 


titution y, a,er* 
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a theorem due to Kolmogoroff.”* It is a direct conse- 
quence of this theorem that any complete set of finite 
dimensional p.d.f.’s (such as our fwy’s) uniquely deter- 
mines any other set of finite-dimensional p.d.f.’s for 


the same stochastic process (in our case, the W,’s). 


8. DISCUSSION 
a. Variational Principles and Smoothed Paths 


The distributions in function space discussed in this 
paper can be considered as generalizations of the situ 
ation encountered in variational problems. Given an 
appropriate set of initial and boundary conditions a 
variational principle determines a single extremal func 
tion, i.e., a 6-function distribution in function space. 

While variational problems are equivalent to their 
deterministic Euler-Lagrange equations, the distribu 
tion problem is equivalent to a stochastic differential 
equation 

It is interesting to consider variational principles 
which can be formulated in terms of the OM function. 
A variational principle which implies the phenomeno 
2b. We 


shall consider now another class of variational problems 


logical equation has been mentioned in Sec. 


defined as follows: let us select the path a(t) which 


minimizes the time integral of the OM function 


‘p 
f Of{a(t)}dt= min. 
t 


(8-1) 
1 
Depending on the constraints imposed on the family of 
trial functions, (8-1) generates a whole family of 
variational principles, 
lor example, impose the constraints that every a(/) 
in the family of trial functions satisfies the conditions 


1, -:°p, 


{, are p instants of time and the a” are 


a(l,)=a™, k (8-2) 
where |; 
given numbers. It is easily shown that the solution of 
this variational problem is the exponentially-smoothed 
path Qexp bh) of (4-10) 

On the other hand, one can choose as trial functions 


a 


all functions of the form (6-1) subject to the constraints 
that the first A 
In this case one finds that the solution of the 
the path 


Fourier coefficients have spe ified 
values 
variational lourier-smoothed 
a(t) of (6-5). 

We therefore have the following property common to 
both the temporal and Fourier descriptions. To every 
(gate, Fourier) specification there corresponds a set of 
constraints for (8-1). The solution of this variational 
problem is the (exponentially, Fourier) smoothed path. 
The probability density associated with the (gate, 


problem is 


2,4. N. Kolmogoroff, Foundations of the Theory of Probability 
(Chelsea Publishing Company, New York, 1950), Chap. III, 
Sec. 4. This theorem is also described in footnote 7 of reference 2 
* This result and its connection with p.d.f. W, of (422) was 


discovered by Onsager and Machlup.* 


AND 
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Fourier) specification is a function of the quantity 
obtained by inserting the solution of the variational 
problem back into the functional which is varied: 


f 


des 
re P| f 0 ons) 
tt 


| ‘ l° 

| 

| fn iv| f ola) 
0 


In the foregoing the exponentially 
smoothed fluctuation path has only a formal meaning; 
it serves to formulate the probability of a particular 


discussion 


gate specification. 

In addition, however, this concept can be given a 
more physical interpretation: the true fluctuation paths 
are clustered around the exponentially smoothed path. 
This statement can be cast into a precise form, as was 
pointed out to us by Siegel,?* by computing the following 
problem : 

Let t;<le< 
the specification a(t;) 

One can show by straightforward calculation that 


/; be three instances of time and consider 


a a(ls)=a, 


a(lj) obeys a Gaussian distribution centered around 
Qexp(te). 


b. Conclusion 


The basic problem of the time dependent theory of 
fluctuations is to combine the phenomenological kinetic 
theory and the stochastic theory of random processes 
into a consistent scheme. The main contribution of 
this paper is to achieve this junction in a novel fashion. 

The conventional approach is characterized by certain 
assumptions which we call the Langevin postulates. 
The procedure is to augment the kinetic equation by a 
term corresponding to a random force specified in terms 
of statistical assumptions: the force is assumed to be a 
Gaussian random function with a white spectrum, the 
density of which is fixed by Boltzmann’s principle [see 
Eq. (6-14) |. The existence of fluctuations makes it 
evident that the phenomenological kinetic equation is 
not exact, and the Langevin method the 
validity of the equation by adding to it a random 
perturbation. This is the approach taken, for example, 
by Onsager and Machlup in their derivation of the 


‘ ” 
Saves 


density functions W ,. 

The point of view taken in this paper calls for a shift 
in emphasis from the differential equation to the set of 
functions which describe the fluctuation paths. Con- 
crete physical situations are accounted for in terms of 
distribution functions over this set of paths, or in other 
words through p.d.f. in function space. These distri 
butions are closely related to the kinetic differential 
equation; the solutions of the latter constitute the most 
probable region in function space. The connection 


* Armand Siegel (private communication). 
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between the kinetic equation and the p.d.f. in function 
space is stipulated by postulate V [ Sec. 4 ]. 

Heuristically, this postulate was suggested by the 
Onsager-Machlup distribution function derived sny- 
thetically from the Langevin postulates. In the present 
logical structure it is sufficient to join postulate V to 
the standard assumption of the kinetic and the sto- 
chastic theories to develop the kinetic theory of fluctu- 
ations. In particular, we obtain both the OM distri- 
bution and the Langevin postulates as theorems. So 
far as results are concerned this presentation is found 
to be equivalent to the one conventionally followed. 
However, we believe that the present method has some 
appealing conceptual and formal features. 

In the first place our formalism gives justice both to 
the reversible and to the irreversible aspects of time. 
The manifold of fluctuation paths is invariant with 
respect to time reversal®® while the bias in favor of the 
forward direction is introduced by means of OM 
function, which exhibits a peculiar selectivity with 


respect to the sense of time. 
Although the Langevin theory is consistent with the 
microscopic reversibility of fluctuation paths, it fails 


to provide any formal counterpart to this principle. 
Thus, the regression of fluctuations is described by the 
phenomenological equation and the reverse process, 
the building up of fluctuations is attributed to the 
random force. 

A second point we may bring up in favor of the 
present approach is its economy. This is apparent in 
the postulational basis, where postulate V replaces the 
Langevin postulates and a number of others usually 
advanced without proofs. The economy appears also in 
the formal structure built on the postulational basis. 

% This means that time reversal transforms fluctuation paths 


into admissible fluctuation paths. The paths which are individually 
invariant under time reversal form a special subset. 
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We refer, for example, to the not inconsiderable simplifi 
cation in the derivation of the Callen-Greene fluctuation 
dissipation theorem.* 
Throughout this 
parallel aspects of the time-dependent distributions 


paper we have emphasized the 
with the statistical thermodynamics of equilibrium, It 
is in order to point out, therefore, that in its present 
stage of development the kinetic fluctuation theory is 
subjec t to considerable limitations. We shall indicate the 
crucial point in connection with the characteristic fun 
tion defined by Eq. (5-6). 

This relation is seen to be the analogue of the defi 
nition of the canonical ensemble in statistical me 
chanics.”® 

It can indeed be shown that this analogy has its 
merits although it is limited by the fact that our 
distributions are Gaussian. This approximation leads 
to the correct second fluctuation moments, but does 
not have the formally exact character of the canonical 
distribution.”” In order to achieve such a generality it 
would be necessary to go beyond the Gaussian approx 
imation 

While the solution of the last-mentioned problem 
would require essentially new ideas, there are a number 
of other generalizations which can be carried out with 
minor extensions of the present framework. 

It is possible to consider systems with many variables, 
exhibiting inertial effects, spatial expansion and those 
which are subject to external forces. We hope to return 
to these questions later. 

The authors are indebted to Dr. D. I. Falkoff, Dr 
Bayard Rankin, and Dr. Armand Siegel for commenting 


on the manuscript. 
% AT. Khinchin, Statistical Mechanic 


New York, 1949), p. 76 
27 R, F. Green and H 


(Dover Public ations, 


R. Callen, Phys. Rev. $3, 1231 (1951) 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 6 MARCH 15, 1957 
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Isotropic fluctuations of a passive scalar y produced by turbulent convection are investigated. The 
source of irregularities is considered to be the turbulent mixing of an established gradient of y. The mixing 
velocity field is described by Heisenberg’s spectrum for homogeneous, isotropic turbulence. Replacing the 
(self-mixing) transfer of energy down the spectrum by an equivalent diffusion term, the local fluctuation 


spectrum becomes 


1 
S(k) = (Vy)* 


1 


k (1+ (k/k,)*}"3 (14 (k/ ky)?” 


where k, is the viscosity cutoff wave number of the velocity field. In the inertial range (k«k,) this result 
agrees with the spectrum deduced from purely dimensional arguments. Support for the above spectrum 
comes from the scattering of radio waves by dielectric fluctuations in the troposphere and ionosphere. 


I. INTRODUCTION 


MPORTANT new modes of radio propagation via 
the ionosphere and troposphere have been identified 
with scattering by irregularities of the dielectric con 
stant. The nature of signals so received 
suggest that the atmospheric fluctuations themselves 
form a random process in space and time. The physicist 
is asked to construct a model for the production of such 
irregularities and from it to predict their observed 
statistical properties. In so far as the dielectric constant 
is determined principally by water vapor content in the 
troposphere and electron density in the ionosphere, the 


stochastic 


problem is to describe fluctuations of a passive scalar 
quantity produced by the turbulent vector velocity 
field of the atmosphere’s neutral fluid. Its solution 
evidently transcends radio scattering and is of interest 
to a variety of physical processes which are sensitive to 
fluctuations in the working agency. 

Villars and Weisskopf' first imagined these fluctu- 
ations to be produced by pressure fluctuations in the 
neutral fluid which accompany its velocity pulsations. 
Variations in the density of the scalar were related to 
variations of the fluid and these (adiabatically) to 
variations in the pressure. A more recent view is that 
this mechanism is not strong enough to account for the 
observed irregularities, and it is now proposed that 
mixing of the scalar’s established gradient by the 
neutral fluid’s turbulent convection is the dominant 
mode." Gradients of electron density associated with 
the ionospheric layers, for instance, give reasonable 
agreement with measured power levels at very high 
frequency (VHF). 

This paper accepts the qualitative description of 
gradient mixing proposed by Villars and Weisskopf and 
attempts to describe the process analytically. The 
scalar’s spatial variations are characterized by a diffu 
sion equation in which the convection term’s velocity 


1 F. Villars and V. F. Weisskopf, Phys. Rev. 94, 232 (1954) 
?F. Villars and V. F. Weisskopf, Proc. Inst. Radio Engrs. 43, 
1232 (1955) 


2k. M. Gallet, Proc. Inst. Radio Engrs. 43, 1240 (1955). 


vector is the turbulent solution(s) of the Navier-Stokes 
equation, 


aV.(r,0) 9 


€ 
+ Va(r,)—Va(r,!) 


al Org 
do /pl(r,t) 
VV (r,t) — ( ). (1.1) 
Or a Po 


‘To this, we adjoin the incompressibility condition 
0 


V.(7,t)=0, 
Ora 


(1.2) 


which is valid so long as the velocity fluctuations are 
small compared with the local speed of sound—as they 
surely are. v=y/p is the kinematic viscosity and one is 
to sum over repeated indices. This study will exploit 
previous (aerodynamical) studies of the neutral fluid’s 
velocity field.4 

We shall develop and illustrate the theory by identi 
fying the passive scalar y with electronic density. If 
Vo(r) is the stable plasma configuration, and \ (r,t) 
describes the space-time fluctuations induced in it by 
the turbulent convection, the irregularity is 


5N (r,t) = N(r,t)—No(r). (1.3) 


A quantity of central interest for physical applications 
is the space Fourier transform 


1 
n(k,t) fer kt5N (r,t), 
Rr Jy 


The spectrum is defined in terms of 7 and the normal- 
izing volume V by 


(1.4) 


S(k) 
5(k+k’) 
4k? 


(n(k,t)n(k’,t)) (1.5) 


‘See for instance, G. K. Batchelor, The Theory of Homogenous 
Turbulence (Cambridge University Press, New York, 1953). 
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Angular brackets indicate time and/or ensemble aver- 
aging. By inverting (1.4), one finds that the mean 
square fluctuation at a point is equal to the integral of 
S(k) over all wave numbers: 


x 


(6N2(r,t)) = f dkS(k). 


0 


(1.6) 


Insofar as the Fourier transform (1.4) describes fluctu- 
ations which are localized in space to a dimension 
l=k"', the wave number k may be interpreted as an 
inverse blob size, and S(k) describes how each blob 
size range in the decaying hierarchy contributes to the 
mean square fluctuation at a point. Our task is to 
deduce this function. 


II. EQUATIONS OF TURBULENT MIXING 


Imagine the electrons to be frozen into the neutral 
turbulent fluid (gas). Now consider what happens to an 
initial gradient of ionization. Motion of the neutral 
carrier transfers electrons from low- to high-density 
points on this gradient’s profile and vice versa. These 
intruding cells appear as fluctuations against the 
ambient profile—and scatter accordingly. We imagine 
that this transfer is accomplished by turbulent con- 
vection, and that the resulting irregularities are erased 
by diffusion and recombination. 

Let V(r,t) be the local electron density in the mixing 
medium. Its total time change is related to the ion- 
ization rate J(r), recombination coefficient a, and diffu 
sion constant D by the continuity equation.® 


aN (1,0) a 
+V.4(r,t)—N (r,t) 
at Ore 

=I(r)—aN*(r,1)+DV°N (r,t). (2.1) 
The convective velocity V,(r,t) is the divergence-free 
solution of (1.1). Since V,(r,t) is a stochastic function 
itself, it induces statistical fluctuations in the mixed 
electron configuration. If there were no turbulence, a 
static profile .Vo(r) would be established satisfying, 


O0=1(r)—aNo?(r)+DV2N o(r) : (og) 


’ 


and such solutions have been discussed frequently. 

We are interested here in the density fluctuation, 
(1.3). Subtracting (2.2) and (2.1) and neglecting non- 
linear terms, we find that 6.V (r,t) satisfies 

Ob6N 0 
+[2aN 9-- DV? 6N Va 
at OF 


[Not8N]. (2.3) 


It is quite a good approximation to hold No constant in 
the recombination term and to let the gradient of .Vo 
be constant on the right hand side. Introducing Fourier 
transforms for 6V and V4, we find that (k,l) satisfies 


5 This approach was suggested by Professor Villars and Pro- 
fessor Weisskopf. 
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the integro-differential equation, 


On(k,t) dN 
+[ 2aNo+Dk? |n(k,t)4 jaValk,t) 
al dh 


t if etev lh Ll, t)n(L)=0, (2.4) 


where 7q is a unit factor in the direction of the (initial) 
ionization gradient, probably vertical. 

If the integral or self-mixing term in this equation 
were negligible, one could proceed with an analytic 
solution ; n(k,t) then behaves like the output of an R— L 
filter driven by a random input. As a rule,® one may 
neglect with 
diffusion 


recombination effects in comparison 


sé 


damping,” so that 


adNo 7% 
n(k,t) f duexp( Dk*u)jaValk, t—u). (2.5) 


dh « 0 


To average this expression over the statistical V4, we 


use a result of turbulence 


theory*: 


homogenous, isotropi 


(V a(R,t)V a(k’, t-+7)) 
i(k) 
(k-4 k’) bas 
4rk?* k? 


kakg 


Joven (2.6) 


C(k,r) is the time correlation of fluctuations within a 

fixed wave number range, and is nol known adequately 

at present. The spectrum of kinetic energy /(k) adopted 

is Heisenberg’s generalization’ of Kologomoroff’s simi 

larity result (k~°'*), 

Vi 1 1 1 
k> ko 


E(k) ; 
Ly! p/s [ k* k,! +] |! j ln 


(2.7) 


The smallest blob wave number &, is given in terms of 


the large blob (energy iffput) parameters and v 


k= § (Vo%/lov*) (2.8) 


Combining Eqs. (1.5), (2.7), and (2.8), we find for the 


spectrum ; 


dNo 2 D n 
S(k) n( ) sino f auf dt 
dh “@ 0 


Xexpl — Dk (u+2) |C(k, |u—v|). (2.9) 


In the high wave number range, a reasonable assump 
tion® for the time correlation is‘ 
C(k,r) (2.10) 


exp/( vk? 7), 


for instance, 2aNo=10 4 sec"! 
of k=} 


6 In the lower / region, (80 km 
and D=10 cm? sec}, 
meters >[ 2aNo/D }* 

7W. Heisenberg, Z. Physik 124, 62% (1948 

’ This C(k,7r) implies infinite for the fluid’s (rm 
ation and is hence quite improper for 
have zero slope 


but one is interested in value 


) acceler 
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hic. 1. Mechanisms which sponsor stable spectrum 


where v is the kinematical viscosity appearing in (1.1). 
Phe integrations are now easily performed and _ the 
spectrum (2.7) introduced to give 


dNo\*?, Ve sin’ 
a Os A rere: 
dh 1,! D(D+y) 
1 ] 
x( ) | 
kT 4+ (k/k,)* 0 


Phe angle @ is that included between k and j, and hence 
is very nearly zero for symmetrical scattering and a 


(2.11) 


vertical gradient.’ 

The point of the matter here is that local gradients 
in the mixed plasma can be as steep as or steeper than 
the ambient profile and need not have the directional 
properties of the original gradient. The integral term 
in (2.4) cannot be omitted. The ambient profile provides 
a nonisotropic gradient source which is stirred into the 
spectrum (k,l) by blobs of all sizes simultaneously. 
This initial in-mixing retains most of the parental 
anisotropy, so that the resulting spectrum (2.11) does 
as we found. The next step is one 
of self-mixing, the fluctuation 
“energy” of the larger blobs to smaller ones. The 
integral term in (2.4) evidently describes this transfer 


not scatter forward 


which redistributes 


mechanism, for it couples different wave number ranges 
together.” Since the velocity field itself is assumed 
isotropic, it acts progressively to erase the anistropy of 
the parent source and to create a stable isotropic scalar 
field. This redistribution or self-mixing continues until 
the fluctuations are damped at high wave numbers by 
diffusion. The spectrum’s shape evidently depends 
critically on just how this energy is distributed and 
how long it takes a given input to reach isotropy by 
self-mixing. 

These intuitive ideas are represented schematically 


® See Sec. V. 
In analogy with the inertial 


Stokes equation [see Eq. (1.1 


nonlinear) term in the Navier 


J 


WHEELON 


in Fig. 1, which shows the stable spectrum and the 
mechanisms which maintain it. We should note an 
important difference between our turbulent mixing 
model and the more familiar decay of homogenous 
turbulence.‘ In the latter, one adds an external source 
of energy € (cm*/sec*) at the largest eddy wave number 
ky to balance dissipation. The source of turbulent 
mixing appears explicitly in (2.4), however, and makes 
contributions to each wave number interval, according 
to the (decreasing) magnitude of V (k,/). If one assumes 
that this energy enters the spectrum only at ko, the 
input 


(6N*) =? (dN o/dh)’, (2.12) 


would overestimate the mean square fluctuation, as 
Gallet has found.* 


III. DIMENSIONAL SOLUTION FOR 
INERTIAL RANGE 


In the inertial range kyo <k<k,, one may use purely 
dimensional arguments to predict the spectrum. As the 
self-mixing proceeds, one may expect isotropy and 
thereby specialize Eq. (1.5). 


(n(k,t)n(k’,t)) =6(k+-k’)S(|k| )/4ark?. (3.1) 
The mean square fluctuation at a given point in space 


js thus 


D 


oNnriry)= f dkS(k). 


0 


(3.2) 


Phe only quantity appearing in (2.4) which has the 
units of 6.\V (i.e., electrons/cc) is d.Vo/dh, so that S(R) 
must be proportional to its square. Since D and v are 
approximately equal," the only other parameters are € 
and v, out of which one constructs (again by purely 
dimensional arguments) the characteristic speed and 
length of the velocity field. 


v=(e)!, | (3.3) 


(v*/e)?. 
We need only assume that 
° S(k) = (dNo/dh)*Py(kl) 


for ¥(x) a dimensionless function, to insure the dimen- 
sionality of (3.2). In the inertial range kk, redistri- 
bution alone is important, so that the spectrum S(k) 
ought to be independent of v (or D). One satisfies this 
condition with the choice ~(a) = *. 


S(k) = (d.No/dh)*(const/k*) ; (3.4) 


This result is quite independent of the velocity field; 
except for the restriction k>1//) on Heisenberg’s spec- 
trum (2.7). This result agrees with Villars and Weiss- 
kopf’s treatment,’ but is at variance with both Silver- 


ty) in the ionosphere since space charge effects bind the 
electrons to their ionized carrier’s frictional experience. For other 
applications, one may need to discriminate between cutoff 
wave numbers for the scalar and velocity fields 





SPECTRUM OF 
man” and Batchelor'* who assumed a k-independent 
external source of turbulent input. [See (2.12). | 

The loss of fluctuations by diffusion at high wave 
numbers is described by the second term in (2.4). 
Neglecting recombination, the power loss is computed as 


" aNo . 
P of dkk*S(k) 2/ ) Ao, 
0 dh 


where Xo is a constant determined by the spectrum’s 
shape alone. On purely dimensional basis, one would 
have argued from (3.3) that 


P= (dN./dh)*0l, 


(3.5) 


which is again equivalent to (3.5) for D=v. The 
spectrum at high wave numbers evidently cannot be 
computed from dimensional arguments, since (3.5) is 
satisfied identically by (3.4). The iteration approach 
which led to (2.11) could be pursued to the next step 
by substituting (2.5) into the integral term of (2.4). 
This converges to k-" [see (2.11) ] in the high wave 
number range, but is not sound in the (&,) transition 
range, where self-mixing is still quite the largest 
redistribution mechanism. 


IV. TRANSITION RANGE 


To bridge the gap between our similarity (k *) and 
dissipation (k-'') results, we introduce the concept of a 
transfer diffusion D’(k) to describe the removal of 
fluctuation energy from a wave number interval k to 
all higher &. Heisenberg’ exploited this same concept in 
treating the nonlinear, inertial transfer of kinetic energy 
as an equivalent viscosity in the velocity equations 
(1.1), and so derived the transition spectrum (2.7). 
In this spirit, we rewrite (2.4) as 


On| kl) 


AN 6 
+[ D+-D'(k) |k’n(k,0) ( ) jaV ahs). (1) 
dh 


al 
The equivalent diffusion constant D’(k) should depend 
principally on the convective velocity field, so that by 
purely dimensional arguments one has 


D'(k) vf AXE (A)/d4 |, 


k 


(4.2) 


where y is an absolute constant of order unity. One can 
also argue that n(/,t) in (2.4) can be brought outside 
1, t) is largest 
hence most effective as a convective mixer— for k near 1. 
The further condition k,V.(k,t) =0 tells one that small 
values of / contribute little to the integration. When 
n(k,l) is so removed, it is not difficult to infer (4.2). 
The transfer diffusion evidently depends on the 
inertial range of the velocity spectrum E(k), so that 


the integral as n(k,t), since V,(k and 


2 R.A. Silverman, J. Appl. Phys. 27, 699 (1956). 
4G. K. Batchelor, Cornell University Electrical Engineering 
Research Report 262, September 15, 1955 (unpublished). 
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‘In so far as 
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one may substitute from (2.7), and tind 


D!(k) = (3y/4104) (Vo/ Rk"). (4.3) 


When this result is inserted into (4.1), one sees that 
n(k,l) may be expressed exactly as in (4.5), except now 
with an additional damping term. Using the results 
(2.5) through (2.8) and dropping the viscosity » when 
it appears with D (equivalent to an infinite time 
correlation) for convenience, we have 


dNo\? Vor sin’ 
si=(2) 
dh 1,! [D { ay Vo Ly tk? ‘ i 
1 


x . (44) 
[1 { he ks 8 


If k is small, this gives the similarity k * expression 
(3.4), and at high numbers it approaches the k | 
adduced in (2.11). It appear that we 
succeeded in describing the diffusion transition range 


result 
would have 
(k,), where both self-mixing and dissipation are com 
peting. 

The persistant angular (@) dependence in (4.4) 
requires a word of explanation. By replacing the self 
mixing integral term by a transfer diffusion constant, 
we have destroyed the directional properties of this 
term. At this stage however, we are quite sure that 
considerable self-mixing has taken place, since the 
direct input mechanism at these wave numbers is small 
To enforce this physical picture on the over-simplified 
(4.1), we 


relating to the original gradient orientation 


angles @ 
This is 


ociated with 


representation average over all 
quite important for vertical gradients as 


ionospheric layers, and probably not so critical for 
meteor trails with random orientation 

Our result (4.4) can be cast In more convenient form 
by recalling the definition (2.8) of the cutoff wave 
number. For our purposes, one may sect D=yv, so that 
the transition to high wave numbers depends only on 


k/k 
dNo\? 1 | 
S(k) ( ) 
dh k® (1+ (k/k,)4? [1 


This is the central result of our study. It i 


(4.5) 


interesting 
that it depends only on the velocity field which Ponsor 
the fluctuations through its viscosity cutoff wave num 
ber k, as given by Eq. (2.8). The fluctuation intensity 
depends rather on the steepness of the mixed profile 
(4 5 


averages over spatial volumes of size ly 


relied solely on 
~1000 meter 


(1.e., largest blob size), the above expression may be 


the deduction of 


considered a local formula. One should therefore expect 
large fluctuations at points of rapid change on the 
protile (inversion layers, shears), which contradict 
neither one’s intuition nor experiment 
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V. EXPERIMENTAL SUPPORT 


lor radio-wave scattering at very high frequency by 
electron fluctuations in the ionosphere’s lower E region, 
it has been shown! that the received power is propor- 


tional to™ 


(k) 
‘2m’, 
2 


re 


(5.1) 


1 
o=r16'(2r)*- pineal? 


where r9= 2.8 10~" cm is the classical electron radius. 
The vector k is the difference between the upgoing 
and downcoming propagation vectors, and is almost 
always oriented along the vertical. Its magnitude 
depends on the radiation’s wavelength (A) and scat 


tering angle 6. 


k | = (49/d) sin(40). (5.2) 
Comparison of simultaneous transmissions over the 
same path with different frequencies and scaled aerials 
permits one to map out S(k) by (5.1). For the National 
sureau-of Standards’ experiments,'® it has been found'® 
that a good fit to the data is obtained with (4.5) if R, 
is chosen as (1.5 meters). 

The troposphere’s dielectric constant is set mostly 
by concentrations of water vapor. In this case, the 
ionization rate must be replaced by gravitational and 
buoyant forces, while the recombination term is rigor 


i“ Note 


1¢ 
(0) { d®re** 0. 
Bri y Sr* 


1% Bailey, Bateman, and Kirby, Proc. Inst. Radio Engrs. 43, 


1181 (1955) 
1% A. 1D. Wheelon, J. Geophys. Research (March, 1957) 


WHEELON 


ously zero. It has been found for uhf and shf waves 
scattered by tropospheric fluctuations that the meas- 
ured power is proportional to 


1 
P«-S(k)—, 
k? 


(5.3) 


where k has the meaning of (5.2). In the troposphere 
k, is of the order of millimeters,'’ so that only the 
similarity reduction of (4.5) is of interest. 


P « (dn/dh)*d/{sin (46) }°. 


A linear dependence on wavelength is definitely favored 
by Norton’s careful analysis'* of numerous broad-beam, 
tropospheric scatter links. A useful correlation between 
scattered power and the refractive gradient computed 
from radiosonde records has also been obtained.” 

In the measurement of dielectric fluctuations directly 
with microwave refractometers (resonant cavities) 
mounted in aircraft, there is no sensible correlation 
between gust (velocity) forces acting on the aircraft 
and intensity of refractive fluctuations. This experience 
at least does not contradict the minor role played by 
the turbulent velocity field (i.e., Vo, /o) in the spectrum 
(4.5). 
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CdS-Type Photoconductivity in ZnTe Crystals 
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An investigation of photoconductivity in single crystals of ZnTe has revealed that the mechanism proposed 
for photoconductivity phenomena in CdS and CdSe may also be applied to ZnTe. These phenomena include 


the variation of photocurrent with light intensity and temperature, and 


photoconductivity. 


SINGLE crystals of ZnTe were grown from the melt 
by gradient-freezing with added n-type Al or In 
impurity.' These added impurities compensated a small 
proportion of residual p-type Cu impurity (1-10 parts 
per million), to produce high-resistivity crystals (10" 
ohm cm at room temperature). Absorption spectra! and 
photoconductivity excitation spectra? (Fig. 1) indicate 
a band gap of 2.1 ev. Conductivity measurements as a 
function of temperature in ZnTe with added Cu im- 
purity indicate an activation energy of 0.11 ev for the 
Cu acc eptors.’ 

Figure 2 shows the variation of photocurrent for 
ZnTe:Cu:Al and ZnTe:Cu:In as a function of tem 
perature. Both crystals show a very rapid increase in 
photocurrent with increasing temperature at low tem- 
peratures, corresponding to an exponential variation of 
photocurrent with reciprocal temperature with a slope 
of 0.12 ev. Such a variation of photocurrent with tem- 
perature is expected if the density of photoexcited 
trapped holes* below the steady-state hole Fermi level 

TABLE I, Variation of photocurrent with light intensity 
as a function of temperature. 


Range of exponent n 
(Ai « Ln) 


ZnTe:Cu:Al 


177 °C 0.77-0.84 
-59 0.97-1.09 


Temperature range® change in n» 


0.44 ev 


ZnTe:Cu:In 
0.66-0.83 
1.54-2.00 
1.03—1.20 
1.41—1.66 
0.74-0.79 


0.30 ev 
0.39 ev 
0.53 ev 
0.67 ev 
° to 47°C 


* More than one value of exponent m is found, over the light intensity 
range used (900 ft-c to 0.4 ft-c), between 59° and 5° for ZnTe: Cu: Al, 
and between 153° and ie. 115° and 85°, and 3° and 27°C for 
ZnTe Cu:ln 


» Distance of the hole Fermi level abo ilence band 

1 E. L. Lind and R. H. Bube, Bull. Am. Phys. Soc. 
110 (1956). 

2R. H. Bube and E. L. Lind, Bull. Am. Phys. Soc. 
110 (1956). 

3’ Measurements by M. L. Schultz 

‘It has not been possible to definitely determine the sign of the 
majority photoexcited carriers, because of the high resistivity and 
relatively low photosensitivity of the samples. Rectification tests 
have generally indicated p-type photocurrents, but it is not 
impossible that the differences between ZnTe:Cu: Al and ZnTe: 
Cu:In may arise from p-type photocurrents in one and n-type in 


Ser. II, l’ 


Ser, II, 1, 


the infrared quenching of 


is greater than the density of trapped holes above the 
Fermi level.o On the basis of a model assuming a uni 
form distribution of traps to a height My above the 
valence band, a value of Zy= 0.24 ev (twice the slope) is 
obtained. This model also predicts that the photo 
current should vary as the square root of light intensity 
in the temperature range where the photocurrent varies 
exponentially with reciprocal temperature. 

Figure 3 shows the variation of photocurrent as a 
function of temperature for Zn'Te:Cu:In for two light 
intensities. The numbers indicated on the curves of 
Figs. 2 and 3 are calculated values for the distance of 
the hole steady-state Fermi level above the valence 
band. The results of Fig. 3 indicate that the breaks in 
the photocurrent-temperature curve occur at an 
approximately constant value of hole Fermi level. 

The variation of photocurrent with light intensity 
as a function of temperature for the Zn'Te crystals is 
Table I. The 


summarized in results are as follows 
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hic. 1. Photoconductivity excitation spectra for Zn'Te 


and ZnTe:Cu:In 


ingle crystal 
the other. In the inology 
phrased to be consistent with p-tyy 
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8A Rose, RCA Rev 12, 362 (1951 
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lic. 2. Photocurrent for ZnTe:Cu:Al and ZnTe:Cu:In as 
a function of temperature for illumination by 900 ft-c; 100 volts 
applied 


(1) In the temperature range of exponential increase 
of photocurrent with reciprocal temperature, the lowest 
values of the exponent # (photocurrent proportional to 
nth power of light intensity) are found; these values 
are always higher than the value of one-half expected 
from the model, but are definitely less than unity. 
(2) In the temperature range of approximately constant 
photocurrent, m assumes values near unity. (3) In the 
temperature range of quenching of photocurrent, n be 
comes greater than unity. There are two distinct ranges 
of temperature quenching for the ZnTe: Cu: In crystal 
Phese results therefore reproduce the correlation be- 
tween temperature quenching of photoconductivity and 
values of n> 1, established for CdS and CdSe.%&* 

At room temperature, infrared quenching in the 
range between 1.0 and 1.8 microns is observed for 
ZnTe:Cu:Al, which has not yet shown temperature 
quenching, but is not found for ZnTe: Cu: In, which has 
passed through temperature quenching at a lower tem 
perature. These results are also analogous to those 
found for infrared quenching in CdS and CdSe. 

A. Rose, Phys. Rev. 97, 322 (1955) 

™R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955) 

*R. H. Bube, J. Phys. Chem. Solids (to be published). 
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Fic. 3. Photocurrent for ZnTe:Cu:In as a function of tem- 
perature for illumination by 900 ft-c and by 20 ft-c; 100 volts 
applied. 


Applying the analysis of photoconductivity discussed 
in a previous publication® to the temperature-shift of 
the major break point for temperature quenching for 
ZnTe:Cu:In with variation of light intensity gives an 
activation energy of 0.34 ev and a capture cross section 
ratio of 10 for the “sensitizing,” small capture cross- 
section centers.’ These values may be compared with 
those of CdSe which are 0.64 ev and a ratio of 8X 105. 
The smaller activation energy for ZnTe agrees well with 
the lower break-point for temperature quenching (near 

100°C) compared to CdSe (near 0°C). (In ZnTe: 
Cu:Al, the “sensitizing” centers must have a larger 
activation energy even than those in CdSe.) All other 
pertinent quantities being comparable, the fact that 
the cross section ratio in ZnTe:Cu:In is about 10~° 
that in CdSe is compatible with the fact that the 
maximum sensitivity of ZnTe:Cu:In observed is only 
about 10“ to 10°° that of sensitive CdSe crystals. 


°If p-type photoconductivity is assumed, this means that the 
‘sensitizing centers” in ZnTe lie 0.34 ev from the conduction 
band and have a capture cross section for electrons ten times 
greater than their capture cross section for holes. If n-type photo 
conductivity is assumed, the levels lie 0.34 ev above the valence 
band and have a hole cross section ten times their electron cross 
section, Photoconductivity in CdSe is n type 
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Multipolar Stark Splitting Patterns in Single Crystals* 


PAuL M. PARKER 
Ohio State University, Columbus, Ohio 


(Received December 6, 1956) 


The theoretical relative splitting schemes of the energy levels of a nuclear nonspherical charge distribution 


in the electric field of the crystalline surroypdings are calculated for some relevant symmetries of the electric 
crystalline field. The results are intended as a guide to possible experimental observation of nuclear multipole 
interactions of order higher than the quadrupole interaction 


I, INTRODUCTION 


N 1955 Wang! reported small deviations from the 
predicted pure quadrupole resonance line ratios in 

single crystals of SbBrz at 0.4°C and attributed this 
effect to the existence of a nuclear hexadecapole (six- 
teen pole) moment interaction with the surrounding 
crystalline field. The ratio of the hexadecapole to the 
quadrupole interaction energy is reported to be of the 
order of 107°. 

Pound? has shown that the interaction energy of the 
nuclear charge configuration with the crystalline field 
can be written as a series expansion in which the nth 
term refers to a 2"-pole interaction. The monopole 
interaction (n=Q) can be eliminated from further con- 
sideration because it exhibits no directional properties 
in an electric crystalline field. Furthermore, it can be 
shown’ that the parity property of the nuclear wave 
functions rules out the existence of odd (that is, n odd) 
electric multipoles; and that for a nucleus with spin J 
it is impossible to observe a nuclear electric multipole 
moment 2", unless 2/2 n. 

As is well known, quadrupole ( 
generally in the radio-frequency region of the electro 
magnetic spectrum and a substantial amount of litera 


2) transitions lie 


ture on the subject exists. With high-resolution appa 
ratus hexadecapole (n= 4) interactions may possibly be 
observed. Poles of still higher order are most likely not 
within the limits of resolution. Indeed, the next higher 
pole would be the 64-pole (n=6) with /2 3; and if we 
assume that the energy ratio of the 64-pole interaction 
to the hexadecapole interaction is again of the order of 
10-° and if we allow the rather large estimate of a 
relaxation time of the order of one second, the uncer 


TABLE I. Number of interaction parameters. 


Khombi« 


symmetr 


Octahedral 
symmetry 


Tetragonal 
symmetry 


Hexagonal 
symmetry 


Quadrupole interaction 0 l 1 2 
Hexadecapole interaction 1 1 2 3 


* This investigation was supported in part by the U. S. Air 


Force, through the Office of Scientific Research of the Air Re 
search and Development Command through a contract with the 
Ohio State University Research Foundation. 

1T. C. Wang, Phys. Rev. 99, 566 (1955). 

2K. V. Pound, Phys. Rev. 79, 685 (1950). 

§N. Ramsey, Nuclear Moments (John Wiley and Sons, Inc 
New York, 1953), pp. 23, 24 
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tainty principle predicts that the contribution of the 
64-pole interaction to the shift of a quadrupolar energy 
level is approximately of the order of the natural line 
width. 

In the present work we consider multipolar splitting 
schemes only in the absence of an external magneti 
field. In our opinion the inclusion of the magnetic field 
is not indicated until the experimental state of affairs 
becomes more promising. 

In view of the above discussion we need to consider 
the quadrupole-hexadecapolar splitting schemes with 
122 for some relevant symmetries of the crystalline 
field surroundings. 

The group theoretical solution of the problem is 
straightforward,‘ and has been obtained by using the 
Kramers.° We do not 


procedure of calculating the splitting schemes but con 


symbolic method of give the 


fine ourselves here to statement and discussion of the 
results.°® 


TABLE IT. Hexadecapole splitting schemes, octahedral symmetry 


Degree of 
degeneracy 


I! 
Il 


IV 
Il 


Il 


4H Bethe, Ann, 
(1930) 

°H. A. Kramers, 
33, 960 (1930) 

*A limited number of copies of a 
will be available on request 


Physik 3, 133 (1929); Z. Physik 60, 21% 


Proc, Acad. Sci. Amsterdam 32, 1176 (1929); 


more detailed treatment 


1713 








1714 


Tasre IIT. Quadrupole hexadecapole splitting schemes, 
hexagonal symmetry. 


Degree of 


J I degenerac y 
2 2+ A II 
1—4A II 
2+-6A I 
5/2 5+ A II 
1—3A II 
4+2A I] 
3 543A II 
Q—7A If 
3+ A II 
4+6A I 
7/2 7+ 7A II 
1—13A II 
3— 3A II 
5+ 9A II 
4 2% +-14A I 
7—21A I 
8—11A I] 
17+ 9A II 
20+18A I 
9/2 64-18A II 
2—22A II 
1—17A II 
3+ 3A II 
4+18A II 


II. RESULTS 


Table I shows the number of interaction parameters 
needed for the complete description of the interaction. 
From the table it is seen that the quadrupole inter- 
action is absent in the case of the octahedral symmetry. 
Thus a nucleus at a site of octahedral symmetry 
promises to yield most direct evidence of the occurrence 
of a hexadecapole interaction, if such can be observed. 
It is also seen that the hexadecapole interaction in the 
case of octahedral and hexagonal symmetry is particu- 
larly simple, since it can be described in terms of only 
one suitably chosen interaction parameter. 

Table II gives the hexadecapole splitting schemes 
for the octahedral symmetry, the Roman numerals 
referring to the degree of degeneracy. Since only one 
interaction parameter enters, it need not be written 
explicitly when specifying relative splittings. 

Table IIL gives the combined quadrupole-hexadeca- 
pole splitting schemes for the hexagonal symmetry. 
This scheme is found by adding to a quadrupolar 
energy Eg an appropriate hexadecapolar energy Ey, 
E= Egt+AEn, introducing the combination parameter 
A which is approximately of the order of 10° as we 
have already noted. We observe that in no instance is 
there a “further splitting,” ie., the lifting of a quadru- 
polar degeneracy by the hexadecapole interaction. 

Table IV gives the combined quadrupole-hexadeca 
pole splitting schemes for the tetragonal symmetry. 


PAUL M. 





PARKER 


For this symmetry there are two hexadecapole inter- 
action parameters; hence to describe the relative 
splitting one of them, a, must be written explicitly. 
Unlike the hexagonal symmetry calculations, the tetrag- 
onal symmetry treatment does in general not yield an 
energy representation which is readily diagonalized. 
However, this representation is very amenable to a 
perturbation treatment with the combination parameter 
A forming an excellent parameter of smallness. The 
quoted results of Table IV are arrived at through a first- 
order perturbation treatment. Only for /=2 and 3 is 
there a “further splitting.” A “further splitting” for 
/ =4 is predicted but not in first order; hence it is most 
likely unobservable. In those cases where no “further 
splitting” takes place, the parameter a is not needed to 
describe the splitting in first order. 

Consideration of the rhombic symmetry group pre- 
sents no difficulties in principle; however, the calcula- 
tions tend to become tedious and have not been carried 
out completely. In no instance is there a “further 
splitting” since the quadrupole interaction leads already 
to the maximum splitting compatible with the Kramers 
doublet rule in all cases. 

In general, “further splitting” is a very isolated 
instance. The symmetry must not be too high, for then 
there is no quadrupole interaction; nor must the sym- 
metry be too low, for then the quadrupole interaction 


TABLE IV. Quadrupole hexadecapole splitting schemes, 
tetragonal symmetry. 


Degree of 


I I degeneracy 
2 2+-A (3+-3a) I 
2+A(—2—4a) I 
—1+A(—2+4+2a) II 
—2+A (3—3a) I 
5/2 5+ A IT 
—1—3A II 
4+2A I] 
3 §+3A (1—a) II 
Q—2A (1—7a) I 
O0—6A 
—3+ A(1—a) II 
—4+-6A (1—a) I 
7/2 7+ 7A II 
1—13A II 
—3 34 II 
-5+ 9A II 
1 28+-14A II 
7—21A II 
8—11A II 
17+ 9A IT 
20+18A I 
9/2 6+126A II 
2—154A II 
1—119A II 
3+ 214 II 
4+126A II 
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STARK 


already produces maximum splitting. In addition, the 
spin must be integral because of Kramers’ doublet rule. 
Unfortunately a ground state integral nuclear spin of 
two or larger is rare. 
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Recombination Radiation from Deformed and Alloyed Germanium p-n Junctions at 80°K 


R. NEWMAN 
General Electric Research Laboratory, Schenectady, New York 


(Received December 10, 1956) 


The recombination radiation from germanium p-n junctions (7’~80°K) which have been plastically 
deformed shows two bands of radiation. One band, which peaks at 0.7 ev, is an intrinsic property. The 
second, which peaks at about 0.5 ev, appears to be characteristic of deformed material or material in which 
slip has occurred. A slight change in the position of the 0.5-ev peak occurs upon annealing. The band at 0.5 ev 
is also found in the radiation from alloyed p-» junctions. Junctions containing copper show a radiation band 


at 0.59 ev. 


INTRODUCTION 


HIS work was initiated in the hope of finding 

evidence for a radiative recombination mecha- 
nism in germanium involving known recombination 
active impurities (Au, Mn, Ni, Fe, Cu, etc.). To this 
end, a number of alloyed junction diode units were 
prepared. In these, the germanium had been previously 
doped with the elements of interest. It was found that 
the recombination radiation which 
forward injection at liquid nitrogen temperatures con- 
sisted of two bands. One, the intrinsic band, peaked at 
about 0.7 ev. In addition, there was a band peaked at 
about 0.5 ev. This latter feature was the more interesting 


was obtained on 


since it seemed to be the phenomenon we wished to 
study, namely, the manifestation of a radiative recom- 
bination center. However, the spectral characteristics of 
the 0.5-ev band were independent of the composition of 
the germanium sample. In particular, its appearance in 
units made from samples known (from resistivity and 
lifetime measurements) to be of very high purity, cast 
doubt on its assignment to the activity of any chemical 
impurity. Further we were unable to find any evidence 
for the 0.5-ev band in grown p-nm junctions, even when 
these had been doped with the recombination active 
impurities. This suggested the possibility that me- 
chanical strain or deformation produced in the alloying 
process might be the origin of the 0.5-ev band. To test 
this hypothesis samples containing grown junctions 
were deformed by twisting at 550°C by varying amounts. 
Subsequent optical measurements clearly indicated a 
correlation of the extra 0.5-ev band to the mechanical 
deformation of the crystals. In large part, the work 
reported here relates to the grown junctions, as these 
afforded a more tractable experimental system. 

After the mechanical effect had been identified, it was 
subsequently found that grown junctions into which Cu 


was diffused showed the presence of a band on the low 
energy side of the intrinsic radiation peak. This pre 
sumably is the effect we 
recombination center showing radiative effects. 


were first seeking, viz., a 


EXPERIMENTAL 


The experimental arrangement for measurement was 
straightforward. The p-n junction under study was 
mounted in a cryostat with good thermal contact to the 
refrigerant. In some cases the contact was made through 
a soldered connection to the refrigerant container, in 
others through the use of a calorimeter adhesive. In 
neither case did the average temperature of the unit rise 
more than 10°K for the 
power input employed in obtaining the data of this 


about maximum electrical 
report. Temperatures were measured by a Cu-constantan 
thermocouple soldered to the sample itself. All the data 
presented in this report were obtained at temperatures 
near 80°K., 

The diodes were operated in the forward direction 
using 13 cps on-off modulation. ‘The actual modulator 
was a Western Electric 275A relay. This was actuated 
by a rotating switch operated in conjunction with the 
synchronous rectifier of the detector amplifier. The 
junction radiation was detected by a dry-ice-cooled 
PbS cell. The detector signal was fed through a high 
impedance preamplifier into a Perkin-Elmer thermo 
couple amplifier and was displayed on a chart recorder 
A Perkin-Elmer spectrometer with a Cal, prism was 
used for monochromatization. 

The junctions studied were of several types. The 
details of their fabrication and processing have been 
included in Appendix A. 

The possibility that the effects that have been ob 
either instrumental) or 
thermal radiation) has been considered in 


served were spurious (1.€., 


trivial (i.e 
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Fic. 1, Spectrum of recombination radiation of a germanium p-n 
junction at 80°K (solid line). The dots and dashes represent a 
theoretical calculation of the spectral band shape using the data of 
reference:'6 (dots) extended by photovoltaic data (dashes). The 
resolution is noted. 


detail, Several experiments designed to test this possi- 
bility have indicated that the effects are neither instru- 
mental nor do they result from temperature modulation 
of the samples. Further, radiation law calculations have 
been made for the temperature modulation actually 
observed (e.g., ~10°K). They indicate that the maxi- 
mum radiation signal that would be seen by the detector 
would be a factor of 10'® less than the minimum de- 
tectable signal (~10~" watt). The same considerations 
apply to emissivity modulation effects. The possibility 
of local “hot spots” giving rise to thermal radiation has 
not been eliminated but is considered very unlikely. It 
is thus felt that the effects reported here do have 
veridical significance. 
RESULTS 
A. Intrinsic Radiation Peak 

In Fig. 1 the radiation band peaked at ~0.70 ev is the 
intrinsic recombination radiation, presumably due to 
the direct recombination of electrons and holes. Except 
for absolute magnitude it is identical in all the junctions 
studied. This band has previously been discussed by 
several authors.'-* The data of Fig. 1 were obtained 
with sufficiently high resolution to show the pronounced 
asymmetry of the band. The resolution was insufficient 
to give the true band shape, particularly on the low- 
energy side, Existing absorption data*~* for germanium 

' J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 

*R. Newman, Phys. Rev. 91, 1313 (1953). 

*W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954) 

‘Fan, Sheppard, and Spitzer, Proceedings of the Conference on 
Photoconductivity, Adanta (John Wiley and Sons, Inc., New York, 
1956). 


*G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 
®W.C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
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do not extend to low enough values (i.e., <0.1 cm™') to 
permit an accurate theoretical calculation of the radia- 
tion band shape.* However, by using data previously 
reported,'® extended through the use of unpublished 
photovoltaic data, the dotted and dashed curve of 
Fig. 1 was obtained. The calculated curve was adjusted 
to give the same peak height as the experimental curve. 
Some measurements made in the liquid Hy range 
(T~40°K) indicated that the entire shape of the 
observed line was being limited by the resolving power, 
which was the same as that employed for obtaining the 
data of Fig. 1. 


B. Grown Junctions Deformed by Twist 


Figure 2(a) shows a spectrogram of the radiation 
emitted by a control sample cut from a grown p-n 
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Fic. 2. A series of radiation spectrograms (T~82°K) for a 
junction unit which has had the treatments indicated in the figure 
and described more fully in the text. The same current density was 
used throughout. Figures 2(b) and 2(c) were obtained using a 
larger spectrometer slit than for Fig. 2(a). The different curves 
were adjusted to give the correct relative magnitudes. The 300°K 
junction characteristics prior to bending were p~0.01 ohm-cm, 
n~1 ohm-cm, r~~50 psec. 
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junction of the characteristics noted. Figure 2(b) is a 
spectrogram of another sample cut from the same grown 
junction after it has been twisted by an angle of ~1° 
and restraightened at 550°C. Figure 2(c) shows the 
spectrogram of the same sample after it has been 
twisted and restraightened at 550°C and then annealed 
at 800°C for 15 hours. Prior both to twisting and to 
annealing, the sample was gold-plated to minimize the 
introduction of copper. Another control sample, proc- 
essed in the same way as the twisted sample except for 
the actual bending, gave a spectrogram identical to 
that shown for the control sample except for a small 
decrease in absolute magnitude. 

As may be seen from Fig. 2, the process of mechanical 
deformation at 550°C causes the appearance of a radia- 
tion band peaked at 0.50 ev. Upon annealing the 
sample for 15 hours at 800°C, this peak apparently 
shifts to 0.53 ev. If, after bending, the sample was 
annealed for only an hour at 800°C, the only change 
from Fig. 2(b) was a change in the relative heights of 
the 0.50 and 0.70 ev peaks at the current level employed. 
This short annealing treatment is sufficient to remove 
essentially all the 0.1-ev acceptors seen by Tweet.’ 

As will be noted in more detail below, the ratio of 
heights of the intrinsic peak and the appropriate 
extrinsic (e.g., 0.50 ev) peak depends on the current 
passing through the junction. For this reason, specifica- 
tion of the ratio, without regard to the current, for a 
given junction unit is meaningless. Further, even at the 
same current density, different samples from the same 
ingot which have been treated differently cannot be 
compared in quantitative detail with regard to the ratio 
of peak heights or to the absolute magnitude of the 
peaks.* However, if it is assumed that the measurements 
for a group of samples taken at the same current level do 
provide at least a basis for a qualitative comparison, 
then certain conclusions may be drawn. 

For a series of samples from the same ingot twisted by 
different amounts, a correspondence existed between the 
ratio of the extrinsic peak to the intrinsic peak and the 
amount of the twist. A series of related curves like that 
of Fig. 2(b) would show ratios ranging from about 3/1 
for a 1° torsion to ~100/1 for a 20° torsion for this 
particular ingot. However, the reproducibility of data 
from samples prepared similarly from the same ingot or 
from similar ingots was not good enough to justify any 
quantitative discussion. 

An interesting difference showed up between junc 


7A. G. Tweet, Phys. Rev. 99, 1245 (1955). 

8 Consider the case of a junction where the injection current is 
entirely a diffusion current and the minority carrier density is 
small compared to the majority carrier density. Here one can 
readily show that the radiation output is jointly proportional to 
the current density and the minority carrier lifetime either for the 
direct recombination process or any other radiative process in 
volving a single recombination center. In the present case, 


analysis is limited by (1) ignorance of lifetime values in samples 
of interest (r7<1 ywsec), which leads to (2) ignorance of detailed 
nature of injection current, and (3) nonlinear current dependence 
of radiation. 
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Fic. 3. Radiation spectrograms (7’~82°K) of a junction oc 
curring in a crystal which had been slipped in growth. The terms 
“peripheral” and “interior” refer to the position of the samples 
relative to the cylindric axis of the crystal 
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tions in which the injection current consisted of holes 
going into n-type material and junctions in which the 
injection current was electrons into p-type material, 
Namely, the extrinsic/intrinsic ratio was much greater 
in the latter case than in the former for the same torsion 
angle. In fact, it was found that the minimum deforma 
tion (~1°) that could be applied reduced the intrinsic 
peak to below a detectable level for the p-type material. 


C. Grown Junctions Slipped during Growth 


As described in Appendix A, crystals could be grown 
in such a way as to produce a large amount of “built in” 
slip. The density of slip lines is greatest at the outside of 
such crystals and diminishes toward the center. Figure 3 
shows two radiation spectrograms from samples of such 
a crystal, One sample was cut from an interior section, 
the other from a peripheral section, Both spectrograms 
show the presence of an extra peak at 0.50-0.53 ev. 
For the peripheral sample, the extrinsic band would 
appear to be a composite of the 0.50- and 0.53-ev bands. 
This could perhaps indicate some sort of partial an 
nealing. Again comparing magnitudes at a fixed current 
density, the sample from the interior of the crystal 
shows a smaller extrinsic peak than does the sample 
from the periphery. This is what might be expected 
from the distribution of slip lines. 

It is of interest to note that crystals which have been 
subjected to a mild heat cycle during growth, in order to 
produce multiple junctions,’ the so-called rate-grown 


*R. N. Hall, Phys. Rev. 88, 139 (1952) 
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junctions, also show an extrinsic peak but of a con- 
siderably smaller magnitude than is shown in either 
curve of Fig. 3. 


D. Alloyed Junctions 


As was mentioned in the introduction, the extrinsic 
peak at 0.50 ev was first found in alloyed p-n junctions. 
The junctions were of two kinds, indium alloyed to n- 
type germanium and an In-As alloy alloyed to p-type 
germanium. In both cases the 0.50-ev extrinsic peak is 
found to be indistinguishable from that for the twisted 
samples to the resolution of the measurements. This 
prompts the conclusion that in the alloying process, 
some sort of deformation or slip takes place. 

It is of interest to note that in general for a group of 
identically sized alloyed junctions fabricated from the 
same ingot, the magnitude of the 0.50-ev peak increased 
with the temperature at which the alloyed junction was 
made. In this experiment a constant heating period was 
employed, For diodes fabricated at ~300°C the ratio of 
extrinsic to intrinsic peak was of order 1/30; for units 
made at 600°C the ratio was often as high as 1/1. Again 
the comparisons are made at an arbitrary fixed diode 
current level. 

It was also of interest to note that in several cases 
where a given alloyed junction unit could be mounted so 
as to present different aspects to the detector slightly 
different ratios of extrinsic and intrinsic radiation ob- 
tained, This is consistent with the idea that the extrinsic 
radiation was being generated in a localized region of 
strong deformation, (i.e., immediately below the indium 
dot) whereas the intrinsic radiation would be largely 
developed in another region of undeformed material, 
further removed from the dot. Possibly, because of the 
problems of internal reflection and irregular surface 
scattering, the observed orientation dependence of the 
light was not as large as might be expected from this 
interpretation. 


E. Current Dependence of Radiation in Deformed 
and Alloyed Junctions 


In units for which the radiation signal was large 
enough, it was possible to study the current dependence 
of both the extrinsic and 
Fig. 4 a plot of the magnitude of each component is 
shown asa function of current, in this case for an alloyed 
junction unit. The data points marked as an “Extrinsic 
(with Ge filter)”’ were obtained with the detector looking 
directly at the junction with a thick Ge filter between 


intrinsic components. In 


the two to completely eliminate the intrinsic com- 
ponent. These points were normalized to fit the points 
obtained using the monochromator, the latter data 
representing the peak heights. Curves of this form ap- 
pear typi al for both kinds of alloyed junc tions and for 
the grown junctions as well, For the latter the data 
were not obtainable over as wide a range. 

Of special interest is the fact that the extrinsic com 
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ponent appears to vary with a high power (~5) of the 
current at the lowest levels, and with a steadily de- 
creasing power as the current level increases. 

In this particular unit the intrinsic component varied 
as the square of the current, in others a power between 1 
and 2 was observed. In cases where the minority carrier 
density is equal to or greater than the equilibrium 
majority carrier density, and the drift contribution is 
small, a square law would be expected. A lower power 
could merely indicate that either or both of these con- 
ditions was not satisfied. 


F. Temperature Dependence 


The temperature dependence of the extrinsic radia- 
tion was not studied in any detail. However, for a 
representative unit, operated at a fixed current density 
the following was observed: the magnitude of the 
extrinsic component was independent of temperature in 
the range from about 40°K to 120°K, it decreased about 
a factor of 20 from its value in this range in going to 
200°K, and it was unobservable at 300°K. 


G. Junctions Containing Copper 


In Fig. 5 is shown the radiation spectrum of a grown 
junction into which copper has been diffused. It is of 
interest to note the presence of a band peaked at 0.59 ev 
which is presumably due to the action of the copper. 
The position of this peak is independent of whether the 
injection is into m or p material. At the temperature of 
the diffusion (700°C) the equilibrium solubility of 
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Fic. 4. Radiation signal (T~82°K) as a function of p-m junction 
current, 300°K junction characteristics: In dot, n~20 ohm-cm, 
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Fic. 5. Radiation spectrogram (77~82°K) of a junction into which 
copper had been diffused at 700°C 


electrically active copper is ~10'®/cm*.!° As was re- 
marked above, copper is the only chemical impurity 
center that has been found to show a radiation effect. 
Since even at the 10!°/cm* level its effect is small, 
conceivably more careful work would be required to 
detect the presence of the impurity centers (e.g., Ni, Fe) 
which can be introduced only in lower concentrations. 

Copper introduces three acceptor levels in germanium, 
one 0.26 ev below the conduction band, and two which 
are 0.33 ev and 0.04 ev above the valence band." One 
would like to be able to correlate, say, the energy 
difference between the positions of the maxima of the 
extrinsic copper band and the intrinsic band to one of 
these energy levels. However, such a correlation is not 
necessary. ‘The shapes of the radiation bands may 
depend sensitively on the form of the appropriate 
absorption cross sections. 

The current dependence of extrinsic radiation is linear 
in this case. This is consistent with recombination at a 
simple center. 


DISCUSSION 


The empirical correlation between mechanical de 
formation of the germanium and the existence of the 
extrinsic radiation peaks at ~0.5 ev seems established 
from the work described above. However, the interpre 
tation of the results in terms of a specific model must be 
regarded as a speculative exercise at the present time. 
One essential difficulty resides in the lack of appropriate 
ancillary information about the nature of electrically 
active centers in deformed germanium. 

As a working hypothesis it is proposed that the 
extrinsic band results from a radiative capture of a 
carrier at some defect center associated with dislocations 
approximately 0.5 ev from a band edge. The radiative 
recombinations are a small fraction of the total recombi- 
nation (i.e., <10~°). 

It is felt that the group of bands at ~0.5 ev do 
manifest true dislocation phenomena. The reasons for 
this assertion are the following: 

” Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev. 93, 


1182 (1954). 
4H. H. Woodbury and W. W. Tyler (to be published). 
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1. The relative insensitivity of the magnitude of the 
0.50-ev band in twisted material to an annealing treat- 
ment sufficient to remove the annealable acceptors 
(800°C for one hour). 

2. The presence of an extrinsic band in crystals which 
have severely slipped during growth but which were 
probably annealed at temperatures close to the melting 


point. 
3. The distinction between the spectrum for the 
deformed material and that containing diffused copper. 
As a consequence of this view one would propose that 


the difference between the spectra of samples which 
were twisted, twisted and annealed, or slipped during 
growth, were due either to different states of aggregation 
of the dislocations (e.g., polygonization) or to different 
degrees of cleanliness of the dislocations (i.e., freedom 
from impurity atoms). 

The current dependence of the extrinsic radiation is 
not understood. In particular the fact that the extrinsic 
radiation over a certain range depends on a high power 
(e.g., ~5) of the injection current is surprising. Con 
sideration of several alternative mechanisms which 
involve the trapping of one carrier and its subsequent 
recombination with another of opposite sign at a single 
center fail to suggest a method whereby the observed 
results could be explained. However, in work with some 
conventional luminescent materials a phenomenon is 
found similar to that observed here. Namely, that over a 
certain range of excitation intensity the luminescent 
output increases as some power ol the excitation in 
tensity which is greater than unity.'?"* Typically this 
power may be of order 3.5. This behavior has been 
explained using the idea of two competing recombina 
tion centers, one responsible for the luminescence, the 
other producing nonradiative recombination."*!® Con 
ceivably in the present case a similar situation prevails, 

Before concluding, a few comments about alloyed 
junctions seem appropriate. As mentioned above, in 
general all the alloyed junction units studied show to a 
greater or lesser degree the 0.50-ev band. This has been 
interpreted as a dislocation phenomenon, That is, it is 
proposed that in the neighborhood of the alloyed region 
there is a region where the germanium has been de 
formed, the magnitude of the deformation depending on 
some inverse function of the distance from the alloyed 
region. In general, measurements of lifetime by the 
junction recovery method!®"” in alloyed junction units 
have indicated a gradient of local lifetime.'* The inter 
that the short 
beginning of the recovery curve are characteristic of 


pretation has been lifetimes at the 


material close to the junction. The longer lifetimes, to 
which the recovery curves asymptotically conform, are 


@N. Riehl, Z. tech. Phys, 20, 152 (1939 

48 Nail, Urbach, and Pearlman, J. Opt. Soc. Am, 39, 690 (1949), 
4S. Roberts and F. FE. Williams, J. Opt. Soc. Am, 40, 516 (1950) 
18 ¢ \ Dubo« brit | Appl Phys Suppl 1, 5-107 (1955) 
16. M. Pell, Phys. Rev. 90, 27 (1953 

178. Lax and S. F. Neustadter, J. Appl. Phys. 25 
‘EM. Pell, J. Appl. Phys 26, 65% (1955) 


114% (1954) 
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then believed to be characteristic of regions further re- 
moved from the junction. This is consistent with the 
picture of the junction structure that has been drawn. 
However, because of the uncertainties attending any 
quantitative analysis of the radiation magnitudes it is 
difficult to make any precise statement relating to the 
dimensions of the deformed regions in the alloyed 
junctions. Suffice it to note that if the strongly de- 
formed region had a local lifetime of order 1 wsec and 
had a thickness of order 10-* cm, then about 10% of the 
total recombination would occur in such regions, As a 
very rough estimate, this situation could probably 
account for the observed radiation effects. Such small 
regions of deformed material lying close to the junction 
should contribute to the determination of the reverse 
characteristics of alloyed p-n junctions. 
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APPENDIX A 


The alloyed junctions consisted of an indium (or 
indium arsenic) dot alloyed to the top of a germanium 
wafer, the bottom of which was alloyed to tin, which in 
turn was soldered to a Fernico plate. Units with wafers 
of different Several 
power rectifiers of this type were also studied. In all, 


sizes were studied. commercial 
thirty alloyed junctions prepared from the material of 
fifteen ingots were studied, 

The grown junction units were cut from crystals con- 
taining a p-m junction put in by conventional doping 
techniques. For a series of related operations a group of 
units were cut from the same ingot to an essentially 


identical size. One unit of this group was set aside as a 


control sample, Contacts were soldered onto the samples 
at least 0.5 cm from the junction region. All the junc- 
3 HNOs) before 


tions were chemically etched (1 HF 
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use, Twenty-seven grown junction units were prepared 
from ten different ingots and studied. 

Several crystals were grown under conditions believed 
to produce a large amount of slip. Namely, shortly after 
doping to give the junction, the still growing ingot was 
withdrawn to a cooler section of the furnace for a few 
seconds and then returned to the melt and the crystal 
growth continued. This technique was originally de- 
veloped in our laboratory by C. J. Gallagher. 

While most of the samples were obtained from one 
furnace and were grown by one operator, some of the 
samples were obtained from a different source. No 
difference between the two types was apparent. It is 
thus felt that the results presented are representative of 
germanium crystals at least at the present state of the 
art. 

The units which were intentionally deformed were cut 
from crystals into rectangular parallelopipeds 75040 
100 mils on a side. The p-n junction was perpendicular 
to the long dimension and approximately at its mid- 
point. The units were twisted by known angles about an 
axis parallel to the long dimension and then twisted 
back to the original configuration. In most cases the 
twist axis was [ 100 ]. 

The deformation was carried out at 550°C. The 
samples were kept at this temperature for a total 
elapsed time of about 5 minutes. As there is some slight 
possibility of copper contamination, the following pro- 
cedures were employed. Prior to insertion in the twisting 
apparatus, the samples were etched and washing in 
distilled water and then given either (1) no further 
treatment, (2) a rinse in KCN followed by a rinse in 
distilled water obtained from an all-quartz still, or (3) a 
gold plate followed by a rinse in distilled water. After 
twisting, the samples were again etched and contacts 
affixed for measurement. Control samples were prepared 
and heated under the same conditions as the bent 
samples. These control samples were, in optical behavior, 
identical to the so-called “absolute” control samples 
which had received no treatment other than the affixing 
of contacts. No differences were found between the 
behavior of samples treated differently to minimize the 
copper. 
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Absorption of Light in Alpha SiC near the Band Edge 


W. J. Cuoyke AND LyLe Patrick 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received December 10, 1956) 


The absorption in alpha SiC of photons of energy 2.6 ev to 3.3 ev has been measured at temperatures from 
77°K to 717°K. The measurements show that the interband transitions are indirect, requiring the absorption 
or emission of a phonon of energy 0.09 ev. The minimum energy gap is found to be 2.86 ev at 300°K, and 


above this temperature dEg/dT = 


INTRODUCTION 


N cubic (beta) SiC the conduction band minima are 
expected to be along [100 | axes as in Siand diamond, 
with valence band maximum at k=0. Hence indirect 
interband transitions should be expected near the band 
edge,’ with simultaneous absorption or emission of a 
phonon. The hexagonal (alpha) SiC lattices have 
interatomic distances very nearly the same as the cubic, 
but differ in the ordering of the close-packed planes. We 
do not know how this affects the energy band structure, 
but the fact that the absorption can be interpreted ac- 
cording to the scheme of Macfarlane and Roberts? 
shows that indirect transitions are being observed. 
Macfarlane and Roberts use the formula 


(hv—Eg+k0)? (hv—Eqg—k0)? 
(1) 
ofl? —] i—e#T 


where @ is the absorption constant in cm™', hy is the 
photon energy, /g is the minimum energy gap, k@ is the 
energy of the phonon absorbed or emitted, and A is a 
constant depending on properties of the material and 
the electron-phonon interaction. The two terms give the 
contributions due to phonon absorption and emission, 
respectively. These terms give separate linear contribu- 
tions in a plot of a vs photon energy, with an energy 
difference 2k6 between intercepts on the energy axis (see 
Fig. 1). In addition 6 determines the relative slopes of 
the two lines. The fact that these two relations must be 
satisfied simultaneously by a choice of 6 clearly shows 
whether or not the theory of indirect transitions is 
applicable to the experimental data. 


EXPERIMENTAL PROCEDURES 


Two methods of measuring the absorption were 
employed. One was the conventional in-out transmission 
method, using a thin (95 yw) clear plate of SiC. Chopped 
monochromatic radiation was used, with a 1P28 photo- 
multiplier as detector. The retlectivity was computed 
from the values of the index of refraction given by 
Weigel.? By comparison with the other method to be 


' Bardeen, Blatt, and Hall, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954 (John Wiley 
and Sons, Inc., New York, 1956), p. 146 

2G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955); 
98, 1865 (1955). 

*Q, Weigel, Nachr. Ges. Wiss. Gottingen, 264 (1915). 


3.3 10~ ev/degree 


described it was felt that the values of a obtained this 
way were reliable in the range from 70 em™! to 500 em™! 
Although we tried many samples, the impurity absorp 
tion always prevented us from obtaining reliable data 
in the region of small a. 

In order to make an adequate interpretation using the 
Macfarlane and Roberts scheme, it was essential to 
measure absorption constants down to a~10 cm”!. We 
therefore used a second method in which our samples 
were SiC crystals of the light-emitting variety. They 
have p-n junctions a few microns below the surface‘ and 
can therefore be used as both absorber and detector. We 
measured the photovoltage developed when a known 
amount of chopped light from the monochromator fell 
on the surface, This voltage should be proportional to 
the absorption constant for small photovoltages and 
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small absorption constants. The advantage in using 
junctions is that no signal is observed unless electron- 
hole pairs are created near the junction, hence we were 
able to avoid the impurity absorption which hid the 
lower part of the curve in the transmission data. 

The limitation on photovoltage is that it should be in 
the region in which the forward characteristic of the p-n 
junction is linear. In practice some nonlinearity was 
introduced by the sample contacts, but curves of signal 
vs light intensity for a given wavelength enabled us to 
make the necessary corrections, The limitation to small 
absorption constants may be seen from the formula for 
“quantum efficiency” developed by Pfann and van 
Roosbroeck® for p-m junction power sources. Their 
formula shows that for the purposes of these measure- 
ments a small diffusion length, 1, is advantageous be- 
cause it extends the linear region to larger a. In SiC, L is 
a few microns and we were able to measure up to a ~300 
before the nonlinearity became appreciable; this value 
is roughly that expected from the formula when our best 
estimates of the parameters are used. 

By this method the relative signal as a function of 
wavelength for a given number of photons can be 
accurately measured, but there are too many unknowns 
to express the result in terms of the absorption constant 
a. Hence the transmission measurements in the range 
in which they were dependable were used to adjust the 
junction measurements to an absolute scale. After this 
adjustment the two sets of measurements very nearly 
coincided over a considerable range of a (from about 70 
cm! to 350 em™'). At higher values of a, both methods 
become less accurate. 

The experiments were repeated with several other p-n 
junctions at several temperatures but no differences in 
results were observed. 

lor measurements at and above room temperature the 
junctions were mounted in a Lavite block which had 
imbedded in it a calibrated chromel-alumel thermo 


°W.G 
(1954) 


Pfann and W. van Roosbroeck, J Appl Phys. 25, 1422 
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couple. At liquid nitrogen temperature the junctions 
were placed in a brass block which was totally immersed 
in the coolant. The radiation was chopped at 33 cycles 
and supplied by a 300-watt zirconium source, 100-watt 
tungsten ribbon, or a 1000-watt mercury arc, all in 
conjunction with a grating monochromator. The beam 
was monitored at all times by a calibrated photocell. 


RESULTS 


In Fig. 1 we show two lines representing phonon 
absorption and phonon emission at 700°K as calculated 
from formula (1) with 6=1044°K (k#@=0.09 ev) and 
A = 2500. These are the values of the parameters which 
were found to give the best fit to the experimental 
points. The division into two linear parts in a plot of 
a’ vs E may be seen most easily from the following 
formulas: 

A } 
a‘ (abs.) AF, 
eft 


where AF, = hy— (Eq—k), and 


; 
Aky 


eae 
a‘ (emiss.) = | 
1-—e¢9/T 


where AE,=hv— (E¢+k6). The point midway between 
the intercepts on the energy axis is Hg. When the two 
a’s are summed, the resultant a! is given by the solid 
curve of Fig. 1. 

The constant A determines the ordinate scale and is 
chosen to fit the absolute experimental values of a. It 
should be noted that /¢ and 6 may be determined from 
measurements of the relative absorption constant. Only 
A depends on the absolute values of a. 

The experimental points of Fig. 1 were obtained by 
using a p-n junction. At a= 18, the points begin to fall 
below the line because of the nonlinear response for 
large a. Transmission data do not show this tendency, 
but their accuracy becomes poor at large a because of 
the very small transmission. In any case the smaller 
values of a are sufficient to fit the curves. In extrapo- 
lating the upper linear portion to the energy axis, we 
found at all temperatures an energy difference of about 
0.01 ev between results obtained by transmission and by 
absorption in the junctions. We believe that this is a 
good estimate of the systematic error due to the non- 
linear response of the junctions. 

Using the same value of 6 but different values of a, 
we were able to fit the experimental data at the three 
highest temperatures shown in Fig. 2. At lower tempera- 
tures we could not fit the complete curve because the 
phonon absorption part, which depends on the presence 
of 0,09-ev phonons in the material, becomes very small 
at low temperatures and falls below the tail of the 
experimental curve. We therefore assumed that 6 
remained constant at 0.09 ev and from the upper part of 
the curve we were able to obtain Eg and A. We show 





ABSORPTION OF 
Eq vs T in Fig. 2. Above 300°K, dEg/dT = —3.3XK10™ 
ev/degree. At lower temperatures dEg/dT is numeri- 
cally smaller, as expected. 

The room temperature value of Ng (2.86 ev) agrees 
with the thermal gap value found from measurements of 
the forward characteristics of p-n junctions® within the 
experimental error of those measurements. 

We believe that the error in k@ is not more than 0.01 
ev. Adding an uncertainty in the energy intercept of 
about 0.01 ev, we find a total uncertainty in Lg of about 
0.02 ev. Above 300°K our values of /g are all within 
0.005 ev of the straight line shown in Fig. 2. 

‘To calculate A by the formula of Bardeen, Blatt, and 
Hall requires chiefly a knowledge of the electron-phonon 
matrix element and of the energy denominator which 
enters into their second-order perturbation treatment of 
the problem. The latter is known approximately for 
materials in which direct transitions are observed. In 
our case we did not see any sudden increase in absorp- 
tion rate which might be regarded as the onset of direct 
transitions. We therefore have only a lower limit for the 


® Lyle Patrick (to be published). 
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energy denominator. Because of the temperature de- 
pendence of the energy gaps, we expect some tempera 
ture dependence of the energy denominator and hence 
of A. Experimentally we found that A decreased slowly 
from about 3500 at 77°K to about 2500 at 717°RK. 

The electron-phonon matrix element may be esti 
mated from the mobility if it is assumed that the same 
phonons are involved in both scattering and absorption. 
This is unlikely, but we have nevertheless used this 
estimate for want of a better one together with the lower 
limit for the energy denominator. The value of A 
calculated in this way is approximately three times as 
large as our experimental value. 

The phonon energy used in fitting the data (0,09 ev) 
is somewhat less than that of the optical phonons re- 
sponsible for the strong infrared absorption found by 
Picus.’ We estimate from his curve that these energies 
are about 0.12 ev for the longitudinal and 0.095 ev for 
the transverse phonon, 

7E. Burstein and P. H. Egli, in Advances in Electronics and 


Electron Physics (Academic Press, Inc., New York, 1955), Vol. VII, 
p. 24. 
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The presence of oriented regions of displaced atoms (directional radiation damage) 


produced by a he am 


of approximately collimated fission neutrons in silicon single crystals has been observed by an ultrasonic 
double refraction method. The effects observed are anisotropic velocity or modulus changes which do not 
appear to be accompanied by attenuation changes. The irradiated crystal shows a very pronounced ultra 
sonic double refraction effect with waves propagated at right angles to the bombardment direction together 
with the absence of such a double refraction effect when the waves are propagated in the direction of the 
bombarding neutrons. Separate, independent, ultrasonic velocity measurements indicate that the irradiation 
has lowered the velocities perpendicular to the bombardment direction in a manner entirely consistent with 
the double refraction measurements. The observed velocity effects are not accompanied by detectable 


attenuation changes and are therefore not connected with dislocation damping phenomena 


HEN fast particles such as neutrons collide with 
atoms in a crystalline substance, the recoiling 
atom produces what is commonly called radiation dam- 
age in the material. The region of damage may be 
thought of as an elongated ellipsoid, roughly the length 
of the recoil range, containing many atoms displaced 
from normal lattice sites. On the average, these elon- 
gated regions of damage should be oriented with their 
long dimension directed along the path of the bombard- 
ing particles. Berman, Foster, and Rosenberg! have 
* This work was supported by the U. S. Atomic Energy Com 
mission, in part by contract AT(30-1)-1772 with Brown Uni 
versity and in part by Brookhaven National Laboratory. 
1 Berman, Foster, and Rosenberg, Defects in Crystalline Solids 
(The Physical Society, London, 1955), p. 321. 


pointed out that the existence of such long thin regions 
is indicated by their thermal conductivity measure- 
ments. Consequently, in a crystal that has been bom- 
barded with a collimated beam to produce a large 
number of oriented regions, anisotropic physical prop 
erties are to be expected. In what follows, anisotropi: 
elastic properties are of particular interest. Such ori 
ented domains of damage will be referred to as dire 

tional damage. 

An investigation of fast-neutron radiation effects in 
silicon has shown that it is possible, by means of high 
frequency ultrasonic measurements, to observe the 
effect of directional damage in well-oriented single 
crystals. 
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lic. 1. Experimental arrangement for obtaining a 
partially collimated fast neutron flux. 


With high-frequency ultrasonic methods? one can 
observe changes in the state of the material such as 
deformation,’ diffusion, internal oxidation,‘ and pre 
cipitation,® and, in the case treated in this paper, a 
disruption of the crystal lattice by reactor radiation. 
In order to observe these changes it is necessary to 
measure attenuation and/or velocity changes as a 
function of the process to be followed. The mechanisms 
contributing to attenuation or energy loss include 
scattering by inhomogeneities, vibration of dislocations, 
and thermoelastic or heat flow losses. Velocity changes 
may accompany attenuation changes: for example, in 
plastic deformation, described in reference 3, where 
initially the attenuation increased and the velocity 
decreases during deformation. In such cases the ve 
locity change is connected with dislocation density 
changes and dislocation loop length changes. On the 
other hand, velocity changes* may occur where the 
scattering properties of a material are changed. Such 
velocity changes are associated with changes in the 
purely elastic modulus, as distinct from changes in the 
velocity, or modulus, from dislocation effects. One can 
regard velocity changes arising from scattering as re- 
sulting from distortion or perturbation of the wave 
front as the wave passes through the change in the 
elastic medium offered by the scatterer. 

The preceding remarks are included here because it 
is necessary to explain later why the observed velocity 
changes, unaccompanied by a detectable attenuation 
change, point to a damage mechanism that appears to 
rule out any important participation of dislocations. 

The measurement of the velocity of a pulse of ultra 
sonic vibrations is usually accomplished by the direct 
measurement of the time intervals between pulses in 
a pulse echo pattern resulting when a single pulse is 
allowed to propagate back and forth between parallel 
faces of a specimen. There are many factors which make 


high precision velocity measurements (0.01% or better) 


quite difficult to achieve. 

A new method of measuring velocity differences in- 
duced in single crystals is that of ultrasonic double 
refraction which was, so far as the writers are aware, 


2R. L. Roderick and R. Truell, J. Appl. Phys. 23, 267 (1952) 

‘ Hikata, Truell, Granato, Chick, and Liicke, J. Appl. Phys. 
27, 396 (1956). 

‘C. F. Ying and R. Truell (to be published). 

6 Teutonico, Granato, and Truell, Phys. Rev. 103, 832 (1956). 

*C. F. Ying and R. Truell, Acta Metallurgica 2, 374 (1954) 
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first observed’ in a single crystal of germanium in look- 
ing for anisotropic effects of dislocations. The effect 
observed in germanium was, however, caused by im- 
perfect orientation. Ultrasonic double refraction is dis- 
cussed in detail in reference 7; it is sufficient to note 
that ultrasonic double refraction is in all principal 
features like double refraction with electromagnetic 
waves. Transverse or shear waves are polarized in 
such a way that the incident wave breaks up into two 
component transverse waves which, polarized at right 
angles to one another, propagate separately with dif- 
ferent velocities. The fact that pulsed ultrasonic waves 
are used and the presence of multiple echoes make the 
interpretation of the results somewhat different from 
the usual optical or microwave situation. 

In order to produce the anisotropic radiation effect 
described above, the arrangement shown in Fig. 1 was 
devised. This device was located at the edge of the 
uranium lattice of the Brookhaven graphite reactor, 
in the reflector, at a point where the cadmium ratio 
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Fic. 2. Silicon cube showing relation of numbered faces to 
bombardment direction. Each direction is an equivalent (100) 
direction. 


7™P. C. Waterman and L. J. Teutonico, J. Appl. Phys. (to be 
published). 
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Fic. 3. Pulse echo patterns using face 3 shown in Fig 
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polarization OA in Fig. 2 


(b) Pattern with polarization OB or OC in Fig. 2. In each case the picture at the right shows an expanded time scale 


was approximately 50. Thus any sample located some 
distance from the end of the natural uranium slug will 
be subjected to the randomly oriented fast flux and to 
the fission neutrons arising from the slug. While it is 
difficult to calculate, or measure, the ‘directional flux,” 
a conservative calculation indicates that there are two 


to eight times as many neutrons coming from the slug, 
i.e., “collimated,” as are randomly oriented. ‘The maxi 
mum half-angle for the collimated beam is approxi 
mately 17° while the average half-angle is roughly 10°. 
A determination of the directional, as compared to the 
random, fast-neutron flux in the silicon cube shown in 
Fig. 1 is extremely difficult. One method of calculation 
gave 8.7X10'*nvt as the total collimated flux and 
3.4 10'*nvt as the randomly oriented epicadmium fast 
flux. It is believed that this particular calculation gives 
a low ratio of directional flux to random flux. 


In this experiment two silicon crystals were used; 
they were 15 mm on edge and the faces were (100), 
(010), (001) faces. The two cubes were initially identical 
as far as attenuation and velocity measurements were 
concerned. The faces of these two crystals were oriented 
to within a few minutes of the axes and faces mentioned 
above. Accurate orientation is necessary because double 
refraction effects can arise from very small misorienta- 


tion.® One of the two cubes was exposed to fast-neutron 
irradiation directed predominantly along one of the 
(100) axes by using the bombardment arrangement 
shown in Fig, 1. 

In the irradiated crystal there was no detectable 
change in ultrasonic attenuation in any direction with 
compressional or with transverse waves. It was found, 
that 
refraction present as a result of the irradiation. The 


however, there was a strong ultrasonic double 


effect was observed in a pronounced way only at right 


angles to the direction of bombardment and was 
essentially absent when examined along the direction 
It is much easier this 
double effect it the 


individual velocities to the required accuracy, especially 


of bombardment. to observe 


refraction than is to measure 


when the effect is small. 

The observation of ultrasonic double refraction obvi 
ously requires the use of transverse waves, and the 
following discussion is concerned entirely with trans 
verse waves. With crystal faces identified as shown in 
) 


&» 


Fig. some of the experimental results are shown in 


Figs. 3 and 4. In Fig. 3(a) the pulse echo pattern is that 

*P. C. Waterman, “The effect of orientation on plane wave 
propagation in single crystals,” Metals Research Laboratory, 
Brown University Technical Report (unpublished) 
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polarization OA in Fig. 2. 


(b) Pattern with polarization OB or OC in Fig. 2. In each case the picture at the right shows an expanded time scale. 


observed with the direction of propagation normal to 
the direction of bombardment and for all planes of 
polarization except those containing the direction of 
bombardment the the direction of 
bombardment. Figure 3(b) shows how the echo pattern 


and normal to 
becomes exponential for the two situations when the 
plane of polarization contains the direction of bombard 
ment or the normal to the direction of bombardment. 
The results shown were observed with an ultrasonic 
frequency of 135 megacycles per second, 

The nonexponential pattern of Fig. 3(a) contains 
dips or minima because the initial wave pulse entering 
the crystal from the transducer has a polarization OA 
[ see Fig. 2(a) |, and because the components OB and 
OC do not propagate with equal velocities. The re 
sultant OA rotates as the component waves progress 
[see Fig. 2(b) ] and as the phase relationship between 
them changes. At certain points the component waves 
OB and OC will have a phase difference such that their 
resultant will have rotated so that the transducer (still 
in original position OA) will see only a small part of 
the rotated resultant or none at all if OA is originally 
at 45° to OB and OC, The main result is similar in all 
principal features to optical double refraction if the 
single transducer is considered as both the polarizer 
and the analyzer ; there are, as pointed out above, some 
differences because of the need to use pulses rather than 


continuous waves and because of the multiple reflec- 
tions or echoes. The differences which arise as a result 
of the use of pulse methods are discussed in detail in 
reference 7. 

Figure 2(a) shows schematically the orientation of the 
irradiated cube. Figure 3, just discussed, was obtained 
by coupling the transducer to face 3 of the crystal 
while Fig. 4 shows very much the same result when face 
2 was used to couple the ultrasonic energy into the 
silicon crystal. 

When, however, the quartz transducer was coupled 
to face 1 with the ultrasonic beam in the same direction 
as that of neutron bombardment, the results were 
quite different, as shown in Figs. 5(a) and 5(b) for two 
different polarization planes. There was in this case no 
plane of polarization where the echo pattern had the 
minima of Figs. 3 and 4 or where the echo pattern 
deviated appreciably from an exponential pattern. 
There was a small effect as the plane of polarization was 
rotated, and this should be expected since the fast 
neutrons were not really well collimated. 

Two silicon single crystals were used and as men- 
tioned above these were initially identical as far as all 
ultrasonic measurements were concerned. One crystal 
was not irradiated so that a comparison could be made 
with it at any time during the measurements. The 
echo pattern for the unirradiated crystal was a very 
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Fic. 5. Pulse echo patterns using face 1 shown in Fig. 2. (a) Pattern with polarization equivalent to OA on faces 2 and 3. (b) Pat 
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tern with polarization equivalent to OB or OC on faces 2 and 3. In each case here the echo pattern is nearly but not quite exponential, 


showing a slight effect caused by bombardment 


good exponential pattern for any of the three directions 
of propagation and for all planes of polarization. 

Both from measurements of the unirradiated cube, 
and the irradiated cube prior to irradiation, one ob- 
tains the normal shear velocity Vo and modulus Go for 
any plane of polarization of the incident wave. Consider 
next the difference in velocity between components of 
the shear waves OB parallel to, and OC (see Fig. 2) 
perpendicular to the long axis of the damaged regions. 


’ 


The shear modulus G,, is associated with a shear wave 
of velocity V,,, polarized in the OB direction, i.e., the 
long direction of the damage regions and is different 
from the shear modulus G,, associated with a shear 
wave of velocity V,, polarized on the OC direction, i.e., 
the short axis of the elongated damaged regions. 

The expression for the fractional velocity change 
when the double refraction effect is induced in the solid 
is given by 


AV Vi- Via 1/Gu-G, 
Ly faa 
V d.r Vo 2 Go 


1 AG 


where 


ca. 


One can also express (AV/V)a.-, as follows 


as ) jahn Ava) 1) AG AG, | 
dur 


V ee Mek ae ee 


-") 


where 


It can be shown (A ppendix A and reference 2) that 
(AV/V)4,. can also be obtained from the double re 


fraction measurements by means of the relation 


(AV Var 1 (2vly) 


’ 


where v is the ultrasonic frequency and t7 the time to 
the first true node (see \ ypendix A) which is obtained 
by the measurement of a time /, to the first apparent 
node as observed in pulse echo patterns such as those 
in Figs. 3(a) and 4(a). The values of (AV/V)4_,. deter 

mined in this way may be compared with the value 

obtained from the direct velocity measurements by use 


of Eq. (3). 
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Using the measured values of v and ¢y in the last 
equation, one finds 


(AV/V) 4.2.10, (6) 


when properly polarized shear waves are propagated in 
a direction normal to the bombardment direction. 

Such a value of (AV/V)q_,. is relatively easy to meas- 
ure and since values as low as 10-*—10~* can be meas- 
ured, smaller radiation effects than present in this 
silicon cube can presumably be detected by this method. 

In addition to measurements of (AV/V)q4.,. as dis- 
cussed above, separate and independent precision 
velocity measurements were made of Vo, V,,, and V,. 
The values measured are: 


Vo= 5.810 10° cm/sec, 
V,,= 5.719 10° cm/sec, (7) 
V,=5.770X 10° cm/sec. 


The corresponding moduli are calculated directly 
from the above velocities from G= pV? using p= density 


of silicon = 2.328 g/cm’. 


Go= 7.858 10" dynes/cm?, 
G,=7.750X% 10" dynes/cm?, (8) 
Gy, = 7.614 10" dynes/cm’. 


The velocities of the component transverse waves ure 
less than Vo, and the moduli of the irradiated silicon 
are both smaller than the modulus of the original un- 
irradiated silicon. A check on the value measured for 
(AV/V)a-r. is given by these velocity values: 


AV Vu-Va 
( ) ( ) 0.88 10-2, (9) 
V dur Vo 


in excellent agreement with the independently measured 
value of 10°? from the double refraction measurement. 
The accuracy of the direct velocity measurements is 
about 0.01% and the accuracy of the double refraction 
measurements is probably not better than five or ten 
percent depending strongly on the range of values: of 
(AV/V)a.-. being measured. On the other hand, the 
double refraction technique can be used to measure 
values of (AV/V)4.-. down to 10~° and perhaps 10° 
while the direct velocity measurement is not of any 
use below 10°? or 10, 

Rough calculations indicate that there are 11 10!® 
recoils per cm’ producing “oriented” regions and 4.3 
10" recoils per cm* producing “random” regions of 
damage. ‘Together this should amount to approximately 
1.5X10'* displaced atoms as calculated from the 
Kinchin Pease’ and Seitz and 


treatments of and 


Koehler.” 


Kinchin and R. S. Pease, Repts. Progr. Phys. 18, 1 


°G. H. 
(1955). 

FF, Seitz and J. S. Koehler, Solid State Physics (Academic 
Press, Inc., New York, 1956), Vol. 2, p. 307. 
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Such damage regions, if present in sufficient numbers, 
will increase the attenuation, and this has been ob- 
served in previous experiments where, with considerably 
greater damage, the attenuation increased by a factor 
of two or more. The present evidence is that the ob- 
served increase in attenuation was a scattering effect 
rather than a dislocation effect. In the experiments 
with much longer irradiation and larger damage, it is 
possible that both dislocation effects and scattering 
effects are present. 

As mentioned above, the velocity changes discussed 
were not accompanied by any detectable attentuation 
change. On the basis of the dislocation damping picture, 
this fact indicates that the effect is not a dislocation 
effect. Ultrasonic attenuation by dislocation damping 
has been studied in detail, and one form of the theory"! 
which has had some success, especially at high fre- 
quencies, relates the attenuation a to the elastic 
modulus G,), the dislocation loop length L, and the 
dislocation density A: 


a~AL'G,. (10) 


The same theory relates the difference between the 
purely elastic velocity and the modified velocity when 
vibrating dislocations are present. 


(AV/V)~ALGai, (11) 


and 

(AV/V)=}(AG/G,), (12) 
where here AG is the deviation of the modulus G from 
the purely elastic modulus G,; caused by the presence 
of dislocations. 

The irradiation used in this experiment cannot be 
expected to alter the dislocation density A. Conse- 
quently, if there is any dislocation damping change, it 
must come from a change in the loop length L; and if 
there is any apparent change in L, it must affect the 
attenuation a as L‘ while (AV/V) depends only on L?. 
If then there is an easily measurable change in velocity 
and no detectable attenuation change, one must con- 
clude that this effect is not a dislocation effect. The 
argument for this conclusion is quite strong if one 
accepts the theory" used here. By using values of 
attenuation known for silicon, it can be shown that for 
values of A and L needed to give a value of attenuation 
equal to the measured values one cannot get a value of 
AV/V anywhere near the value measured in this 
experiment. Even if the entire value of a measured for 
silicon were due to dislocations, the corresponding 
value of AV/V would be not more than 0.01% (a 
factor of 100 smaller than the measured change). 
Consequently, any change in a of an amount smaller 
than the total measured a would require a value of 
AV /V less than 10-4, Details of a similar argument for 
germanium are given by Granato and Truell.” 


4 A. Granato and K. Liicke, J. Appl. Phys. 27, 583 (1956). 
2 A. Granato and R. Truell, J. Appl. Phys. 27, 1219 (1956). 
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SUMMARY AND CONCLUSIONS 


It has been found that irradiating a single crystal 
of silicon by roughly collimated fast neutrons produces 
anisotropic effects which are clearly detectable by 
ultrasonic double refraction measurements. These ef- 
fects are elastic modulus changes which do not appear 
to be associated with dislocations. ‘These modulus 
changes are observable when properly polarized trans- 
verse waves are propagated in a direction normal to the 
bombardment direction. The magnitude of the double 
refraction velocity difference observed in this experi- 
ment is (AV/V)~10~*. Independent precision velocity 
measurements give a fully consistent velocity change 
(decrease) together with velocity values and modulus 
values which the double refraction measurements alone 
do not give. The sensitivity of the double refraction 
method to changes is, however, considerably greater 
than are direct velocity measurements. The above 
effect was observed with a “collimated” fast flux of 
approximately 9X10'®nv/, which should produce 11 
X10" oriented recoils per cm*, superimposed on a 
randomly oriented flux of 4 10'*nvt which would give 
rise to 4.310! random recoils per cm*. The experi- 
ment shows that there is a pronounced directional 
effect resulting from the directional bombardment by 
fast neutrons. Such a directional effect can be attributed 
to elongated regions of radiation damage having prop- 
erties different from the surrounding material. 
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APPENDIX A 


Waterman has shown’* that when two component 
transverse ultrasonic waves have propagated a distance 
x in a medium, the resultant displacement resolved in 
the direction of the transducer vibration is 


nw AV 
u con( v)e vat” 
AV 


and this function has zeros at 
(2n+1) 
s=— : 
2(AV/V) 


(13) 
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Fic. 6. The apparent, i.e., observed, and the true envelope of 
the ultrasonic pulse echo pattern with the transducer operating 
both as polarizer and analyzer. 


When pulse echo methods are used, it is not in general 
possible to observe these zeros or nodes dire tly be- 
cause the pulses are not sufficiently dense; hence the 
pulse amplitude envelope can only be observed at a 
finite number of equally spaced stations on the x axis. 
Since this spacing is given by the round-trip distance 
of the pulse in the medium, the entire envelope is not 
observed experimentally, It turns out, however, that 
one can get from the observed or apparent envelope of 
the pulses enough information to determine the true 
envelope or the envelope which would be observed with 
many pulses. Figure 6 shows the true and apparent 
envelopes together with a particular pulse echo pattern, 
In the figure, So is the distance between observation 
stations, Sp is the true distance to the first zero or 
node, and S4 is the apparent distance to the first node. 
Now 

AV/V 


1/(2vtr), (15) 


where (7 is the time of travel corresponding to the 
distance Sr; tr=S7/V. The time (7 is obtained from 
the times of travel /4 and ¢) corresponding to the dis- 
tances S,4 and So, by means of the relation 


Jlola 
(16) 


(2m-+1)ta+(—1)™(2tp— ta) 


where m is a positive integer (or zero) selected so as to 
satisfy the relationship 


bo lo 
S'rs—. (17) 
(m+1) m 


The times fo and ¢,4 are measured experimentally, and 
tr is obtained from Eq. (16). Usually several values of 
m satisfy Eq. (17). The determination of appropriate 
values of m is carried out by determining those fre 
quencies for which values of AV/V=1/(2vty) are con 
stant. For a series of frequencies, it will be found that 
v and the corresponding ty are such that vtp remains 
constant; the lowest value of v for which these relations 
remain true for m= 1 will determine the correct branch 
or, in other words, the correct ty, 
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Electron bombardment of n- and p-type silicon reduces the lifetime of minority carriers and decreases the 
carrier concentration, This paper presents evidence that: (a) an electron trapping level is located 0.16 ev 
below the conduction band and a hole-trapping level 0.29 ev above the valence band, (b) the recombination 
centers responsible for the reduction of lifetime in n-type are located 0.31 ev from a band edge, and those 
in p-type approximately 0.24 ev from a band edge, (c) lattice imperfections are produced at a rate of 0.18 


per electron-cm of bombardment at 700 kev 


INTRODUCTION 


HE results of the study of bombardment effects 

in semiconductors (and metals) during the past 
ten years have recently been summarized in a number 
of review articles.’-* Considerable information on the 
effect of neutron,‘ gamma,° alpha,® electron,’ deuteron,® 
and bombardment 
available, but the literature on silicon is still limited. 
It has been shown, however, that neutron bombard- 
ment decreases the carrier concentration in both n- and 
p-type silicon,'® and that electron bombardment reduces 
carrier lifetime. The latter effect has been used!! to 
examine the threshold for damage in both semi- 


ion’ of germanium has become 


conductors. 

The interpretation of bombardment effects is based 
on the model of James and Lark-Horovitz,” who assume 
that they are due to lattice vacancies and interstitials. 
A vacancy is thought to be capable of existing in a 
number of states, unoccupied or occupied by one or 
more electrons; it is therefore either neutral or nega- 
tively charged and acts like an acceptor. An interstitial, 
on the other hand, consists of a neutral atom which 
may lose one or more electrons, and corresponds to a 
donor. It is suggested that the first energy level of the 
vacancy in silicon lies in the lower half of the band, 
while the first energy level of the interstitial lies in the 
upper half, and that the second vacancy level lies 
above the second interstitial level. If the Fermi level 
lies below the first donor level its electron will drop to 
the first acceptor level and the empty donor level may 


' J. W. Glen, Advances in Phys. 14, 381 (1956). 

2k. Linter and E. Schmid, Ergeb. exakt. Naturw 
(1955) 

4G. H. Kinchin and R. S 
(1955) 

‘Cleland, Crawford, and Pigg, Phys 
99 1170 (1955) 

® Cleland, Crawford, and Holmes, Phys. Rev. 102, 722 (1956). 

®W.H., Brattain and G, L. Pearson, Phys. Rev. 80, 856 (1950). 

7 Brown, Fletcher, and Wright, Phys. Rev. 92, 591 (1953). 

* Forster, Fan, and Lark-Horovitz, Phys. Rev. 86, 643(A) 
(1952), Phys. Rev. 91, 229(A) (1953) 

*W. D. Cussins, Proc. Phys. Soc. (London) B68, 213 (1955) 

“K. Lark-Horovitz, Reading Conference on Semiconducting 
Materials (Butterworth Publications, London, 1951), pp. 47-69 

"J. J. Loferski and P. Rappaport, Phys. Rev. 98, 1861 (1955). 

“2 H. M. James and K. Lark-Horovitz, Z. physik. Chem. 198, 
107 (1951). 


28, 302 
Pease, Repts. Progr. Phys. 18, 1 


Rev. 98, 1742 (1955); 


now act as a net-acceptor. The second vacancy level 
may also act as an acceptor. The effect of bombard- 
ment on lifetime may be interpreted in terms of the 
same model on the assumption that certain of these 
levels act as temporary trapping or recombination 
centers for minority carriers. 

The similarity of results obtained under bombard- 
ment with a variety of projectiles (a, 6, electron, neu- 
tron, y) follows from this model, since all produce lattice 
vacancies and interstitials, but there are some significant 
differences: neutron-induced transmutations produce 
chemical donors and acceptors as well; fast neutrons 
produce clusters or tracks of damage rather than single 
vacancy-interstitial pairs; heavy charged particles have 
limited penetration and concentrate the defects in a 
thin surface layer. From the point of view of uniformity 
of damage and absence of multiple damage, gamma rays 
are to be preferred. However, monoenergetic gamma 
rays are absorbed by both Compton and photoelectric 
effects, yielding primary electrons of all energies below 
the Compton maximum as well as photoelectrons with 
the full energy of the incident photon. It is consequently 
difficult to relate the magnitude of the damage to the 
bombarding energy in a meaningful manner. For this 
experiment, electrons seemed the most satisfactory 
choice. Although their penetration is limited, reason- 
ably uniform damage in depth may be assured by the 
use of thin targets. Multiple damage may be minimized 
by the choice of a bombarding energy at which, in the 
most favorable collision, the electron can transfer to 
the lattice atoms no more than a few times the threshold 
energy for damage. 

Bombardment damage in semiconductors is known 
to anneal at sufficiently high temperature. The anneal 
of room-temperature electron-bombardment damage in 
germanium has been described in some detail’; low- 
temperature bombardment produces other trapping 
centers which partially anneal below room tempera- 
ture.'* Room-temperature electron-bombardment dam- 
age in silicon is stable for extended periods up to 450°K." 
Evidence suggest that the damage consists of vacancies 
and interstitials in equal concentration, and that 


Brown, Fletcher, and Wright, Phys. Rev. 96, 843(A) (1954). 
“ G, Bemski (private communication). 
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annealing takes place by the recombination of a va- 
cancy and an interstitial.'* 


PROCEDURE 


Single-crystal rods (0.020X0.100X0.75 in.) of n- 
and p-type silicon were bombarded at 60°C (108/T 

3.00) with 700-kev electrons from a Van de Graaff 
accelerator. Bombardments were made through an 
0.003 in. aluminum foil window located 2 in. from the 
sample in order to scatter the electrons sufficiently to 
produce a uniform distribution over the exposed 4%5 in. 
length of the sample. The distribution of damage was 
determined by a resistivity traverse which indicated 
a variation of +5% over the surface. The uniformity in 
depth was examined indirectly by bombarding 0.010 
in. rods through a silicon wedge with a 10% gradient. 
The results indicate that damage produced by 700-kev 
electrons drops by 30% at a depth of 0.020 in. 

Electrical contacts to the silicon were made by the 
electroless-nickel process.'® Samples were completely 
plated and the unwanted nickel removed with nitric 
acid after suitable masking. Some four-contact con- 
ductivity bridges were made by this process, but for 
low-temperature work the voltage probes were made 
by bonding gold or aluminum wires into the body of a 
heated specimen. 

The samples were soldered to a copper frame, which 
in turn was attached to a metal Dewar having provi- 
sions for heating and cooling. The sample temperature 
was measured by a thermocouple on the sample at the 
point of attachment to the copper frame. The sample 
chamber was maintained at forepump vacuum during 
measurement and bombardment. As a_ precaution 
against the anneal of thermally unstable damage during 
measurements the samples were heated to 180°C for 
10 minutes before temperature-dependent phenomena 
were examined. No change in sample characteristics 
was produced by this process. 

Resistivities were measured with a conventional four- 
Lifetimes obtained with the 


contact setup. were 


pulsed Van de Graaff bombardment-conductivity decay 


method.!® 


RESULTS AND DISCUSSION 
(1) 7 ohm-cm, n-Type Silicon 
(a) Conductivity 


The conductivity of a standard specimen was 


measured as a function of bombardment at 60°C. From 
the data the electron concentration was derived on the 


assumption that the electron mobility remains con- 
stant. Values of mobility were taken from Morin and 
Maita.'’ The fractional decrease in the electron con- 


16M. V. Sullivan and J. Eigler (to be published) 

6G. K. Wertheim (to be published); also G. K. Wertheim, 
Bull. Am. Phys. Soc. Ser. IT, 1, 128 (1956) 

17, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
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lic. 1. Fractional decrease. in electron concentration as a function 
of bombardment; 7 ohm-cm, n-type silicon 


centration, (to—n)/no, as a function of bombardment 
is given in Fig. 1. In the linear region the data may be 
represented by 


n=mno(1—2.1 107'8n,), 


where n, is the bombardment in electrons/cm?. It will 
be shown that the acceptors are only partially filled at 
this temperature, so that the cross section for the pro 
duction of bombardment centers cannot be obtained 
at this point. At low bombardment the filling remains 
constant, and the straight, unity slope part of the 
curve shows that acceptors are introduced in proportion 
to bombardment, At higher bombardment other effects 
enter. At 10" electrons/cm? the movement of the Fermi 
level associated with the changing conductivity begins 
to decrease the fractional filling of the acceptors; as a 
result the electron concentration drops more slowly 
beyond this point. 

If the electron mobility decreases with bombard 
ment, the computed (mo—n)/no may be too large. We 
have no direct evidence to show that the mobility re 
mains unchanged in these experiments, but if mobilities 
in neutron-bombarded germanium‘ may be taken as a 
guide, the effect should be small. In making this com 
parison, it must be borne in mind that the damage done 
by 700 kev electron bombardment is of the order of 
100 times smaller than the damage produced by the 
same flux of fast neutrons. In the following discussion 
the effect of possible changes in mobility will be 


neglected, 


(b) Lifetime 


The observed lifetime in a rod of 0.020 in. thickness 
as a function of bombardment is shown dotted in Fig. 2. 
Measurements as well as bombardments were made at 


60°C. (The 180°C anneal was omitted.) The suggestion" 





WERTHEIM 























4 
| 
} 
} 
} 
| 
| 


5 118 


BOMBARDMENT, Ne, iN ELECTRONS PER Cw? 


Fic, 2. Measured and bombardment lifetimes as a function of 
bombardment; 7 ohm-cm, n-type silicon 


that the lifetime at a given temperature may be a more 
sensitive index of damage than the resistivity is borne 
here. It should be noted that 10'® electrons/cm? 
were required to produce a significant change in con- 
ductivity, Fig. 1, whereas 310" electrons/cm? pro- 
duced a clearly discernible decrease in the observed 
lifetime, Fig. 2. 

The lifetime in the thin rod is initially dominated by 
diffusion-limited surface recombination. Little, if any, 
increase in the measured decay time can be obtained 


out 


by surface treatment, since the lifetime remains dif 
fusion-limited for the dimensions used. The data shown 
in Fig. 2 were obtained from a sample with a sand- 
blasted surface. It was assumed in the analysis that the 
reciprocal of the measured lifetime 7,, may be expressed 
as the sum of the three contributions, 


(1) 


where + is the lifetime due to bombardment, 7, the 
bulk lifetime characteristic of the initial crystal im- 
purities and imperfections, and v the surface decay 
constant. The bombardment lifetime may then be 
obtained on the assumption that (1/7,+¥) remains 
constant independent of bombardment. The result, 
Fig. 2, solid line, indicates that 7 is inversely propor- 
tional to bombardment up to 3X 10'* electrons/cm’. 

The effect of bombardment on lifetime follows from 
the equations of Hall or Shockley and Read'*: 


Notny 


pot pi 
not bo 


T po T nO 


+ 
Not po 
and 
1/Tao 


Now; 1 T p Nw pov, 


where t,o and 7,9 are the minority carrier lifetimes in 
highly n- and p-type material, mo and po are the thermal! 


1® RN. Hall, Phys. Rev. 87, 387 (1952); W. Shockley and W, 
Read, Phys. Rev. 87, 835 (1952) 


equilibrium carrier concentration, n, and p, the electron 
and hole concentration when the Fermi level is at the 
level of the recombination center, V; the concentration 
of these centers, 7,9 and oo their cross section for 
electron and hole capture, and » the thermal velocity 
of free carriers. For n-type material in the extrinsic 
range Eq. (2) takes one of two possible forms, de- 
pending on whether 7,om, is either larger or smaller 
than Tpops: 


T pot Trop no (4) 


T=T pT pom/Mo, OF T= 
These may both be written 


T T pot (ro/no) No exp/( AE, kT), (5) 


where ro= 7 p0, No= N,, and AE= E,— F;, if the trapping 
level is near the conduction band, and ro= 7,0, No= Nz, 
and AK=EF,— FE, if it is near the valence band. 

For bombardments up to 3X10! electrons/cm? the 
change in the carrier concentration no is small, so that 
Eq. (5) may be written in the form 


1 Noexp(—AE/kT) 171 
+ - (6) 


’ 


d pol Nd ov N, 


where the term in square brackets is a constant inde- 
pendent of bombardment. Equation (6) confirms that 
at any temperature and bombardment where mo has 
not changed appreciably, the lifetime will be inversely 
proportional to the trap concentration NV; and hence to 
bombardment n,. 

In the region where the fractional change in mo ex- 
ceeds 0.05, the behavior of r(,) may be readily seen in 
terms of the following approximations. We assume that 


Ni=m,, n=no—Bn., (7) 


and that 
No exp(—AE/kT) 
< (8) 


’ 
7 pol Nos nov 


i.e., that the temperature-dependent part of the ex- 
pression for r dominates in Eq. (6) (Eq. (8) is valid at 
60°C in the sample under consideration, Fig. 3], and 
obtain 


r=C/[n.(no— Bn) |. (9) 


This equation may be differentiated to show that + 
has a minimum when ,= mo/28, at which point n= no/2. 
According to this calculation the minimum in lifetime 
should occur at n,= 3X10" electrons/cm’, whereas the 
minimum was actually observed at 1X10" electrons/ 
cm’. In view of the approximations made above and 
the inherent variability of samples this agreement is 
considered satisfactory. 


(c) Recombination Centers 


To locate the energy level of the above recombination 
center the bombardment-conductivity decay was meas- 
ured as a function of temperature. Lifetimes were 
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measured in two samples prior to bombardment and 
after 1.410", 1.410", and 1.1 10'* electrons/cm’. 
Good agreement was obtained between the two samples. 
Figure 3 shows the bombardment lifetime for one of 
these samples. The difference between 7 and r,, is small 
for lifetimes less than 10~® second. 

The distance of the energy level of the recombination 
centers from a band edge may be determined from the 
slope of the high-temperature part of the data accord- 
ing to Eq. (5), and 7,0 is given by the constant value 
of lifetime at low temperature. Additional information 
may be obtained provided it is possible to distinguish 
between the two alternate forms of Eq. (4). Having 
obtained 7,0 and AF, and knowing mo from measure 
ments of conductivity, we may compute 7oV» and com 
pare it with 7,0, to show whether the level is near the 
valence band. If roNoA%TpoN., then rro= ToNo/N,, and 
the level is located near the valence band. If roNo 

TpV~, no statement regarding the location of the 
level may be made. In the case under consideration, 
ToN0# T pV. 

The cross sections on9 and o,0 can be obtained pro- 
vided the concentration of recombination centers can 
be established from other measurements. We shall 
assume that this concentration may be taken equal to 
that of the acceptors determined below from measure- 
ments of the temperature dependence of conductivity. 

The following values were obtained from the indi 
cated analysis of the data in Fig. 3: 

AL= 


0.31 ev above the valence band, 


1.0% 10-7 sec } 


; ' rat 1.410" electrons/cm’, 
4.0K%10~° sec) 


2.810-" cm’, 
LOX 10" cm’. 


T pd 
Tn0 
o po 
Tn0 


The relative magnitude of the cross sections suggests 
that the center is an acceptor. When one uses these 
parameters in Eq. (5), the lifetime may be expressed as 
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Fic. 3. Bombardment lifetime as a function of reciprocal 


temperature; 7 ohm-cm, n-type silicon 
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4. Electron concentration as a function of reciproc: 
temperature; 7 ohm-cm, n-type silicon 


a function of temperature and bombardment i 
ohm-cm, n-type silicon as 


1 
[1.44 107+8.6 10" exp/( 


Ne 


O.31/RT) |. (10) 


It has been verified that the bombardment lifetime in 
n-type silicon of other resistivity may also be obtained 
in terms of the above parameters. The curves drawn in 
Fig. 3 were computed from Eq. (10). 


(d) Net Acceptor 


A net acceptor is an energy level which removes con 
duction electrons from n-type material. It may be an 
acceptor in the usual sense or else a donor inconjunction 
with a lower lying acceptor. The energy level of the net 
acceptor produced by bombardment may be determined 
from the temperature dependence of conductivity. In 
the analysis it is assumed that the chemical donors 
remain fully ionized and that the acceptors exhibit one 
discrete energy level below that of the chemical donors 
It may be shown that under these conditions 


K+a | 
nN val ) I T 
> JI 


I, 


Kk, Kk, 
exp ) 
kT 


and NV,q signifies the uncompensated chemical donor. 
In the K the 
ergy K.—K, may be determined from the slope of 
Inf 1—(n/N4q) | as a function of reciprocal temperature 
This may be shown by expanding the square root in 


how 


(K t-«v)* 


where 


N, 
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Fic. 5. Fractional decrease in hole concentration as a function of 
bombardment; 5 ohm-cm, p-type silicon 


Iq. (11) to the first order to obtain 


nN E.-E.f1 Ni-Na 
) { n( , az) 
N k : N. 


The data relating to conductivity as a function of 
temperature were treated in the same manner as out- 
lined in Sec. 1(a) and then plotted in the form of 
In} 1—(n/N,)| vs 1/T (not shown) to allow determina- 
tion of &,—/,. The final determination was made by 
fitting the data in the form of Inn vs 1/T as shown in 
lig. 4. The solid lines in this figure were computed from 
Eq. (11) using the following parameters : 


he ; | OF 


0.18 acceptors/electron-cm. 


Init 


0.16 ev, 
n=dN,/dn, 


The good agreement between the computed curve and 
the data suggests that the model is valid, and confirms 
that only one net-acceptor level is produced in or below 
that part of the band gap traversed by the Fermi level. 


(2) 5 ohm-cm, p-Type Silicon 
(a) Conductivity 


A similar series of measurements was made on a 
p-type The 
although similar, differ in a number of respects. 
The function of 
bombardment at 60°C, Fig. 5, is practically identical 
with that obtained in the 7 ohm-cm, n-type specimen. 
This is a coincidence occasioned by the choice of tem- 
perature at which the data were taken and by the 
choice of resistivities. Since the initial hole concentra- 
tion is 3.5 times the initial electron concentration, the 
rate of hole removal is also 3.5 times the rate of electron 
removal in the n-type crystal. This is in the same direc- 


crystal of 5 ohm-cm, silicon. results, 


fraction of holes removed as a 
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tion as in the case of neutron bombardment reported 
by Lark-Horovitz" although the difference in rates is 
less pronounced here. It is interesting to note that fast 
neutron bombardment removed 5 carriers per neutron 
in highly p-type material whereas only 0.005 donor/cm* 
were produced per electron per square centimeter here. 
(The data may not be strictly comparable but the ratio 
of 5 to 0.005 suggest that the centers observed here 
may be due to multiple damage.) 


(b) Net Donor 


A net donor is an energy level which removes holes 
from p-type material. The energy level of the net donor 
responsible for the reduction in hole concentration was 
obtained from the temperature dependence of the 
conductivity. The hole concentration in Fig. 6 was de- 
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Fic, 6. Hole concentration as a function of reciprocal 
temperature; 5 ohm-cm, p-type silicon. 


rived from the conductivity on the assumption of 
bombardment-independent mobility. The energy level 
was determined as in Sec. 1(d), but the fit here is not 
entirely satisfactory. In particular, the hole concentra- 
tion appears to continue to decrease at low temperature 
where the single net donor would be completely ionized. 
Most likely the assumption of bombardment-inde- 
pendent mobility is not valid at low temperature where 
the number of charged scattering centers is large. This 
interpretation is consistent with the fact that the 
deviation of the data from the computed function in- 
creases with bombardment. A possible interpretation in 
terms of a multiple-level model is under consideration, 

The small discrepancy between data and theory at 
low temperature does not seriously affect the deter- 
mination of the energy level of the donor centers, which 
were found to lie 0.29 ev above the valence band. It is 
possible that these centers are the same as those which 
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were found to dominate the lifetime in n-type material. 
The latter were located 0.31 ev above the valence band, 
but the precision of the determinations is not great 
enough to rule out the possibility that they are the same 
centers which appear in the present case. The rate of 
introduction of these centers is 0.005 per electron-cm ; 
this is very much lower than that observed for the net 
acceptor in n-type, and suggests that these centers may 
be associated with multiple damage. Bombardments at 
other energies or annealing experiments may serve to 
clear up this question. 


(c) Lifetime 


The measured lifetime in the p-type crystal as a 
function of bombardment is shown in Fig. 7. A sub- 
traction of the type employed in the n-type case indi- 
cates that 7 is inversely proportional to bombardment 
only up to 3X10" electrons/cm*, and decreases more 
slowly beyond that point. At this value of bombard- 
ment the change in resistivity is 0.06% and therefore 
should have no effect on lifetime. The lifetime has a 
minimum at 2X 10" electrons/cm’*, corresponding to the 
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. 7. Measured lifetime as a function of bombardment; 
5 ohm-cm, p-type silicon. 


point at which the hole concentration has been reduced 
to half its initial value, in agreement with the theory of 
Sec. 1(b). 

An examination of the decay of the bombardment 
conductivity indicates that the lack of proportionality 
between reciprocal lifetime and bombardment may be 
due to a temporary trapping process. It was noted that 
the decay could not be represented by a single exponen- 
tial in all ranges. A slower component was evident in 
the intermediate range of bombardment, and although 
an attempt was made to subtract its contribution, it 
may have falsified the decay times in the range of small 


LEVELS IN ELECTRON 


BOMBARDED Si 1735 


TABLE I. Energy levels in electron-bombarded silicon, The cross 
sections were obtained for »=0.18 centers/electron-cm 


Nature of center n-type 


0.16 ev below con 
duction band; 0.18 
centers/electron-cm 


Net acceptor 


0.29 ev above valence 
band; 0.005 center 
per elec.-cm 


Net donor 


0.31 ev above val (0.24 ev) 
ence band 
Topo 2 8x 10 4 om? 


o,0= 1.0K 10~'* em? 


Recombination 


bombardments where it could not be separated from 
the decay curve. ‘The deviation from proportionality is 
nowhere greater than a factor of two and could readily 
be produced by such a mechanism. The same difhiculty 
manifests itself in the temperature dependence of the 
bombardment lifetime in this crystal. A value of 0.24 
ev has been obtained for the distance of the recombina 
tion centers from a band edge, but this value is not 
firmly established. 


CONCLUSIONS 


Electron bombardment of single-crystal silicon rods 
at relatively low energy allows the controlled, homo 
introduction of facilitates the 
study of energy levels associated with vacancies and 


geneous defects and 
interstitials. Measurements of conductivity, by the 
conventional method, and of lifetime, with the pulsed 
Van de Graaff technique, have served to locate the 
energy levels which control carrier concentration and 
lifetime in n- and p-type silicon of moderately high 
resistivity. A search for energy levels in other regions 
of the forbidden gap is contemplated. A study of mo 
bility in bombarded crystals will be made in order to 
clarify the questions raised in the study of the p-type 
crystal. 
The 
Table I. 


results so far obtained are summarized in 
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The intrinsic, and minority carrier models of photo 


conductivity are critically examined in terms of an experimental 


majority, 


study of the effect of oxygen, sulfur, selenium, and the halogens 
on PbSe films. It is concluded that the only model adequately 
describing these experimental results is the following: 

Radiation is absorbed in the crystallites and produces a main 
band electron transition. Recombination centers which exist in the 
film produce a very short photoconductive time constant in a non 


sensitized film; at room temperature this time constant is so small 


INTRODUCTION 


N a preceding paper,' henceforth called I, an experi 

mental investigation of the sensitization of PbSe 
films was described. The effects of various treatments on 
the electrical properties of PbSe films were studied. 
Those results which are significant for the development 
of a model of photoconductivity are the following: 


1. PbSe cells which are photoconductive at room temperature 


were made by sensitizing with oxygen at high temperatures 
Similar procedures with sulfur, selenium, and the halogens did not 
produce sensitivity at room temperature 

2. Cells which are photoconductive at reduced temperatures 
(—195°C) could be prepared by treatment with any of the above 
sensitizers 

3. All sensitizing agents examined produced a change of carrier 
sign from n type to p type. A resistivity maximum of approxi 
mately 30 times the bulk resistivity of intrinsic PbSe occurred at or 
near the condition of reversal of sign of the thermoelectric power 

4. Oxygen- and sulfur-sensitized films showed three time con 
195°C. Other sensitizers produced only the fastest and 
slowest of these responses Only 


lime constant values decreased with 


tants at 


a single time constant was ob 
served at room temperature 
rising temperatures 

5. The long-wavelength limit was found to be independent of 


the particular sensitization procedure or sensitizer used 


Other results concerned with the effect of film thick 


ness on sensitivity have been discussed in another 
paper,” henceforth called IT. 

In this paper we shall examine various theories cur 
rently under consideration for the lead salts (PbS, 


PbSe, and PbTe) in terms of these results. 
A. BASIC MODELS OF PHOTOCONDUCTIVITY 


The two primary processes involved in the photo 
conductive mechanism are: generation of carriers (ab 


* A portion of a dissertation submitted by J. N. H. to the Uni 
versity of Maryland in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. Part of this work was reported 
at the 1955 Washington Meeting of the American Physical Society 
| J. N. Humphrey Phys. Rev. 99, 625(A) (1955) ] 

‘J. N. Humphrey and W. W. Scanlon, Phys. Rev. 105, 469 
(1957) 


2}. N. Humphrey and R. L. Petritz, Phys. Rev. 105, 1192 (1957). 


in PbSe that no photoconductivity is observed. Treatment with 
oxygen introduces minority carrier traps which increase the 
majority carrier lifetime and enhance the photoconductive sensi 
tivity, both at room temperature and at reduced temperatures. 
Similar treatment with sulfur introduces shallow electron traps, 
which are effective in increasing the majority carrier lifetime at 

195°C but not at room temperature. Selenium and the halogens 
do not introduce minority carrier traps effective at any tempera 
ture studied 


sorption), and recombination of carriers (lifetime). 
Secondary processes may be important in amplifying 
the primary effect. 

We may distinguish two types of generation: (a) 
main band transitions in which a hole-electron pair is 
generated, and (b) transitions from impurity levels in 
which a single type carrier is generated. 

We may distinguish three types of lifetimes: (a) in- 
trinsic (hole-electron pair) lifetime, (b) minority carrier 
lifetime, and (c) majority carrier lifetime. 

Because of experimental evidence discussed in I and 
II, the generation process is known quite definitely to 
be a main-band transition, and we need not discuss it 
further. 

Our major task then is to select the recombination 
process which best describes the data. We first describe 
the characteristics of each model. 


1. Intrinsic Carrier Model 


In this model the number of electrons and holes are 
approximately the same; this condition is achieved by 
compensation in the sensitization process. Holes and 
electrons combine either directly or through recombina- 
tion centers; in either case the lifetimes of holes and 
electrons are the same. This model has been discussed 
recently by Wood,’ and previously by von Hippel* and 
Rittner, and others. 

A useful way to characterize the photoconductive 
response is the specific responsivity, R,, which is defined 
as 


R,= Aa/4oJ, (1) 


where Ao/o is the fractional change in conductivity per 
unit radiation flux J (watts/cm*). For the intrinsic 


mode] 
Ry= eT pair/4ndhy,, (2) 


§(, Wood, Proc. Phys. Soc. (London) B69, 613 (1956). 

‘A. von Hippel and E. S. Rittner, J. Chem. Phys. 14, 370 
(1946) ; O. Simpson and G. B. B. M. Sutherland, Trans. Roy. Soc. 
(London) A243, 547 (1950-1951) 
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where pair is the lifetime of a hole-electron pair, n= p is 
the intrinsic number of electrons and holes, d is the film 
thickness, and », is the quantum efficiency at the spec- 
tral frequency, v,, of the signal radiation. Maximum 
responsivity is thus achieved by minimizing m and p 
by compensation, and maximizing the lifetime of hole- 
electron pairs. 


2. Minority Carrier Model 


Minority carrier photoconductivity depends upon the 
presence of p-n junctions. One can show that the re- 
sponsivity is given by 


R= K yet min/4mindhy,, (3) 


where Tmin is the minority carrier lifetime and ny jn is 
the minority carrier density. 

Secondary amplification can play an important role in 
this model if an array of p-n junctions is present. The 
diffusion of minority carriers across the p-n junction 
results in lowering the space-charge barrier at the 
junction, This allows more current to flow across the 
junction, greatly enhancing the responsivity. The factor 
K, in Eq. (3) represents this amplification effect. This 
model has been discussed recently by Slater ef al.,° and 
previously by Sosnowski e/ al.,° and others. 

Maximum responsivity is achieved by virtue of min 
being small, by making rin as large as possible, and by 


amplification through space-charge lowering of the 
junction potential barrier. In general, a large value of 
Tmin 18 favored by high-purity single crystals; recombi 
nation centers and minority carrier traps shorten Tinin. 


3. Majority Carrier Model 
The expression for responsivity in this case is 
R, K eT maj ‘AN ing AV s, (4) 


where 7 maj is the majority carrier lifetime and 7,4; is the 
majority carrier density. 

The denominator of Eq. (4) must always be larger 
than that in Eqs. (2) and (3) for any given material. 
However, it is possible that 7,,.; can be made very large 
by the phenomenon of minority carrier trapping which 
is discussed below. Thus a high responsivity can be 
achieved. This model has been discussed recently by 
Petritz.’ 

In the normal recombination process of holes and 
electrons through recombination centers, discussed by 


(1956); 


®J. C. Slater, Phys. Rev. 103, 1631 ; also Mahlman, 
Nottingham, and Slater, in Photoconductivity Conference, Atlantic 
City, 1954, edited by Breckenridge, Russell, and Hahn (John 
Wiley and Sons, Inc., New York, 1956), p. 489. 

6 Sosnowski, Starkiewicz, and Simpson, Nature 159, 818 (1947); 
H. M. James, Science 110, 254 (1949); FE. S. Rittner, Science 11], 
685 (1950); H. T. Minden, J. Chem. Phys. 25, 241 (1956); FE. S 
Rittner, in Photoconductivity Conference, Atlantic City, 1954, edited 
by Breckenridge, Russell, and Hahn (John Wiley and Sons, Inc., 
New York, 1956), p. 215. 

TR. L. Petritz, Phys. Rev. 104, 1508 (1956). 
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Shockley and Read,* and Hall,® the minority carrier 
first enters the center, after which the majority carrier 
quickly recombines with the minority carrier. The rate 
determining process is normally the rate of entry of 
minority carriers into the center, because there are so 
many majority carriers available to make the second 
step. 

However, if the cross section for the second step is 
abnormally small; the majority carrier will be free for an 
extended period of time after the minority carrier is 
trapped. In the limit of a very small cross section, the 
minority carrier may be thermally excited back to the 
band before recombination in the center occurs. We 
call such centers nonrecombining traps (or simply 
traps) to distinguish them from normal recombination 
centers. The phenomenon of trapping has been discussed 
for the cases of germanium," silicon," insulators,'® and 
lead salts.'3.4 

After the trapped minority carrier is thermally ex 
cited back to the band, hole-electron recombination 
can occur through a normal recombination center, thus 
terminating the majority carrier lifetime. The majority 
carrier lifetime will depend on the time the minority 
carrier spends in the trap. The dependence of t.; on 
the energy level of the trap and on temperature is 

Timaj= Toe HAT, (5) 
where /, is the energy level of the trap below the 
conduction band. 

Thus minority carrier trapping provides a mechanism 
for enhancing greatly the lifetime of majority carriers, 
and thereby increasing the responsivity according to 
iq. (4). Maximum responsivity is thus attained by 
optimizing Tinaj/Mmaj In general taj ANd Maj are 
interrelated, 

Secondary amplification can occur in this model 
through lowering of intercrystalline barrier potentials 
by the trapped minority carriers, thus increasing the 
effective majority carrier mobility.’ This effect is repre 
sented in Eq. (4) by Ke. 

B. CRITIQUE OF THE VARIOUS THEORIES IN 
TERMS OF THE EXPERIMENTAL RESULTS 

We shall consider these various theories in the light 
of the results of our experimental! study,! and attempt to 
select the one which best interprets the data 

®W. Shockley and W. 'T. Read, Jr., Phys. Rev 

*R.N. Hall, Phys. Rey. 87, 387 (1952 

“H. Y. Fan, Phys. Rev. 92, 1424 (1953) and 93, 1434 (1954); 
Fan, Navon, and Gebbie, Physica 20, 855 (1954); Tyler, Newman, 
and Woodbury, Phys. Rev. 98, 461 (1955) 

4 J. R. Haynes and J. A. Hornbeck, Phys. Rev 

2A. Rose, Phys. Rev. 97, 322 (1955); R. H 
Chem. 57, 785 (1953) 

4D). E. Bode and H. Levinstein, Phys. Rev. 96, 259 (1954); 
R. A. Smith, Physica 20, 910 (1954); J. N. Humphrey, Phys. Rev 
99 625(A) (1955); E. S. Rittner and S. Fine, Phys. Rev. 98, 545 
(1955); R. L. Petritz, Bull. Am. Phys, Soc, Ser, If, 1, 177 (1956); 
and Petritz, Lummis, Sorrows, and Woods, in Semiconductor 
Surface Physics, edited by R. H. Kingston [ University of Pennsyl 
vania Press, Philadelphia (to be published) } 

“RR, H. Harada and H. T. Minden, Phys. Rev 
(1956). 


87, 835 (1952) 


90, 152 (1953) 
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1. Intrinsic Model 


The intrinsic model in PbSe films would indicate that 
maximum photoconductivity results when the material 
is well compensated. Then the equilibrium carrier 
density is 4 minimum, yielding a maximum dark re- 
sistivity, and the time constant as determined by 
recombination centers is a maximum.** The action of a 
sensitizer would be to drain electrons out of the con- 
duction band and out of any traps in the top half of the 
forbidden band. 

We see from the summary of experimental results that 
the intrinsic model does not explain the data, since all 
the materials investigated lowered the Fermi level, 
raising the resistivity through approximately the same 
maximum value at room temperature, but only oxygen 
was able to produc e photoconductivity. Thus some 
further action of oxygen must occur. 


2. Minority Carrier Model 


In the minority carrier model it is necessary to have 
p-n junctions present, and a reasonably long minority 
carrier lifetime. Treatment of an initially n-type PbSe 
film with the acceptors selenium, sulfur, oxygen, or the 
halogens, converted the film from m type to p type. On 
the assumption that the sensitizers diffuse inward, a 
p-type surface is developed on an n-type interior, thus 
producing an array of p-n junctions. From the similarity 
in the resistivity-temperature curves produced by the 
various sensitizers, we can argue that the junctions 
produced are all roughly of the same potential height. In 
general, impurities of any kind degrade minority carrier 
lifetime, whether they act as recombination centers or 
traps; therefore none of the sensitizers can be expected 
to improve the minority carrier lifetime. Consideration 
of these points along with Eq. (3) leads us to conclude 
that it is not possible to understand the dramatic 
difference in the role of oxygen as a sensitizing agent 
from that of sulfur, selenium, or the halogens, on the 
basis of the minority carrier model. 


3. Majority Carrier Model 


We now consider the possibility of the introduction 
of minority carrier traps by the various sensitizing 
agents. We assume that in the untreated material the 
time constant is controlled by the density of recombi- 
nation centers | V,, Fig. 1(a) |. Treatment with oxygen 
film from n to p type, 
acceptor impurity levels either in the interior of the 
crystallites [N,, Fig. 1(b) | or on the surface [N,,, Fig. 
1(b) |, which act as minority carrier traps. For the time 
constant for capture of an electron by the trap to be less 


converts the introducing 


than the time constant for subsequent capture of a hole, 
it is probable that the unoccupied traps are positively 
charged ions. Thus, the simple O™ ion suggested by 
Harada and Minden" would not be effective. On the 
other hand, a (PbO)** ion could attract and trap an 


electron, becoming (PbO)*t. The (PbO)* would repel 


AND R. 


PETRITZ 


holes, thus producing trapping rather than recombi- 
nation. 

In the process of producing traps, the oxygen also 
lowers the Fermi level, thus achieving the condition of 
p-type material with most of the traps unoccupied by 
electrons. The majority carrier lifetime is increased by 
the lowering of the Fermi level, but the number of holes 
is also increased. Thus the optimum value of (Tinaj/M%maj) 
may be very dependent on the sensitization procedure ; 


this is a possible explanation as to why there is so much 


technique involved in the production of highly sensitive 
evaporated films. 

It is also possible that the trapping of electrons in 
the surface traps, N,, may result in secondary amplifi- 


— 


























= 


Fic. 1. (a) Energy levels for unsensitized PbSe. N, is the 
density of recombination centers; Ng is the density of donor 
impurity levels; Ey is the Fermi level; B; is an intercrystalline 
oxide layer. The steps in the recombination process take place in 
the order indicated. (b) Energy levels for PbSe sensitized with 
oxygen. N;, is the density of oxide ions in the crystallite interior; 
V,, is the density of oxide ions on the intercrystallite surfaces. The 
order of steps in a trapping process is indicated. (c) Energy levels 
at the outer surface of a PbSe film sensitized with oxygen. B, is 
the outer surface layer; N;,,. are surface traps on the outside of B,. 
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cation through a lowering of the intercrystalline barrier 
potential; no specific evidence on this question is ob- 
tained in this study. Woods'® has recently reported a 
study of chemically deposited PbS films, in which he 
found no significant barrier modulation. 

Because of the similarity of its chemical nature to 
that of oxygen, we suggest that sulfur also introduces 
traps. However, these traps are closer to the conduction 
band than those from oxygen, because the electro- 
negativity of sulfur is less than that of oxygen. There- 
fore, according to Eqs. (4) and (5) the trapping time and 
responsivity are much less than for oxygen traps. 

We suggest that because the halogens are monovalent 
the acceptor states they produce are not effective 
electron traps; thus while treatment with the halogens 
converts an n-type film to p type, no enhancement of 
the photoconductive time constant is obtained. 

It therefore seems possible to account for the general 
differences in the sensitization behavior of oxygen, 
sulfur, selenium, and the halogens in terms of the 
majority carrier model: oxygen appears to be the only 
agent which produces effective minority carrier traps. 


C. DETAILED EXAMINATION OF THE 
EXPERIMENTAL RESULTS 


Consider first the effect of illumination on an unsensi- 
tized film at —195°C; the film is m type as shown in 
Fig. 1(a). A photon absorbed by the PbSe creates a 
hole-electron pair, thus lowering the resistance. Because 
of the presence of the recombination centers [N, in 
Fig. 1(a) |, the electron will rapidly recombine with a 
hole. The time constant (7,) associated with this is 
identified with the 20-microsecond time constant ob- 
served at — 195°C. While the exact value of 7, depends 
on the position of the Fermi-level relative to the 
recombination center, roughly the same behavior would 
exist whether the film were slightly m type, stoichio- 
metric, or p type. Because of the lower value of carrier 
density, the responsivity will be highest for stoichio 
metric samples. 

When the material is warmed to 25°C the respon 
sivity is reduced to a level too low to be measured. 
This is because of an increase in carrier density and a 
decrease in time constant. 


1. Oxygen Sensitization 


Figure 1(b) shows the film after it has been exposed to 
oxygen and has become p type. We assume that the 
oxygen has diffused sufficiently far into the crystallites 
that we may consider them to be completely p type. 


The oxygen traps may occur on the interface between 
the PbSe and the intercrystalline oxide barrier B,, and 
in the interior of the PbSe crystallites, with concentra- 


15 J. F. Woods, Phys. Rev. (to be published); earlier reports 
published in the Photoconductivily Conference, Atlantic City, 1954 
edited by Breckenridge, Russell, and Hahn (John Wiley and Sons 
Inc., New York, 1956), p. 636, and Phys. Rev. 99, 658(A) (1955) 
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tions V;, and .V;, respectively. We shall not try to distin- 
guish between the two cases, but simply refer to them as 
oxygen traps. When a hole-electron pair is created the 
electron will be trapped and leave the hole free to 
The (r.) for the 
electron from the trap is found to be long compared to 


conduct. time constant release of 
the recombination center value r,. 7; is identified as the 
majority carrier lifetime and as the 5-millisecond time 
195°C in p-type materials. 

The trap occupancy time 7; decreases with increasing 


constant observed at 


temperature | as given by Eq. (5) | and the density of 
majority carriers increases. Both effects reduce the 
responsivity [ Eq. (4) ] at room temperatures. However, 
the energy level of the oxygen traps is large enough that 
measurable responsivity can still exist in PbSe at room 
temperature; 7; is identified as the observed 1-micro- 
second time constant. 

We assume that outer surface traps of some type are 
present as shown in Fig. 1(c). These traps, designated 
Neso Will have a very long time constant 7;,, since the 
carrier must return over a barrier B, of height /,,.>/; 
Similar barriers have been observed in Ge by Morrison'* 
and in PbS by Zemel'’ by means of the slow field effect 
The temperature dependence of the very long time 
constant, Tso, Will also be of the form of Eq. (5), where 
Keo 8 Much greater than /;. In PbSe, 714. is observed 
to be of the order of hours at 195°C, and one must 
warm the sample to empty the traps. 


2. Sulfur and Selenium Sensitization 


An initially n-type film is converted to p type by the 
treatment with sulfur or selenium, just as with oxygen. 
Thus these elements also introduce acceptor levels. In 
observe 


each case when the resistivity is high we 


photoconductivity at —195°C, with the short time 
constant (20 microseconds) attributed to recombination 
centers 

The experimental evidence indicates that sulfur also 
introduces traps. Because of the small value of /;, r¢ is 
too short for appreciable enhancement of the photo 
195°C it 


produces an increased responsivity, with 7, of the order 


response at room temperature; but at 


of milliseconds. The fact that selenium does not show 
any trapping effects is understandable; it should just 
enter the lattice to fill selenium vacancies 


3. Halogen Sensitization 


Treatment with the halogens is found to control the 
Fermi level; at the condition of maximum resistivity 
195°C the 


same constant observed with previous sensitizers. Trap 


we observe photoconductivity at with 


ping by outer surface states produced the very long 


edited by 
Philadelphia 


6S. R. Morrison, in Semiconductor Surface Physi 
R. H. Kingston | University of Pennsylvania Press 
(to be published) | 

17 J. N. Zemel, in Semiconductor Surface Physics edited by R. H 
Kingston [ University of Pennsylvania Press, Philadelphia (to be 
published) ] 





1740 . N. HUMPHREY 
time constant To. No photoconduc tivity was observed 
at room temperature because of the short time constant 
in absence of traps. 


AND R. 
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preciable sensitivity is observed at 25°C and — 195°C, 
showing 7, values of 1 microsecond and 5 milliseconds, 
respectively. 


4. Oxygen-Halogen Sensitization D. CONCLUSIONS 


From an examination of the intrinsic, majority carrier, 
and minority carrier models of photoconductivity, in 
terms of an experimental study of the sensitization of 
PbSe films, we have concluded that oxygen serves the 
important function of introducing minority carrier 
traps which are effective at room temperature, and that 
the photoconductivity is due to a change in the density 
of majority carriers. 


In the case of pretreatment with oxygen followed by 
halogen treatment, the oxygen electron traps are pro- 
duced by the oxygen treatment and not removed by 
baking in vacuum. Sufficient selenium atoms must 
evaporate from the lattice during the vacuum baking to 
produce n-type material. Then treatment with the 
halogen lowers the Fermi level and empties the oxygen 
traps so that they can effectively trap electrons. Ap- 
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Infrared-Absorption Studies on Barium Titanate and Related Materials* 


J. T. Lastt 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received November 5, 1956) 


The infrared-absorption spectrum of BaTiO; has been measured for thin single crystals and for powder 
samples dispersed in pressed KBr disks, Absorption bands for single-crystal samples occur at 495 cm™ and 
at ca 340 cm", arising from normal vibrations of the TiO, group. A third vibration, a motion of Ba against 
the TiO; group, occurs below the experimentally accessible range. A frequency of about 225 cm” is expected 
for this vibration on the basis of a comparison of the specific heat contributions of the observed bands 
with the measured low-temperature specific heat. Measurements were made on the 495-cm™ band over a 
wide temperature range. As the crystal changes from the cubic to the tetragonal, orthorhombic, and rhom- 
bohedral structures, there occurs band splitting which can be related to the change of crystal symmetry 
The spectra of the perovskite titanates, SrTiO,, PbTiOs, and CaTiOg, and the perovskite niobates, KNbO; 
and NaNbOy, have been found to be similar, in general features, to that of BaTiO,. The slight differences in 
band frequency and structure can be related to differences in unit-cell size and symmetry. Integrated band 
intensities have been found to be in reasonable agreement with measurements on other oxide systems that 


have vibrations in this spectral region 


INTRODUCTION 


*TUDIES of the spontaneous orientation of dipole 
moments in ferroelectrics and ferromagnetics have 
been carried out at the Laboratory for Insulation 
Research.'* To investigate the phenomena taking place 
in such materials as the titanates or ferrites, tools of 
nondestructive analysis are needed which can give 
information on atomic arrangements and interatomic 
forces in the crystal lattice. One of these tools is infrared 
spectroscopy. A first infrared study of ferrites has 
recently been carried through in this laboratory’ and 
has given promise of locating cations in their oxygen 
surroundings. ‘The present investigation is a comple- 


mentary study on ferroelectrics, to establish how the 


* Sponsored by the U. S. Office of Naval Research, the Army 
Signal Corps, the Air Force, and the Army Ordnance. 

t Present address: Shockley Semiconductor Laboratory, 
Beckman Instruments, Inc., Mountain View, California. 

1A. von Hippel, Revs. Modern Phys. 22, 221 (1950). 

?von Hippel, Westphal, and Miles, Technical Report 97, 
Laboratory lor Insulation Research, Massachusetts Institute of 
Technology, July, 1955. 

*R. D. Waldron, Phys. Rev. 99, 1727 (1955) 


infrared vibrational frequencies, and thus the inter- 
atomic forces, are affected by the onset of the ferro- 
electric state and by the various low-temperature phase 
transitions. Measurements have been made of the ab- 
sorption spectra of thin single crystals, the absorption 
spectra of powdered samples dispersed in pressed potas- 
sium bromide disks, and the reflection spectra of thick 
single crystals. 

BaTiOs, in the modification having unusual electrical 
properties, has a perovskite structure. Above the Curie 
temperature (~ 120°C) the lattice has cubic symmetry, 
with a Ti ion at the center of the unit cell, O ions 
centered on the six cube faces, and Ba ions on the cube 
corners (Fig. 1). The structure can be described as a 
system of TiO, octahedra joined at the corners with 
Ba ions placed in the interstitial positions between the 
octahedra. 

As the cubic crystal is cooled through the Curie 
point, a polar axis develops along a [100] direction, 
and the elongation in this direction leads to a structure 
with tetragonal symmetry. In general, a ferroelectric 
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domain structure results because the polar axis can 
develop in several equivalent directions. Near 0°C the 
polar axis shifts to the [110] direction and at about 
—70°C to the [111 ] direction with a structural change 
to orthorhombic and then to rhombohedral. The 
material remains ferroelectric throughout. 

X-ray measurements of Evans* and the neutron 
diffraction measurements of Frazer et al.® indicate that 
the Ti ion in tetragonal BaTiO; is displaced to an 
off-center position in the TiO, octahedron. The two 
Ti-O distances along the polar axis are 1.87 and 2.17 A, 
compared to the Ti-O distance of 1.997 A at right angles 
to the polar axis. 

Previous single-crystal absorption measurements on 
BaTiO; have been confined to the near infrared. Meas- 
urements by Hilsum® indicated a weak absorption band 
at 1200 cm™', shouldered on a strong absorption band 
beginning at about 1400 cm™! and continuing to a 
point of zero transmission at about 850 cm~'. Measure- 
ments by Mara ef al.’ on powder samples of BaTiO; 
dispersed on a KBr plate showed a strong band centered 
at 550 cm™', and a second band starting near 450 cm™! 
and reaching a point of maximum absorption beyond 
300 cem™, 


INSTRUMENTATION AND SAMPLE PREPARATION 


The spectra measured in this investigation were 
recorded with a Beckman IR-3 spectrophotometer, 
equipped with CaF2, KBr, and KRS-5 prisms, that 
provided an operating range extending from the visible 
to about 300 cm~!. The instrument was calibrated by 
recording the spectra of gases which have been measured 
with considerable accuracy on grating instruments.* 

A Dewar microcell, designed in this laboratory by 
R. D. Waldron, was used to investigate the spectra of 
small single crystals between — 190° and +175°C. The 
slit image was reduced at a ratio of about 15 to 1 by 


Fic. 1. The ideal perovskite structure 


4H. T. Evans, Jr., Technical Report 58, Laboratory for Insu 
lation Research, Massachusetts Institute of Technology, January, 
1953. 

5 Frazer, Danner, and Pepinsky, Phys. Rev. 100, 745 (1955). 

®C, Hilsum, J. Opt. Soc. Am. 45, 771 (1955). 

7 Mara, Sutherland, and Tyrell, Phys. Rev. 96, 801 (1954). 
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DIES ON BaTiO; 
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2. The infrared-absorption spectrum of powdered BaTiO 
(0.57 mg/cm?) dispersed in a pressed K Br disk 


the use of parabolic KBr and KRS-5 lenses, permitting 
the measurement of samples as small as 10.5 mm. For 
the investigation of the low-temperature spectra of 
pressed disks and large samples, a Dewar cell with AgC| 
and KRS-5 windows was used, similar in design to that 
described by Wagner and Hornig.’ A three-mirror 
reflection device was used for the measurement of the 
reflection spectra of thick single crystals. 

Single crystals of BaTiO;, about 1.5 thick, thin 
enough to transmit a measurable quantity of light in 
the absorption band, were prepared by etching in hot 
phosphoric acid."® The crystals, of an original thickness 
of about 100 4, were etched in acid heated above the 
Curie temperature to prevent the selective etching of 
domains. 

Crystals prepared by this etching technique were 
sufficiently plane-parallel to permit the observation of 
interference bands in the near infrared. An accurate 
value of the crystal thickness could be obtained from 
the frequency separation of these bands and the known 
value of the index of refraction. 

In order to measure the spectra for materials for 
which thin single crystals could not be obtained, 
pressed-disk samples were prepared by the technique of 
Stimson" and Schiedt.! A small section of a single 
crystal was powdered to a particle size of about one 
micron, and a few milligrams of the powder mixed with 
powdered KBr and then pressed in a cylindrical die. 
This resulted in clear disks which could be used to 
300 cm. 


EXPERIMENTAL RESULTS 
Absorption Spectrum of BaTiO, 


Measurements on the absorption spectrum of BaTiO, 


in the region from 1000 to 300 cm™', where the trans- 
* E. L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 (1950 
” J. T. Last, Rev. Sci. Instr. (to be published) 
4M. M. Stimson and M. J. O'Donnell, J. Am 
1805 (1952 
8 U, Schiedt and H. Reinwein, Z. Naturforsch. 7B, 270 (1952); 
Appl. Spectroscopy 7, 75 (1953) 
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iG, 3, The infrared-absorption spectra of single-crystal BaTiO; 
(1.5m thick) for the cubic, tetragonal, orthorhombic, and rhom 
bohedral phases 


mission of thick single crystals is extremely low, were 
made on powder samples dispersed in pressed KBr 
disks. Two absorption bands were observed (Fig. 2). 
The higher frequency band, »;, extends from about 800 
to 475 cm", with a center of 540 cm™'. This band is 
asymmetric, with a high-frequency tail, and has a band 
half-width of about 165 cm~'. The lower frequency 
band, vy, extends from about 475 cm™ to the limit of 
the available experimental range at about 300 cm”, 
with a center at 400 cm™'! and a half-width of about 
120 cm-'. No change was observed in v2 in the tem- 
perature range from +150° to —150°C, covering the 
four crystal phases; band »,; becomes doubled at low 
temperatures, 

Since the phase transitions in the powder samples 
cover a wide temperature range, the effect of the change 
in crystal symmetry was investigated in greater detail, 
using single crystals in the variable-temperature micro- 
cell. In order to 
energy through the crystal, crystals of 1.5-y thickness 


transmit a measurable amount of 
were required, ‘These measurements could be carried 
out only to 400 cm~', because of the lack of sufficient 
radiant energy at lower frequencies. Only the higher 
frequency band »; could therefore be observed. 

In single-crystal, cubic BaTiO; (7>115°C), band 
vy; is centered at 495 cm™' (Fig. 3). When the tem- 


perature was lowered below the Curie point and the 
crystal became tetragonal, this band became slightly 
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broader and the location of the band center depended 
on the domain arrangement. For a “‘c” plate, with the 
polar ‘‘c’”’ axis normal to the crystal face, the band was 
centered at 495 cm. For a mixed-domain crystal, the 
center lay between 495 and 510 cm~', depending on the 
particular domain configuration. 

Room-temperature measurements were carried out 
to observe the difference in vibrational frequency along 
the polar (‘‘c”) axis and at right angles thereto (‘‘a” 
axis). The spectra measured with polarized infrared 
radiation (AgCl sheet polarizer) are shown in Fig. 4. 
The band is centered at 495 and 517 cm~ for the electric 
vector parallel to the “a” axis and to the “c”’ axis, 
respectively. The intensities of the two bands were 
approximately the same. 
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Fic. 4. The polarized, infrared-absorption spectra of tetragonal 
“ce” and “a” axes. 


single-crystal BaTiO; (1.5 thick) along the ‘“¢ 

In the temperature range from 0° to —70°C, where 
the crystal is orthorhombic, the band is centered at 
520 cm™, with a shoulder at 495 cm™ (Fig. 3). In the 
rhombohedral phase, below —70°C, the band becomes 
doubled, with centers at 530 and 490 cm~'. Because of 
the complex domain configurations of the crystals 
in these two lower phases, it was not possible to make 
polarized-light measurements. 

In order to observe any possible absorption anomalies 
in the immediate vicinities of the three phase transitions, 
the spectrophotometer monochromator was set at a 
frequency near the band center and the temperature was 
changed slowly through the transition point. Aside 
from the slight intensity jumps caused by the shift of 
band centers at the transition temperatures, no inten- 
sity changes were observed. 
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Hexagonal BaTiO, 


In addition to the perovskite modification of BaTiOs, 
where the TiO« octahedra are joined at corners, a 
hexagonal modification exists, in which two-thirds of 
the octahedra occur in pairs which share a face to form 
TiO, coordination groups.” This modification is not 
ferroelectric, and no phase transitions have been 
reported. 

The absorption spectrum of a pressed-disk sample of 
hexagonal BaTiO;, measured at room temperature and 
at — 150°C, is shown in Fig. 5. Bands similar in general 
features to the bands in the perovskite modification 
but exhibiting additional fine structure are observed. 
Apart from some sharpening of the band at low tem- 
perature, no difference occurs between the room-tem- 
perature and low-temperature spectra, in contrast to 
that found in the case of the perovskite form. 
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Fic. 5. The infrared-absorption spectrum of 
powdered hexagonal BaTiOsy. 


Effect of Cation Replacement 


The spectra of several titanates related to BaTiO; 
by cation replacement were investigated : the perovskite 
titanates, PbTiO3, SrTiO3, and CaTiOs;, which at room 
temperature are tetragonal, cubic, and orthorhombic, 
respectively, and the ilmenite titanates, CdTiOg, 
ZnTiOz, and MgTiOs,. 

Figure 6 shows measurements on_ pressed-disk 
samples of PbTiO; and SrTiOg, together with the corre- 
sponding spectrum of BaTiO;. The spectra are all 
similar in general features, with band vy; shifted to 
somewhat higher frequencies in the PbTiO; and SrTiO; 
samples. The bands in PbTiO; and SrTiO, sharpened 
slightly, but exhibited no additional fine structure at 
low temperatures. 

The reflection spectra of these three materials were 
measured on thick single crystals. Broad bands were 
observed at frequencies slightly higher than the corre- 
sponding absorption bands (Fig. 7). 


%™R. D. Burbank and H. T. 
(1948). 
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lic. 6. The infrared-absorption spectra of powdered 
BaTiOg, SrTiOy, and PbTiO, 


The spectrum of thin, single-crystal PbTiOs, prepared 
by the etching techniques used on Ba TiOs, showed band 
vy; centered at 535 cm™'!, with a shoulder at 610 cm™ 
(Fig. 8). The crystals were too fragile to permit the 
measurement of the spectrum at low temperatures, 


The spectrum of a pressed-disk sample of CaTiOs 


has the same general features as that of BaTiO, (Fig. 
9); fine structure appears, caused by the lowered sym 
metry of this material and by the presence of unreacted 
material in the powder used. 

The three ilmenite titanates, CdTiOs, Zn'TiOs, and 
MgTiOs, show a high-frequency band, broader and less 
distinct than the band in the perovskite form (Figs. 9 
and 10). The low-frequency band is doubled. 

The location of the band centers of all materials 
measured in this investigation are shown in ‘Table IL. 


KNbO, and NaNbO, 
KNbO; and NaNbOs, with a perovskite structure 
similar to Ba TiOs, have high-temperature Curie points, 
several high-temperature structural transitions, and are 





Fic. 7, The infrared-reflection spectra of single-crystal 
BaTiO,, SrTiOs, and PbTiO, 
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hic, 8, The infrared-absorption spectrum of single-crystal 
PbTiO, (2 uw thick) 


orthorhombic at room temperature.'*'® KNbO;, is fer 
roelectric at room temperature and has a transition to 
a rhombohedral phase at about —50°C, showing 
pronounced thermal hysteresis. NaNbOs;, antiferro- 
electric at room temperature, has a transition to a ferro- 
electric state at about — 200°C, again with a large 
thermal hysteresis. 

The spectra of pressed-powder disks of KNbO ; and 
NaNbQO,, prepared from powdered crystal sections of 
single crystals (Fig. 11) are similar to that of ortho- 
rhombic BaTiO, with a shoulder on the low-frequency 
side of band v;. The band centers in KNbOs are located 
at 660, 550 (shoulder), and 375 cm=!; in NaNbO; at 
675, 510 (shoulder), and 375 cm~', Little difference was 


NG 








Vic. 9. The infrared-absorption spectra of powdered 


CaTiO,g and CdTiOy. 


ME. A. Wood, Acta Cryst. 4, 353 (1951) 

1 Shirane, Danner, Pavlovik, and Pepinsky, Phys. Rev. 93, 
672 (1954). 

‘© Shirane, Newnham, and Pepinsky, Phys. Rev. 96, 581 (1954). 
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observed between the room-temperature and low-tem- 
perature spectra. 


Effect of Disk Matrix Material 


In order to investigate the dependence of the shape 
and location of the absorption spectrum of powdered 
BaTiO, on the optical properties of the material in 
which it is dispersed, identical BaTiO; samples were 
dispersed in matrices of increasing indexes of refraction: 
KBr, AgCl, TIC, and TIBr. 

The centers of the absorption bands shift to lower 
frequencies when materials of higher index are used 
(Table IT). 


DISCUSSION 
Thin-Crystal and Pressed-Disk Transmission 


The observed transmission curve of thin single 
crystals is a combination of beam-attenuation effects 
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lic. 10. The infrared-absorption spectra of powdered 
MgTiO; and Zn TiO 


due to crystal absorption and to reflection from the 
crystal surfaces. Using single-surface reflectivity meas- 
urements, the position of the true transmission mini- 
mum can be determined by treating the limiting cases 
of constructive and destructive interference in the 
reflected waves. In the case of thin single crystals of 
Ba TiOs, the surface reflectivity has a very slight effect 
on the transmission minimum; correcting for this effect 
shifts band »; about 10 cm~ toward lower frequencies. 

For the case of the pressed-powder samples, it has 
been observed that the absorption bands shift to lower 
frequency when the index of refraction, and thus the 
atomic polarizability, of the disk matrix is increased. 
Although a quantitative discussion of this shift cannot 
be carried out because of the difficulty of evaluating 
the local field accurately, it can be noted that the 
observed shift is in the direction expected, considering 
simple electrostatic interactions. 

Since it has not been possible to measure the absorp- 
tion maximum of band » for single crystals corre- 
sponding to the pressed-disk band at 400 cm™, the 
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frequency of this band has been estimated from the 
shift between single-crystal and pressed-disk frequen- 
cies for the higher frequency band ». This band is 
located at 540 cm™ for a pressed-disk sample, and at 
495 cm™ for a single crystal corrected for surface 
reflectivity. The pressed-disk frequency is lowered by 
about 15 cm™! when the higher-index powder TIC is 
substituted for KBr. 

For band v2 the KBr pressed-disk frequency is shifted 
about 40 cm toward lower frequencies when a TIC! 
matrix is used. A value of 340 cm™ has been chosen 
for the single-crystal vibrational frequency, based on 
these powder shifts and on expected band half-widths. 
This value is probably accurate to within 25 cm™. 


Normal Vibrations of the Perovskite Lattice 


An extensive body of theoretical and experimental 
evidence indicates that the absorption bands in the 
infrared spectra of solids are caused by excitation of 
optically active vibrations. In order to interpret these 


TABLE I, Absorption-band centers. 


Single-crystal spectra 


BaTiOs (cubic) 495 

BaTiOs (tetragonal ) 517; 495 

BaTiOs (orthorhombic ) 520; 495 (shoulder) 
BaTiOs (rhombohedral) 532; 490 

PbTiOsg (tetragonal) 610 (shoulder); 535 


Pressed-disk spectra 


BaTiOs (tetragonal) 545 

BaTiOs (hexagonal) 555 

PbTiOsg (tetragonal 590 

SrTiOs (cubic) 610 

CaTiOs (orthorhombic) 540; 700 (shoulder) 
KNbOs (orthorhombic) 660; 550 (shoulder) 
NaNbOs (orthorhombic 675; 510 (shoulder) 
CdTiOg (ilmenite) 575 (broad) » 335 

ZnTiOs (ilmenite) 590 (broad) ; 315 (shoulder) 
MgTiOs (ilmenite) 600 (broad) 350 


(broad ) 


spectra, we can study the vibrations as wave motions in 
periodic structures. In this section we shall qualitatively 
develop the complete vibrational spectrum of a cubi 
perovskite crystal, and indicate the requirements for 
modes which can be excited by infrared radiation. The 
general form of the infrared vibrations can be deter 
mined by the use of lattice-symmetry arguments. 

A crystal of BaTiO; containing N unit cells, each 
with 5 atoms, has 15N degrees of freedom. Of these 
15N modes, there are 3N degrees of freedom related to 
translational motion and 3N to torsional motion of the 
unit cell. The remaining 9N modes are associated with 
vibrational degrees of freedom. 

In the Born-von Kérmén treatment of lattice vibra- 
tions,'? it is shown that each normal mode of a unit 
cell corresponds to N normal modes of the crystal, the 
wavelength associated with the lattice vibration deter- 
mining the phase shift between adjacent unit cells. In 


17M. Born and T. von Karman, Physik. Z. 13, 297 (1912); 14, 
15 (1913). 
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Fic. 11. The infrared-absorption spectra of powdered 


KNbO; and NaNbO, 


the case of optically active vibrations, the phase of the 
lattice vibration must match that of the exciting elec- 
tromagnetic wave. Since the unit-cell dimensions are 
extremely small compared to the exciting infrared 
wavelength, the phase shift between neighboring cells 
is negligible and all equivalent atoms in the lattice can 
be considered to vibrate in phase. A discussion of the 
vibrational frequencies of the unit cell will thus give 
information equivalent to one of the vibrational fre- 
quencies of the complete lattice. 

The nine vibrations of the unit cell can be classified 
by division into three vibrations of Ba against the TiOs 
group, and six internal TiO, vibrations. The interac- 
tions between these motions depend upon the masses 
and restoring forces of the vibrating atoms, and can be 
expected to be small in the case of BaTiO,. The 
Ba-(TiO;) vibrations can be treated by considering the 
TiOs group as a single atom situated at the ‘Ti position, 
and the vibrational problem that of a diatomic crystal 
of equivalent structure (e.g., the CsCl structure), In the 
cubic phase, this will lead to a triply degenerate vibra 
tion since three equivalent axes exist. 

In discussing the vibrational nature of the TiO, 
group, it is considered to be arranged as a central Ti 
atom octahedrally surrounded by six O half-atoms, to 
give the group the correct symmetry properties. ‘This 
octahedron has the symmetry of the point group Oy, 
which has the six species of normal vibrations, A,,, /,, 
Fu, Pin, Pou, Pog, as discussed by Herzberg.!" 


TABLE II, Powder absorption-band centers in BaTiO, 


Index of refraction Absorption 
540 cm"! em 


maxima 
i 


Disk material 


1.48 
1.92 
2.06 
2.25 


KBr 
AgCl 
TICI 
TiBr 


‘6G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 


Company, Inc., New York, 1945), pp. 121 ff 





Fic. 12, Schematic infrared-active normal vibrations of a TiOs 
octahedron; v,;; higher-frequency “stretching” vibration; v2 
lower-frequency “bending”’ vibration 


The requirement that atoms in equivalent positions in 
neighboring cells must perform the same vibrational 
motion reduces this set of normal vibrations to the two 
infrared-active vibrations of the species F,,. The 
infrared-inactive vibrations of species F,, are related 
to the torsional motion of the unit cell. 

If we choose a vertical axis through a ‘Ti-O chain, 
and label the two O half-atoms lying along this chain 
Q, and the four O half-atoms at right angles to this 
axis Oy;, we can illustrate the two F,, normal vibrations 
as shown in Fig. 12. In the first, a “stretching” vibra- 
tion, the motion is primarily that of a change in length 
of the Ti 
tion, that of a change in the Oy, —Ti—O; bond angle. 
Both the relative magnitude and sign of the displace- 
ments will depend on the bond-force constants and 
relative masses of the atoms. Since three equivalent 
axes exist in the case of the cubic lattice, these vibra- 
tions will be also triply degenerate. 

The degree of degeneracy of these two bands in 
structures of lower symmetry may be determined by 
resolving the symmetry types of the cubic point group 
into point groups of lower symmetry, as shown in 
Table III. The cubic triple degeneracy is partially 
removed in the tetragonal structure and each of the 
bands is doubled, In the orthorhombic structure the 
degeneracy is completely removed and each band is 
tripled. The symmetry species present in the rhombo- 
hedral structure are the same as those of the tetragonal 
structure and the bands are again doubled. We thus 
expect three triply degenerate infrared-active vibration 
bands in the spectrum of cubic barium titanate, with 
the degeneracies partially or completely removed in the 
phases of lower symmetry. 

Infrared absorption bands have been observed in the 
vicinity of 500 to 600 cm™ and 350 to 400 cm for 
the various titanates investigated (‘Table I). The higher 


QO; bond; in the second, a “bending” vibra- 


frequency band » will be assigned to the Ti—O, 
“stretching” normal vibration [ Fig. 12(a)] and the 


lower band v2 to the Ti—Oy, “bending” normal vibra- 


tion [ Fig. 12(b) ]. The stretching vibration is expected 


to occur at frequencies higher than the bending vibra- 
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tion, from a comparison of the change in potential 
energy due to repulsive forces between ions in the two 
normal vibrations. A low-frequency band y;, at fre- 
quencies below the available experimental range, will 
be assigned to the cation-(TiO;) vibration. 


Force Constants 


Two interatomic force constants can be determined 
for the various perovskites investigated from the two 
measured vibrational frequencies vy; and v2, by the 
usual normal coordinate treatment. In the present case, 
the potential energy U/ is assumed to have the form 


U } Oe kgs } > koqr’, 


where g,= Azyi— Azo 1 and q,= Azyi— Azo 11, and where 
z is the atomic coordinate in the Ti—O, direction, and 
k, and k are the corresponding force constants. The 
use of this potential function amounts to treating the 
vibrations of the TiO; group separately from the 
Ba— (TiO;) vibrations. This approximation is justified 
in the present little interaction occurs 
between these two sets of vibrations. 


case since 


Tasie LT. Crystal symmetry and rearrangement of symmetry 
species for the four phases of BaTiOs. 


Expected band 


Symmetry Point group structure 


Cubic Single 
Tetragonal Double 
Orthorhombi« Triple 


Rhombohedral Double 


The force constants k, and , for the normal vibra- 
tions may be obtained by solving the secular equation: 
| (yeot-pi) (2k,) —A —po(4ky) 


—po(2k,) 


0 


’ 


(Ho + M2) ( 4ky)—X| 
where yo, “1, and yy are the reciprocal masses of Ti, Or, 
and On, respectively, and A= (2rv)’. 


If we call A bot, B bot Ma, D Mop + Moet Mise, 
and the two observed frequencies \,*/2m and ),!/2z, 


AitAg 4BA Xido 4 
k, ( ) 1+ (1- ) ; 
4A D (Ai+A2)? 
AitAg2 4BA  Xidr2 } 
ks ( ) 1-(1- ) 
8B D (+):)? 


Force constants determined for BaTiO3, SrTiOs, 
PbTiO;, KNbO 3, and NaNbOs, by using the powder- 
sample frequencies of Table I, and for single-crystal 
BaTiO;, by using frequencies of 495 and 340 cm“, are 
shown in Table IV. In these calculations, the slight 


we obtain 
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departure from cubic structure which occurs in all 
materials except SrTiO; has been neglected. 

For the force constants for BaTiO; computed from 
the two sets of data, the stretching-force constant is 
about 5% lower for the single-crystal data than for the 
powder data, and the bending-force constant is about 
30% lower. The force constants computed for the other 
materials, for which only powder data are available, 
are probably also somewhat higher than those corre- 
sponding to single-crystal frequencies. 


Specific Heats 


A comparison of the measured low-temperature 
specific heat of BaTiO; with that computed from the 
sum of the Einstein and Debye specific-heat contribu- 
tions of the various optical and acoustic vibrations 
lends confirmation to the Ti—O vibrational assignments 
for v; and v2, and may be used to determine the low- 
frequency vibration vs; more accurately. 

As discussed earlier, the 15 degrees of freedom of the 
BaTiO, unit cell can be separated into three degrees 


TABLE IV. Computed force constants. 


ke ko 
dynes cm=! dynes cm™! 


0.753 X 105 
0.798 x 105 
1.16 10° 
> 1.04 10° 
1.72 10° 
1.80 10° 


0.417 x 105 
0.638 X 10° * 
0.561 X 10° 
0.602 10° 
0.521 10° 
0.521 10° 


BaTiO; (single crystal) 
BaTiO; (powder) 
SrTiO; (powder) 
PbTiO; (powder) 
KNbO; (powder) 
NaNbO; (powder) 


* The force constants for the BaTiOs powder sample are slightly imagi 


nary for the observed frequencies. Neglecting this very small imaginary 
part leads to the listed force constants and to frequencies separated by 
about 5 cm™! more than the observed frequencies. 


associated with lattice translations, three with infrared- 
inactive torsional vibrations of species F2,, and three 
with each of the three infrared-active vibrations. The 
translational modes will introduce a Debye contribution 
to the specific heat ; the others will be treated as Einstein 
contributions. 

The two measured vibrations v;=495 and 
v= 340 cm~ have Einstein temperatures of 720° and 
490°K. The torsional vibration has a motion similar 
to that of the infrared-active “bending” vibration v2; 
the Einstein temperatures of these two vibrations will 
be assumed to be the same. The ratio of the frequency 
of the Ba—(TiO;) vibration y,; to the limiting trans- 
lational frequency can be estimated by considering the 
TiO; group to be a single atom, and the Ba— (‘TiOs,) 
crystal as a diatomic lattice having the CsC] structure. 
The infrared-active frequency of this lattice, the same 
as that of a one-dimensional diatomic chain, is!’ 


cm"! 


Vopt ” 


%(. Kittel, [ntroduction to Solid-State Physics (John Wiley and 
Sons, Inc., New York, 1953), pp. 65 ff. 
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and the maximum translational frequency 


Vaeoust (1 2m) (2k, M)}, 

where M>m, and k is the force constant associated 
with the vibration. In the present case, the ratio of the 
two frequencies is 


YVacoust m( Til )s) 4 
( ) 0.64. 
Vopt m(TiO3)+M (Ba) 


The molar specific heat under these assumptions is 


T T 
cy iR| fo ) +2fe( ) 
4 720 490 
a T 
T° 0.647; 


The Einstein temperature 7°; for the vibration vs which 
will lead to an agreement with experimental values of 
the specific heat®® can thus be determined. 

The measured C, values may be converted to C, 
values by using the thermal expansion coeflicients given 
by Rhodes,*! and values for the compressibility may be 
computed from the elastic-constant data of Bond, 
Mason, and McSkimin,”* This small C,—C, correction, 
assumed to be linear with temperature, is 0.0014 7, 

The values of the Einstein temperature for the vibra 
tion vz; computed on this basis are shown in Table V. 
The Einstein temperature best fitting the low-tem- 
perature data is about 320°K, corresponding to a 
vibrational frequency of 225 cm™'. Using the one 
dimensional diatomic-lattice approximation, this leads 
to a force constant ky= 0.84 10° dynes/cm for the 
Ba— (‘TiOs) vibration. When referred to the CsCl ar 
rangement, k, is related to the change in separation of 
a plane of Ba atoms on the unit-cell face and the TiO, 
group at the center of the unit cell, directed along a 
[100] or equivalent direction. ‘The force constant 


TABLE V. Specilic-heat contributions of the 
BaTiO, lattice vibrations 


7 T 
if ) 244( ) 
720 490, {(Ts 


0.13 4.0 
0.76 6.1 
2.20 7.8 
3.40 8.7 
5.30 94 
6.45 94 


remp. 
K 


0.002 

; 0.04 
10.2 0.23 
13.1 0.63 
15.8 1.14 
18.0 1.70 


16.0 
18.2 


imed 


* A correction Cp —~Ce =0.0014T has been as 


7 7 
bf(Ts fel ) + if ) 
Ts O6ATs 


”S. 5. Todd and R, E. Lorenson, J. Am, Chem. Soc 
(1952). 

21 R. G. Rhodes, Acta Cryst. 4, 105 (1951). 

% Bond, Mason, and McSkimin, Phys. Rev. $2, 442 (1951) 


74, 2043 
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k,= 0.63 X 10° dynes/cm for a Ba— (TiO;) bond directed 
along a cube body diagonal is } as large as k;, since 
there are eight bonds involved instead of six. 


Compressibility and Elastic Constants 


Considering BaTiO; as cubic, one can compute the 
compressibility from the stretching-force constants k, 
for the ‘Ti—O bond and k for the Ba— (TiO) bond. 
For unit contraction along the three axes of the unit 
cell, six Ti 
and eight 


O bonds are each shortened a distance }, 
Ba—(TiO;) bonds are each shortened a 
distance V3/2, The energy for unit compression is thus 


U=4k,+3k:. 


The energy density of a compressed crystal may be 
expressed in terms of the elastic constants c,; and the 
strain and shear components a; by” 


y 1 " 
U 2 = C pj lj. 


i,j~=l 


lor unit compression of a cubic unit cell of edge length 
L, this becomes 


Us= UL =§L (¢,4+2c2), 


since a= 1/L*. The elastic constants may be replaced 
by the cubic compressibility through B= 3/ (e+ 2c). 
The compressibility in terms of the force constants for 
Ba TiOsg is therefore B= 6L/(k,+-4k,). 

Using values k, = 0.75 10° dynes/cm, k= 0.63X 10° 
dynes/em, and L=4.0%10~* em, the compressibility 
B=7.3X10~" em?/dyne. This can be compared with a 
value for the compressibility of 6.17 10~" cm* dyne, 
computed from the elastic constant data determined 
for single-crystal BaTiO, * (¢,,;= 2.06 10" dynes/cm?; 
Ci2= 1.4010" dynes/cm*). The agreement is reason 
able, considering the potential approximations used and 
the assumption of cubic symmetry. 

A value for the elastic constant c,; may be determined 
directly from the stretching-force constants. For a unit 
linear contraction of one unit cell, two Ti—O bonds are 
shortened a distance 4, and eight Ba—(TiO;) bonds 
are shortened 1/2v3, which leads to the energy relation- 
ships U=4k,+ 4k; 
thus 


Ci (1/L) GRA 42k.) 


keyL. The elastic constant cy, is 


2.00 10" dynes/cm’, 


in good agreement with the value ¢,;= 2.06 10" dynes/ 


cm’, determined experimentally. 


Band Intensities 


Information concerning the change in the electric 
dipole moment with interatomic distance can be ob- 
tained from the integrated intensity of infrared absorp- 
tion bands. The change in dipole moment obtained for 


2) M. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 94 tI 
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a normal vibration is the vector sum of the changes in 
dipole moments of the individual bonds. To determine 
this vector sum, the band intensities were measured for 
v; and v, for the powder spectra of BaTiO;, PbTiOs, 
SrTiO3, KNbO;, and NaNbOs. 

The extinction coefficient & is defined by J trans/J ine 
=¢ **, where J is the intensity of the radiation and x 
is the path length. It can be shown, for the case of a 
system of gas molecules, that the integrated absorption 
intensity is” 


. 82° 
k fron = [(M)™™P, 
3ch 


where N is the number of molecules per unit volume, 
v is the frequency, ¢ the velocity of light, 4 Planck’s 
constant, and (M)""™= fW,uW»*dr the matrix element 
corresponding to the electric dipole transition between 
the states m and mn. By expanding this transition 
moment in a power series in the normal coordinate gq, 
and using the harmonic oscillator approximation, the 
change in electric dipole moment with normal coordinate 
distance is*® 


(dM /dq)?= (3me?/aN x)kx. 


Band areas from the powder data of Figs. 6 and 11 
have been used. Since the low-frequency edge of band 
ve could not be measured in most cases, the area under 
this band was determined from the curve half-width 
areas and the band shape. The normal vibrations are 
not pure bending or stretching vibrations; the reduced 
mass used was that satisfying the energy and momen- 
tum relationships for the normal motions computed 
from the force constants. Table VI shows the values of 

dM/dq| for BaTiOs, PbTiOs, SrTiO3, KNbOs;, and 
NaNbOs, for vibrations v; and vy. In addition, the 
effective charge of the vibrating system was determined 
by the relationship Q= |dM/dq|/V3e, where ¢ is the 
electronic charge. Since the vibrations are triply de- 
generate, the factor of V3 must be included to yield 
the correct value for a single axis. 

It is possible in theory to extend these calculations to 
separate the vector sum of |dM/dq) computed above, 


TasLe VI. Band intensities and derived constants. 


m 
atomic 
mass 

units 


|dM/dq| 
esu) 
cm"? 


Funda Nx 


mental em~? 


BaTiO; v1 1.48 10!* 5.8 

Ve 1 48 10.6 
PbTiO; "1 2 1.74 5.8 
ve 1.74 12.3 
SrTiO; Vv) 0.99 5.9 

Vy . 0.99 13.4 
K NbO; Vv; : 1.06 9,2 
Vo : 1.06 20.2 
NaNbO, Vv; 2 1.10 9.3 
Ve 1.10 20.2 


Compound 


= 


nee nn 
Neon dans vw 


*R.S. Mulliken, J. Chem. Phys. 7, 14 (1939), 





INFRARED 
to determine the individual change in dipole moment 
for each bond taking place in the normal vibration. 
This extension will not be made here, since the results 
of such a calculation are strongly dependent on the 
exact form of the normal vibrations, known only 
approximately because of the simplifying assumptions 
made in calculating the force constants. 

The values obtained for |dM/dq) are similar for all 
of the perovskite materials investigated, and are close 
to the values found by Waldron* for various ferrites, 
where the normal vibrations are also primarily those 
of oxygen ions. Since the values for the change in dipole 
moment obtained for BaTiOg is no larger than that 
obtained for these other nonferroelectric materials, 
there is no abnormally large effective charge in BaTiO; 
for the vibrations in the region investigated. 


Single-Crystal Spectra 


A discussion of the infrared spectrum of BaTiOg up 
to this point has dealt with the expected normal vibra- 
tions of the unit cell, and the use of these vibrational 
frequencies to determine the interatomic force con- 
stants, the vibrational specific heat contributions, and 
band intensities. In these discussions and computations, 
the slight departure of the lattice from the cubic perov- 
skite structure has been ignored. The effect on the 
spectrum of the symmetry changes occurring at the 
various phase transitions will now be discussed. 

The comparison of primary interest is that of the 
cubic and tetragonal spectra, since the material becomes 
ferroelectric when it undergoes the transition to the 
tetragonal state. The slightly broader band in the 
tetragonal spectrum (Fig. 3) is expected since this band 
is now doubly rather than triply degenerate. The band 
intensities are equal for the two phases. This indicates 
that the frequency difference between vibrations parallel 
and at right angles to the polar axis is slight; if one of 
the components of the tetragonal band experienced a 
large frequency change at the transition, it would shift 
out of the range of observation and the tetragonal band 
intensity would decrease markedly. Measurements of 
the maximum absorption while the temperature was 
slowly lowered through the Curie point indicate no 
anomalous intensity jump unexplainable by the slight 
shift of band center; this indicates that there is no 
radical change in the dipole moment with interatomic 
separation at the transition point. 

The polarized-light measurements on the tetragonal 
crystal (Fig. 4) show that the vibrational frequency 
along the polar axis is about 20 cm™ higher than that 
at right angles to the polar axis. Since the unit cell is 
about 1% 
violate the general rule that the vibrational frequency 
the 
shown by x-ray and neutron-diffraction measurements, 


longer along the polar axis, this seems to 


decreases when bond distance is increased. As 


the Ti ion is displaced in the tetragonal phase to a 
noncentral position in the oxygen octahedron, so that 


ABSORPTION STI 
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there are two Ti—Oy, distances of 1.87 and 2.17 A along 
the polar axis, as compared to the Ti— Oy, distance of 
1.997 A at right angles to the polar axis. 

The force constant, the second derivative of the 
potential energy with respect to internuclear separation, 
receives its major contribution from short-order, closed 
shell repulsive forces rather than from Coulomb-attrac 
tive forces at the ionic equilibrium positions. The force 
constant will therefore be more sensitive to a decrease 
of bond length than to an increase, and although there 
is a net increase in the average bond distance along the 
polar axis when Ba TiOs becomes tetragonal, the greater 
effect of decreasing one bond increases the over-all force 
constant and thus the vibrational frequency. The Ti—O 
distance at right angles to the polar axis is practically 
the same as the Ti—O distance of 2.004 A in the cubic 
phase. The fact that the same vibrational frequency of 
495 cm™ has been observed for each of these vibrations 
indicates that no large rearrangement of charge takes 
place at right angles to the polar axis when BaTiO, 
becomes tetragonal. 

The symmetry arguments advanced earlier predicted 
that the band degeneracy should be completely removed 
in the orthorhombic phase and that the band should 
be tripled. However, two of the unit-cell dimensions are 
practically the same, and the slight frequency difference 
between these vibrations resolved. The 
rhombohedral band has the same double degeneracy as 
the tetragonal band, and a double absorption band is 


cannot. be 


observed as expected. 

The explanation of the observed low-temperature 
spectra on the basis of the change in symmetry proper 
ties is strengthened by the distinct changes in spectra 
near temperatures where phase transitions are known 
to occur, and by the absence of changes in band shape 
and intensity in the low-temperature spectrum of 
hexagonal barium titanate, prepared from the same 
starting materials as the perovskite form. 

The infrared spectrum of barium titanate in the 
region investigated can thus be explained on the grounds 
of crystal symmetry and known atomic positions if 
intensity complications caused by different possible 
domain orientations are taken into account; nothing 
has been observed which can be related directly to 
ferroelectric effects. 


Effect of Cation Replacement 

Since the spectra of single crystals have been meas 
ured only for BaTiO; and PbTiOs;, a comparison of the 
spectra, to determine the effect of cation substitution, 
will deal primarily with the pressed-disk measurements, 
where the spectra could be measured under the same 
conditions for each material, The cation substitution 
may be expected to cause spectral changes due to alter 


ations in unit-cell size, crystal structure, and_binding 


energy. 
The qualitative similarity of the powder spectra of 
BaTiOg, SrTiOg, PbTIOg, and CaTiO, is expected in 
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Tasie VII. Vibration bands, band widths, and unit-cell dimen- 
sions for SrTiO,, BaTiO;, and PbTiO. 


Band 
" width “1 


Band Ti-O 
width v2 ¢ axis distance 
cm™ cmt emt cm" A d / 


145 395 130 3.897 3.897 1.948 


100 400 125 4.034 3.994 1.878 
215 405 150 4.152 3.90 1.79* 


Material 
SrI iO, 
BaTiO, 
PbTiO; 


610 
545 
590 


* The shorter Ti —O distance along the polar axis (c axis) is listed 
view of the assignment of the observed vibration bands 
vibrations of the TiOg octahedron. The 
observed band locations can be explained by an inverse 
relationship between atomic separation and vibrational! 
frequency, and the band widths by the degree of 
degeneracy of the band and the resulting departure from 
cubic symmetry (Table VII). SrTiO, is cubic, and band 
vy; is narrower than this band in the tetragonal materials 
BaTiOg and PbTiO;. The band widths of BaTiO; and 
PbTiO; are about 15 cm™ and 60 cm™ greater, respec- 
tively, than that of SrTiOs, about the separations 
observed between the two components of this band 
from single-crystal measurements (Figs. 4 and 8). 
It has been impossible to determine fine structure in 
band vy, for these materials; however, it can be seen 
that this band in BaTiOs and PbTiO; is less symmetric 
than in SrTiOs. 

In the ilmenite structure exhibited by MgTiOs, 
ZnTiOg, and CdTiOs, the oxygen atoms are arranged 


to normal 


in a warped hexagonal close packing, with one-third of 
the interstices filled with Mg atoms, one-third with Ti 
atoms, and one-third vacant.”® Each Ti atom is sur- 
rounded by six O atoms, as in the perovskite modi- 


fication, but the Ti—O chains present in the perovskite 
form no longer occur. In the observed spectra (Figs. 
9 and 10), the band corresponding to the perovskite 
Ti—O stretching vibration is seen to be located in 
about the same position, although exhibiting much fine 
structure. The band corresponding to the low-frequency 
vibration vz, becomes doubled, due to the symmetry 
changes and the radically changed O—O repulsion 
forces. 

The spectra of the orthorhombic perovskites KNbOs 
and NaNbOs (Fig. 11) are similar to that of ortho- 
rhombic BaTiOs, with a shoulder on the low-frequency 
side of the high-frequency band »,, which adds weight 
to the assignment of the observed fine structure to 


2 Ro W.G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951) 
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symmetry effects. Since the vibrations »; and v» are 
primarily motions of oxygen ions, it is reasonable to 
expect that there is little difference between the titanate 
and niobate spectra. The niobate frequencies »; are 
slightly higher than that for BaTiO;, because of the 
smaller lattice size in these matrices*® and the fact 
that the Nb atom has a higher charge than Ti, thus 
increasing the Nb—O force constant. Band v2 occurs 
at a frequency lower in the niobates than the titanates. 
The forces between oxygen and the monovalent cation 
K or Nb are less than the forces between oxygen and 
the divalent cations in the niobates. The low-frequency 
shoulder on band », is located about 100 cm™ below the 
band center in KNbO; and about 150 cm™! in NaNbOs, 
compared to about 15 cm™ in orthorhombic BaTiOs3. 
This is to be expected, since the orthorhombic BaTiO3 
structure is more nearly tetragonal than the ortho- 
rhombic niobates. The angles between the diagonals of 
the base of the orthorhombic unit cells are 90°8’ in 
BaTiO;, 90°16’ in KNbOs, and 90°40’ in NaNbO3.”6 

KNbO; is ferroelectric at room temperature, while 
NaNbO, is antiferroelectric. In the ferroelectric ar- 
rangement, the slight atomic displacements from a 
symmetrical arrangement are in the same direction in 
all unit cells; in the antiferroelectric arrangement, 
neighboring cells have displacements in opposite direc- 
tions. No differences between the spectra of KNbO; 
and NaNbOy were present which could be related to 
this effect. 
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Single crystals of silicon exhibit optical scattering between 1 and 3 yw after a heat treatment at 1000°C 
The Tyndall effect was observed in such samples by using an infrared image tube. The number of donor 
states, produced in silicon during a 450°C heat treatment, increased rapidly with increasing oxygen concen 
tration of the sample. These effects were found in silicon crystals which were pulled from quartz crucibles ; 
they could not be detected in samples prepared by the floating-zone technique in vacuum. 


INTRODUCTION 


ECENT investigations have shown that silicon 
crystals pulled from a quartz crucible contain 
oxygen as an impurity.!? The concentration can be as 
high as 10'* cm~*. The silicon-oxygen molecular vibra 
tion in these specimens gives rise to an infrared absorp- 
tion band at 9 u. The absorption at 9 uw is proportional 
to the oxygen concentration after taking into account 
a small lattice band of 0.8 cm™ in the 9-u range. Thus 
infrared investigations are a sensitive tool for deter- 
mining the local oxygen content in a silicon sample. 
Fuller, Ditzenberger, Hannay, and Buehler* have 
reported the formation of over 2X 10!® donors per cm*® 
after silicon crystals were heat-treated between 350 
and 500°C. The donor states can be annihilated by a 
subsequent heat treatment above 800°C. Heating the 
silicon specimen for twenty hours at 1100°C “stabilizes” 
the sample, and no further donor states can be produced. 
New observations were made on the electrical and 
optical properties of silicon after a heat treatment at 
1000° and 450°C. There is strong evidence that the 
presence of oxygen as an impurity is connected with a 
number of these heat-treatment effects. 


EXPERIMENTAL 


The measurements were made with a Perkin-Elmer 
double-pass spectrometer with a Dewar attachment for 
low-temperature investigations. Special devices for 
scanning the samples in the infrared were employed in 
a number of experiments. The slit width used is indi- 
cated in Figs. 5 and 6. The silicon samples were heat- 
treated in a quartz tube using helium as an inert gas 
atmosphere unless stated otherwise. The electrical and 
optical measurements in Part B were made on silicon 
rods of about 3X3 mm in cross section cut from the 
more homogeneous center of the pulled crystal. All the 
crystals investigated were rotated during the pulling 
process. It should be emphasized that all the effects 
reported upon are bulk effects on silicon single crystals 


with carrier concentrations less than 10!° cm~*. 


1 Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

2H. J. Hrostowski and R. H. Kaiser, Bull. Am. Phys. Soc. Ser. 
IT, 1, 295 (1956). 

3 Fuller, Ditzenberger, Hannay, and Buehler, Phys 
833 (1954) and Acta Metallurgica 3, 97 (1955). 
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A. Heat Treatment at 1000°C 


Silicon samples cut from crucible-pulled ingots exhibit 
a number of interesting effects after a heat treatment 
at 1000°C (+59). The observations may be summar 
ized as follows: 

1. In all the samples investigated, the absorption 
band at 9 w decreased and broadened slightly after 
prolonged heat treatment. The time dependence of 
this annealing effect varied greatly from sample to 
sample. An example is shown in Fig. 1, where the 
decrease of the band maximum at room temperature 
and at 90°K is plotted against annealing time. The 
smallest after heat 
treatment of 50 hours was 1.5 cem™!. The decrease in 


absorption coefficient observed 
absorption is homogeneous throughout the sample. 

2. Essentially the same decrease in the absorption at 
9 » was observed in vacuum of 2 10°° mm Hg pressure 
as well as at one atmosphere of argon, helium, and even 
oxygen. This indicates that the optical effect described 


in Sec. A.1 is independent of the ambient gas. 





4—A 300° k 
O---O 90° K 


(cm-') 


ABSORPTION COEFFICIENT 








4 J 
40 50 60 





TIME (HOURS) 


Fic, 1. Decrease of the absorption maximum in the 9-4 range 
measured at 300°K and 90°K. The sample was heat-treated at 
1000°C in a vacuum of 2X10°° mm Hg pressure 


‘In agreement with investigations by Lederhandler, Debye, 
and Statz (private communication) 
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Fic, 2. The absorption edge of silicon at 300°K before (a) 
and after (A) a heat treatment at 1000°C for 45 hours; the 
absorption coefficient of the same heat treated sample measured 
at 90°K (O). 


3. After prolonged heat treatment (10 hours or 
longer), a distinct tail of the fundamental absorption 
edge at 1.2 ¢ appears, which increases with time of heat 
treatment. In Fig. 2, the absorption coefficient, after a 
heat treatment of 45 hours, is plotted against wave 
length on a log-log scale. The straight line with a slope 
of 3.4 indicates that @ is proportional to \-*4. At 90°K, 
the absorption edge shifts to shorter wavelength® and a 
larger portion of the temperature-independent tail can 
be measured, For comparison, the sharp edge of the 
fundamental absorption of the same sample, previous 
to the forty-five hour heat treatment, is also plotted in 
Vig. 2. The wavelength dependence of the tail differed 
only slightly from sample to sample; the magnitude, 
however, showed variations within the same sample 
and between samples after a certain time of heat treat- 
ment in vacuum. In sample areas where the 9-4 absorp- 
tion had shown a greater decrease, the scattering in- 
tensity was found to be larger. Samples with strong 
fluctuations in the absorption at 9 yw along the pulling 
axis exhibited similar fluctuations in the absorption 
coefficient at 1.2 wu. 

There was no indication of a tail in the absorption 
edge in samples prepared in the floating-zone equip- 

°H. Y. Fan and M. Becker, Proceedings of the Reading Confer 
ence (Butterworths Scientific Publications, London, 1951). G 
G. MacFarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 
W, C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955), 


ment, even after heating the specimen in vacuum for 
70 hours. 

4. Samples with an additional absorption between 1 
and 3 exhibit optical scattering known as the Tyndall 
Effect. This can be demonstrated by the experiment 
outlined in Fig. 3. A rectangular silicon sample is 
polished on four sides and infrared radiation (A> 1.1 yw) 
penetrates the specimen through a diaphragm D,. At 
the same time, the light path through the sample can 
be seen with an infrared image tube through diaphragm 
D,. Using a polarizer in position A only, it was proven 
that the scattered light is polarized with the electrical 
vector E perpendicular to the plane of Fig. 3. With a 
polarizer in position B only, radiation could be observed 
through diaphragm D,, whenever the incident light had 
an £ component perpendicular to the plane of Fig. 3. 
Two photographs, taken through the infrared image 
tube, are shown in Fig. 4. In Fig. 4(a) the light pene- 
trates the sample perpendicular to the pulling direction 
of the sample, while in Fig. 4(b), the incident light 
beam traverses the sample parallel to the pulling axis. 
In Fig. 4(a), the scattered intensity is uniform over the 
total width of the sample, but in Fig. 4(b) fluctuations 
of scattered intensity can be seen. The bright stripes 
follow the growth rings of the crystal and can be 
explained by fluctuations of the oxygen concentration 
in the sample. 

5. Vacuum fusion analysis® gave no indication within 
experimental error of a change in oxygen concentration 
of a sample after heat treatment at 1000°C. A slice of a 
silicon single crystal, cut perpendicular to the growth 
direction, was found to have an absorption maximum at 
9 w of 5.2 cm”. After a forty-nine hour heat treatment of 
one-half of the slice, the absorption decreased to 1.9¢m™'. 
Both halves were then checked for oxygen concentration 
by vacuum fusion analysis and it was found that the 
untreated half had 15 ppm (parts per million), while 
the treated half showed 14 ppm, indicating that the 
oxygen unchanged within the 
experimental error (2 ppm). 


concentration was 


Si SAMPLE 


= (TUNGSTEN 
LAMP 


INFRARED 
IMAGE TUBE 











lic, 3. Schematic arrangement used to investigate the 
Tyndall Effect in silicon. 


6 The vacuum fusion analysis was made by the National Re 
search Corporation, Cambridge, Massachusetts 





PROPERTIES 


(a) (b) 


Fic. 4. Photographs taken through an infrared image tube 
showing the Tyndall Effect in silicon heat treated at 1000°C. 
The incident light beam is (a) perpendicular, (b) parallel to the 
pulling direction of the sample. (Magnification 3X.) 


6. Heat treatment at 1350°C for ninety hours did 
not change the absorption at 9 uw in the body of the 
specimen and did not give rise to an additional absorp- 
tion between 1 and 3 yu. The situation was quite different 
in samples where a preceding heat treatment at 1000°C 
had decreased the absorption band at 9 yw. In this case 
a heat treatment at 1350°C lasting for only thirty 
minutes restored the absorption maximum at 9 uw toa 
large extent.’ 

7. The concentration of free carriers changed by less 
than 10'!° cm~ during the heat treatment. Free carriers 
in silicon give rise to absorption which is proportional 
to the carrier concentration.® Increasing carrier concen 
tration would have shown up in the absorption measure- 
ments as an increasing background, yet during heat 
treatment studies at 1000°C absorption caused by free 
carriers was never detected. From this it can be esti 
mated that the concentration of free carriers was defi- 
nitely less than 10'° cm? at any time. This is in agree- 
ment with resistivity measurements on a number of 
heat-treated samples. 

DISCUSSION OF THE HEAT TREATMENT 
AT 1000°C 


Krom the scattering phenomena described in Secs. 
A.3 and A.4 it can be concluded that centers having a 
dielectric constant which differs from that of the silicon 
matrix are formed during the heat treatment at 1000°C. 
There are several facts which suggest that oxygen as an 
impurity can form scattering particles in silicon: (a) 
After treatment in vacuum the scattering effect could 
be observed only in silicon crystals pulled from a quartz 
crucible. (b) The scattering intensity followed roughly 
the fluctuations of the oxygen concentration in the 
specimen. (c) When one considers the scattering cen 
ters as being a precipitate of an impurity, then oxygen 
is the only impurity known to be present in these 
samples (with carrier concentration of 10% to 10" cm *) 


in a concentration of the order of 10'7 em~*.* 


7 The increase in absorption at 9 w during a subsequent heat 
treatment at 1350°C was first reported by S. Lederhandler 

*H. B. Briggs, Phys. Rev. 77, 727 (1950); H. Y. Fan and M 
Becker, Phys. Rev. 78, 178 (1950); W. G. Spitzer and H. Y. Fan, 
Bull. Am, Phys. Soc. Ser II, 1, 126 (1956) 

* Oxygen is not the only source which can give rise to scatter 
ing in silicon. Small scattering due to other impurities was 
detected in certain samples 
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A possible picture, quite consistent with the experi 
mental findings presented in this paper, is as follows: 
during the heat treatment at 1000°C, the oxygen atoms 
in the silicon lattice group together into clusters of high 
oxygen concentration. Since SiO, is the equilibrium 
phase of the silicon oxides at 1000°C,’ it can be expected 
that oxygen in silicon will have the tendency to form a 
network of SiO, tetrahedra.” The clusters have an 
index of refraction m smaller than that of the silicon 
matrix (#%=3.6). When it is assumed that there are 
dense SiO, particles with m= 1.5, then the number and 
size of these scattering centers can be estimated from 
the experimental values (lig. 2). For spherical particles 
with than the wavelength, the 
absorption coefficient due to Rayleigh scattering" is 
known to be 


n?— ng 27 N69! 
a=24n'N ,V? ), (1) 
n*+-2no? ‘ 


is the number of scattering centers per cm’, 


diameters smaller 


where .V, 
V is the volume of the particles, and A is the wavelength 
in air. The agreement between the slope of 3.4 in Fig. 3 
and the value of 4 according to Eq. (1) is satisfactory, 
considering the assumption made above. With .V» the 
total number of oxygen atoms per cm* present in the 
specimen, the volume is determined as 


Vo/ M 
( (2) 
V,\2pA 


OO ¥), 


where M is the molecular weight of SiO, (M 


p is the density (p= 2.3 g cm™*), and A is Avogadro’s 


249? 4 NoM \2 7 W?— no? \?2 no" 
ares 
a 2pA n?+-2n¢ MM 


With the experimental values of a=1.0 cm! at A 

1.15 uw (see Fig. 2) and No=10'* cm“, the number of 
scattering centers is calculated to be 5 10'® cm™. The 
number of cluster is No/N,=2 
10’. The diameter of these centers is determined as 
d=0.1 uw. This value is quite feasible for the average 


number 


oxygen atoms per 


effective diameter of the particles and can explain the 
absorption caused by Rayleigh scattering (Fig. 2) as 
well as the Tyndall effect (Tig. 4) 

From the cluster formation it can be estimated that 
during the heat treatment oxygen diffuses for distances 
of only 10°* to 10 
tration of the sample will remain essentially constant 


‘cm. Therefore, the oxygen concen 


9H. N. Potter, Trans. Am. Electrochem. Soc. 12, 191 (1907); 
G. Grube and H. Speidel, Z. Elektrochem. 63, 339 (1949); H. V 
Wartenberg, Z. Elektrochem. 63, 343 (1949 ' H. Schaefer and 
R. Hoernle, Z. anorg. u. allgem. Chem. 263, 261 (1950); G 
Hass, J. Am. Ceram. Soc. 33, 353 (1950); L. Brewer and R. K 
Edwards, J. Phys. Chem. 58, 351 (1954) 

" Tn an initial state possibly interwoven with the silicon matrix 

" Only scattering need be regarded, since silicon and the silicon 
oxides do not absorb in the wavelength range considered here 
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which is in agreement with the vacuum fusion analyses 
(A.5). It also explains the fact that the heat treatment 
results are independent of the gaseous ambient (A.2). 

It is to be expected that the small silicon-oxide 
clusters contribute to the absorption at 9 yw. For a 
constant oxygen concentration in the sample, the 
absorbing power is different for oxygen which is highly 
dispersed in the silicon lattice’ and for clusters of high 
local oxygen concentration. In the latter case, one is 
dealing with absorbing particles of complex index of 
refraction, m=n—inx imbedded in a dielectric medium 
no. Mie” has given a general treatment of the optical 
properties of spherical absorbing particles within a 
dielectric mo. With the data obtained so far, it is possible 
to estimate the absorption coefficient at 9 » as follows. 

The absorption coefficient of \V, particles, each of 
volume V, is given by 


Orny m' — ung? 
a= N,V Im{ u- ), (4) 
r m'+-2wny 


where Im denotes the imaginary part of the bracket. 
u, v, and w are complicated functions of y=mdno/); 
they approach unity for y—0. In the present case there 
is y <0.2, since d=0.1 yw, as calculated above. It can be 
proven that here @ is in error by less than 10%, if 
1 is applied. For this calculation, the reason- 
1 is made, and mx=2 is deter- 


u=v=W 
able assumption of n 
mined from absorption measurements on thin SiO, 
films.' Equation (4) can now be rewritten as 

36mr No NN 
N,V ary ae 
r (n?+-n*x*)* 4-4 (ng? +n? — n’x*) 


Ihe product VV, is determined by Eq. (2), and a is 


calculated as 0.4 cm™'. This absorption coefficient at 
9 w is quite consistent with the experimental results. As 
discussed in Sec. A.1, the absorption can decrease to 
about 1.5 cm™ after a heat treatment of fifty hours. At 
present the residual absorption band at 9 « cannot be 
analyzed completely because it is composed of the 
“background absorption” of 0.8 cm™, the absorption 
corresponding to the silicon oxide clusters, and that of 
the oxygen atoms which might still be in solid solution. 
To separate the last two components, more extensive 
investigations of heat treatment at different tempera- 
tures are necessary. 

The results up to this point may be viewed as follows: 
During the pulling process, oxygen enters the crystal 
via the melt. Most of the oxygen might be frozen in, 
remaining in a dispersed form, as was discussed earlier.’ 
A partial grouping of oxygen will occur at nucleation 
centers during the normal! cooling process of the crystal. 
Heat treatment at around 1000°C forms dielectric 


8G, Mie, Ann. Physik 25, 377 (1908). The absorption is given 
by a series. For y <0.2 and the values for n and nx used in this 
calculation, only the first term has to be considered; the higher 
terms contribute less than 1%. 
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particles® within the silicon sample. The precipitation" 
of an impurity depends very largely upon nucleation 
centers in the crystal. Dislocations play a significant 
role in this respect.’* It is not surprising, therefore, that 
variations in the heat treatment effects were observed 
among different samples. Subsequent heat treatment at 
higher temperatures (1350°C) seems to reverse the 
clustering of the oxygen atoms, probably because of 
the larger solubility of oxygen in the silicon lattice at 
this temperature. 


B. Heat Treatment at 450°C 


It was found that in many silicon crystals the oxygen 
concentration varied greatly along the pulling axis. This 
fact was utilized to demonstrate the close relationship 
of the local oxygen concentration in the sample to the 
formation of donor states during a heat treatment at 
450°C, 

The results of optical and electrical measurements on 
a silicon sample before and after heat treatment are 
presented in Fig. 5. In Fig. 5(a) the absorption coeffi- 
cient at 9 w« was measured along the length of a silicon 
crystal. There is an increase of oxygen content from 
the top to the bottom of the ingot. The starting ma- 
terial consisted of silicon needles (Du Pont) which con- 
tained little or no oxygen. During pulling (in vacuum), 
the melt obviously picked up increasing amounts of 
oxygen through contact with the quartz crucible. Prior 
to heat treatment, the p-type sample showed a more or 
less uniform decrease in resistivity from top to bottom 
with a small maximum at a position 26 mm from the 
top. After heat treatment at 440°C for thirty minutes, 
strong changes in the resistivity profile'® of the sample 
appeared [ Fig. 5(b) ], which indicate the formation of 
donors. The similarity between the fluctuations in the 
oxygen concentration'’ [Fig. 5(a) ] and the resistivity 
profile after the heat treatment [Fig. 5(b) | is quite 
striking. There is a definite increase in donor formation 
at points of higher oxygen concentration. The optical 
pattern [ Fig. 5(a) ] does not change during the short 
heat treatment at 450°C. This might not be surprising, 
since the electrical data indicate changes of the order 
of 10" cm~* whereas the absorption of several cm~ at 
9 » corresponds to an oxygen concentration of the order 
of 10" cm. 

48 Since the dielectric constant will be smaller in these areas 
than in the surrounding silicon, the electric field will be accordingly 
higher. This fact might have consequences in the high fields of a 
p-n junction in the breakdown region, as pointed out by L. Apker 
(private communication). 

“4 Preliminary measurements indicate that heat-treated samples 
show larger and more uniform etch pits than untreated specimens. 
Precipitation can enhance the etching process. 

16 Pearson, Read, and Feldmann, Bull. Am. Phys. Soc. Ser. II, 
1, 295 (1956). 

‘6 A micromanipulator was used for the electrical measurements 
in Fig. 5(b). Each point represents an average over 1 mm length in 
the untreated and 4 mm length in the treated sample. Up to 
18 mm, the two curves coincide within the experimental accuracy. 

17 The strong changes in oxygen concentration along the length 
of the ingot are the result of small temperature fluctuations during 
the pulling process. 





PROPERTIES OF 

A more quantitative correlation between the oxygen 
concentration in the crystal and the production of 
donors can be obtained from samples with less pro- 
nounced fluctuations in oxygen concentration. In Fig. 6 
the absorption coefficient at 9 wu and the resistivity 
before and after a heat treatment for 105 minutes were 
measured along the length of an n-type specimen (pulled 
in argon atmosphere). The decrease in resistivity [ Fig. 
6(b) |, corresponding to the formation of donors during 
the heat treatment, again follows the absorption pattern 
[ Fig. 6(a)]. Similar measurements were made on a 
number of different crystals, covering absorption co- 
efficients at 9 « from 2 cm™ to 7.1 cm™. During the 
first two hours of treatment, the formation of donors 
was found to be approximately proportional to the 
time of treatment.'® From the change in resistivity 
during the treatment, the number of donor states 
produced per minute, Vp, was calculated.'® The oxygen 
concentration [O] is proportional to a—0.8, where 
a is the absorption coefficient at 9 uw. In Fig. 7 the 
data of 4 n-type samples are summarized.” The num- 
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Fic. 5. (a) Absorption coefficient at 9 «4 measured along the 
pulling axis of a silicon crystal; top of the crystal to the left. 
(b) Resistivity of the same sample (p-type) before (0) and after 
( @) heat treatment at 450°C for 30 min. 


18 After prolonged heat treatment a different time dependence 
sets in. (See reference 3.) 

19 The assumption was made that all the impurity states are 
ionized at room temperature. For mobility data used, see M. B. 
Prince, Phys. Rev. 93, 1204 (1954). 

* At the bottom part of one crystal, deviations from Fig. 7 
were found up to a factor of 10. 
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Fic. 6. (a) Absorption coefficient at 9 u measured along the 
pulling axis of a silicon crystal; top of the crystal to the left 
(b) Resistivity of the same sample (n-type) before (0) and after 
( @) heat treatment at 450°C for 105 min, Resistivity of a parallel 
cut before (0) and after (~-) heat treatment at 1000°C for 
30 min. 


ber of donors produced per minute at specific points 
of the sample is plotted against the measured value of 
a—0.8. Np increases rapidly with increasing oxygen 
content. The empirical line in Fig. 7 has a slope of 4. 


DISCUSSION OF THE HEAT TREATMENT 
AT 450°C 


The strong dependence of \p on the oxygen concen- 
tration can explain a number of experimental findings. 

Fuller et al.’ reported first that the skin of a pulled 
crystal is less affected by a heat treatment at 450°C than 
its center, Optical measurements during the present 
study along the cross section of a crystal have shown 
that the oxygen concentration increases rapidly a short 
distance below the surface and reaches its maximum 
value in the center of the crystal. The number of donors 
produced during the heat treatment is therefore larger 
in the center of the crystal than in the skin area. 

There is a similarity between the absorption pattern 
(Fig. 6(a)] and the resistivity profile of even the 
untreated sample [ Fig. 6(b) |. This fact suggests that 
during the normal cooling process in the pulling system, 
the sample experiences a “heat treatment” long enough 
to produce donor states of the type discussed above, 
A sample with the same initial properties as the 
untreated specimen in Fig. 6(b) (a parallel cut from 
the same ingot) was heat treated for 30 minutes at 
1000°C to annihilate thermally introduced donors.’ As 
expected, the resistivity profile is changed quite con 
siderably, and resistivity fluctuations corresponding to 
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Fic. 7. Number of donor states Np produced per min during 
a heat treatment at 450°C as a function of the absorption coeffi 


cient a at 9 yw. The different symbols represent data obtained 
from different crystals 


oxygen fluctuations disappeared (see Fig. 6 around the 
30-mm mark). Similar effects were observed in a number 
of samples. In general it can be said that the resistivity 
profile of a high resistivity silicon sample can be 
greatly affected by the formation of donors during the 
normal cooling of the crystal. 

At present, it is not possible to give a final picture of 
the physical nature of the thermally introduced donors. 
Nothing is known about the interaction of oxygen with 
lattice defects and with other impurities. Spin resonance 
experiments and more data concerning the energy levels 
of thermally introduced donors* will be of great value 
in solving this problem. In Fig. 7 it was demonstrated 
that the initial rate of donor production is proportional 
to the fourth power of the oxygen concentration in the 
sample. One is therefore tempted to speculate that 


Morin, Maita, Shulman, and Hannay, Phys. Rev. 96, 833 
(1954). These authors determined from Hall measurements as a 
function of temperature three energy levels in samples annealed 
at 475°C, 


SiO, | complexes are formed during the heat treatment 
at 450°C, which give rise to singly or multiply charged 
electrically active donor states. At higher temperatures 
larger units of silicon-oxide of considerably smaller 
number may be formed (owing to the higher diffusion 
constant). It is interesting to note that silicon no longer 
produces donor states at 450°C after the sample has 
been previously heated for more than twenty hours at 
1100°C, Clustering of oxygen was suggested at this 
temperature in conjunction with the scattering effects 
demonstrated in Part A. There seems to be insufficient 
oxygen remaining in solid solution to produce an appre- 
ciable number of donor states. 


SUMMARY 


During prolonged heat treatment at 1000°C, the 
absorption band at 9 uw decreases while the oxygen 
content of the sample remains essentially unchanged. 
This effect can be explained by the clustering of silicon 
oxide into particles of smaller dielectric constant than 
the silicon matrix. Rayleigh scattering was measured 
close to the fundamental absorption edge of silicon 
permitting an estimate of the number and diameter 
of the scattering centers as 5X10!" cm and 0.1 4g, 
respectively. The Tyndall Effect was observed in 
such samples using an infrared image tube, and the 
scattered light was proven to be highly polarized. 
Inhomogeneous scattering was attributed to small-scale 
fluctuations in oxygen concentration associated with 
the growth-ring pattern of the crystal. Even stronger 
changes in oxygen content were measured over wider 
ranges along the pulling axis of silicon single crystals. 
Heat treatment at 450°C produced donor states in 
such samples depending upon the oxygen concentration 
of the specific area in the sample. The number of donor 
states produced during a heat treatment increased 
rapidly with the measured oxygen concentration. 
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A general method is described for experimentally obtaining all components of the magnetoresistivity 


tensor; thence the components of the magnetoconductivity tensor (£&) can be computed 


The method is 


specialized to cubic materials to obtain L(p), where ¢ is the angle between H and the [001 ] direction in a 


\ 


(100) plane. Mass tensor theory has been developed into a convenient form and applied to this experiment 
for the three spheroidal cases. Expressions for determination of the mass ratio (K) have been derived 
The experiment has been performed on n-type germanium and silicon, verifying the known band structures 
by means of the angular dependence of &(@). K has been determined for germanium from 65°K to 200°K 


I. INTRODUCTION 


HE usual theories of the behavior of semicon- 

ductors under the influence of electric and 
magnetic fields lead directly to the magnetoconductivity 
tensor (£), whereas the usual voltage measurements, 
due to an applied current, result in the magnetoresis- 
tivity tensor (?= £"'); the Hall constant and magneto- 
resistance being proportional to two components of P. 
Comparison of theory and experiment can be made 
either by mathematical inversion of £ for comparison 
with selected components of ? or by the much easier 
arithmetical inversion of / if a suitably designed experi 
ment can be carried out to obtain the independent 
components. The band structure of n-type germanium 
and silicon has been determined from de galvanomag 
netic measurements by several investigators! ° over the 
past several years using the former approach; their 
conclusions have been in close agreement. We shall be 
concerned here with a method for using the latter 
approach and in particular with its application to 
verifying the band structure of u-type germanium and 
silicon by utilizing the dependence of £ on the position 
of H in the crystalline lattice. We have reported a 
preliminary investigation of this approach;® its ad 
vantages include a more direct correlation between 
theory and experiment which holds for all H— much of 
the band structure information can be obtained without 
evaluating the transport integrals. Thus, only very 
broad restrictions need be made on the form of the 
relaxation time, 7; on the other hand, knowledge of 
the transport integrals directly involved in the theory 
can make possible a more detailed investigation of r. 
Similar, although less general, experimental methods 
have been mentioned by McClure? and Juretschke.* 


* A Division of Union Carbide and Carbon Corporation 

1B. Abeles and M. Meiboom, Phys. Rev. 95, 31 (1954) 

2M. Shibuya, Phys. Rev. 95, 1385 (1954). 

+ W. M. Bullis and W. E. Krag, Phys. Rev. 101, 580 (1956) 

*C. Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956) 

6 L. Gold and L. Roth, Phys. Rev. 103, 61 (1956 

*R. M. Broudy and J. D. Venables, Phys. Rev. 103, 1129 
(1956) 

7J. W. McClure, Bull. Am. Phys. Soc. Ser. II, 1, 255 (1956) 

5H. J. Juretschke, Acta Cryst. 8, 716 (1955) 


Il. METHOD FOR MEASURING ALL 
COMPONENTS OF P 


Consider three typical rectangular samples cut from 
a single crystal, in a Cartesian coordinate system as 
shown in Fig. 1, H can be oriented in any direction, 

This arrangement just suffices to obtain all nine 
components of P. (Only six are independent.) ‘The 
sample shapes require that for samples A, B and C, 
the current be in the x, y and z directions, respectively. 
Thus, the components /?,,; are measured on A, /’42 on 
B, and Py; 0n C, For example, ?\,; and P2; are measured 
with the usual resistivity and Hall probes. /’y; 1s 
measured with Hall probes on top and bottom of the 
sample (or one can turn the sample 90° about the x axis 
and keep the Hall probes in the usual position—H 
being moved similarly), and the other components 
follow similarly from samples B and C, One requires 
only that for any set of components of ?, the magnitude 
and orientation of H with respect to the crystal lattice 
remain unchanged. 

In most cases, attention to the particular crystal 
symmetry involved will simplify the experimental 
difficulties. In addition, it is advantageous to choose the 
coordinate system in such a manner that the position 
of H can be easily determined and will have significance 
for the theory ; this will usually be such that H remains 
in one of the coordinate system planes which will be 
chosen as one of the major planes of crystalline sym- 
metry. For cubic materials, which are here considered, 
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Experimental arrangement for measuring all components 
of the magnetoresistivity tensor 
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Fic. 2. Experimental arrangement for measuring all components 


of the magnetoresistivity tensor for a cubic material with H in a 
cubic plane. 


we choose the coordinate system to_be on axes of cubic 
symmetry, thus making all three samples equivalent 
hence, measurements need be taken on only one sample 
of this type, as shown by Fig. 2. Thus, we shall obtain 
P(), where H is rotated in a (100) plane at the angle @ 
with respect to an [001] direction. £(@) is then found 
by arithmetical inversion of P(@). 

It should be noted that galvanomagnetic measure- 
ments are quite sensitive to inhomogeneities and, in 
order to obtain valid results, the electrical properties 
of the material must be essentially uniform over the 
samples chosen. The presence of nonuniformities will 
usually be indicated by the deviation of components 
of P(@) from necessary angular symmetry.’ For 
example, in a (100) system, P;,(0°) must= ?;,(90°), 


Ill. ANGULAR DEPENDENCE OF & 


In the above-described experiment, the components 
of £ must have the following angular dependence for 
spherical energy bands and isotropic relaxation time 
(r): (1) Lul@)=Ci; (2) L2(o)=Cit-C; sin*p; (3) 
Lya=Cy+C, cos’; (4) La =Cycosd; (5) La=—Cs 
sind; (6) Losy=C,singcosd. If the energy band 
structure and/or 7 are not spherical, the components 
of £ do not follow these simple angular relations—and 
it is this deviation which can be used to indicate the 
type of anisotropy of the material. In this work we 
investigate the angular variation of £(@). 


IV. GENERAL MASS TENSOR THEORY OF 
MAGNETOCONDUCTIVITY 


The ellipsoidal energy dependence is 


E= (h?/2) (ke /mrt hy /myyt:*: 
tkeky/MmMeyt:+:), (1) 
and components of the reciprocal mass tensor are 
given by 
(M~"),,= (1/h)*(@E/Ok,Ok,). (2) 


* We have discovered anomalous magnetoresistance effects in 
n-type InSb single crystals due to inhomogeneities. 
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The distribution function for the mass tensor theory 
was obtained by Bronstein’ and by Blochinzev and 
Nordheim" in a slightly different form. Making use of 
both theories, we obtain the current density in the 
following form: 

é e 
j= -r oM~)F+——--()/ pMH) XF 

6r®L IM\c « 


c 


1 
+ (e/c)?(>- \)HH- | (3) 
|M| , 


where the >,’s represent sums over multiple ellipsoids 
(>>, meaning sum over valleys in Herring’s termi- 
nology), and where 


(8 fo/ AE) r(E) Ed 

, if +[er/c?(MH-H/|M])’ 
(8 fo/ dE) Edo 

“ J; +[er/c?(MH-H/|M]|) 
(0 fo/OE) r° EdQ 

” IF +[er/c#(MH-H/|M|) 


The integrals are scalars but depend on the orientation 
of H through the MH-H factor. 

The integration over dQ simplifies to an integration 
over dE: 


f F(E)dQ=[4(2m)8/h*]'m,mym,}} f F(E)EME. (5) 


Thus, for Boltzmann statistics, the integrals are of 


the form 
fe EIkT > Fd F, 


where m,, m,, and m, are the principal axis values of 
the mass tensor. This can be written as follows: 


=|i/(—) |-or tux F+dHH-F 
6n* 


=6F+uxF, 
where 


B=a+dHH, 


a=> oMu 2 pMH 


v |\M\c v 


ri ()(s. jz nis tes 


” M. Bronstein, Physik. Z Sowjetunion V2, 28 (1932). 
"DPD. Blochinzev and L. Nordheim, Z. Physik 84, 168 (1933). 


=r > pMH, 
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j= (—e/6n*)(8+7)F= LF, 


J=(8+y7)F=LF, (8) 


where 8 is a symmetric tensor, which is even in H and 
y is an antisymmetric tensor which is odd in H. Equa- 
tions (6), (7), and (8) determine the method for 
calculation of L for any multiple ellipsoid energy band 
system. 


V. MAGNETOCONDUCTIVITY THEORY FOR CUBIC 
MATERIALS ON CUBIC AXES 


We consider here the calculation of components of L 
for H in the (100) plane at an angle @ with respect to 
the [001] direction. The effective configurations for 
the three possible spheroidal arrangements (see, e.g., 
Shibuya’) are shown in Fig. 3. 

The 100’s remain as shown. The 111’s can be con- 
sidered to coalesce to form a set of two ellipsoids with 
the three major axes as shown, two on the 45” positions 
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Fic. 3. 


Effective spheroidal configurations for cubic materials 
with H in the (100) plane. 


and one in the x direction. The 110’s coalesce to form 
two oblate spheroids (if the original spheroids are 
considered prolate) with the major axes on y and g 
directions as shown, the other two prolate spheroids 
remaining at the 45” positions. The magnetoconduc 
tivity components for these three cases are calculated 
in Appendix A. 

The explicit results for L,,; for the three cases, 
where in the principal axis system of an 001 spheroid 


E= fh (k.2+h,?)/b+k,?/a], are: 


2+ (wr)?(1+a/b) 


1+ (wr)?(1+4/b)+ (wr) (a/b) +3 (1—a/b)?(sin2p)? | |’ 


2+ (wr)?(2)(2+a/b) 


1 b O fo 
Lut=4(-) (2+ yf( ) reaa| 9 
b a OF 1+ (wr)?(})(2+a/b)+ (wr)*($) (2+4/b)?— (1 a/b)?(sin2p)?}} 


Li°= 


} 
1+ (wr)*?(1+a/b)+ (wr) *( me +a/b)?—(1—a b)*(sin2p)? | 


w= (eH)/(ab)'c. 


These components are for 3, 4, and 6 spheroids, respec- 
tively, and should be multiplied by 2 for 6, 8, and 12 
spheroids. As might be expected from observation of 
Fig. 3, Li,4 and Ly,* are of the same angular form 
(except for a constant term) but displaced by 45° and 
Ly° is of the angular form C\14,4+C2L1,4. Thus, the 
theory determines qualitative criteria for distinguishing 
among the various possibilities. Although only Ly, 
components are shown above, further information can 
be obtained from other components of L; the method 
for calculating them follows directly from the appendix. 
For example, the comparison of relative magnitudes 
of various components of L serves to determine if 
K(#a/b)<1or >1. 

It is possible to find certain relations among compo- 
nents of L which can determine the value of K from 
experimental data, once the angular dependence of 
L(@) has determined the correct band structure. We 
have derived the following relations for determination 


1 Ofo b 
( yf( ) reaa| (14 )( 
b Ok a 1+ (wr)?(4)(3-+a/b) + (wr)*(4)[ (1+4/b) +401 


2+ (wr)?(1+<a/b) 


2+ (wr)*(4)(3+<a/b) ) 
a/b)*(sin2@)? | 


, (11) 


of K for cases A and B 


B. 
Lyy°— (Lao+L 3a) | (" +(1/K) 
K (Lyy9— L113) —2Lag onan? 2\ K(1+K) 


| La Liy ! 9 
L;°- Liy o~90° (2 t K)(2 { 1/K) 


details are shown in Appendix 


2 
» (12) 
2 


Po fpr’ { (RH)? PLPT 
( ), (13) 
pr>+ (RI)? — popr 


0. These expres 


PL 


where Lj," represents the value for // 
sions hold for all |H| and are independent of any 
assumption on 7 except that it be constant on a surface 
of constant energy. In case B, the symmetrical arrange 
ment of 111 spheroids for this experiment about ¢= 90 
makes possible a simple relation in terms of components 
of the magnetoresistivity tensor—A being determined 
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Fic. 4, Transverse magnetoconductivity of n germanium with H 
in the (100) plane at the angle ¢ to the [001] direction 


from pr, pr andy (longitudinal, transverse, and zero- 
field resistivity) and R (Hall constant in the appropriate 
units). Ri is essentially the Hall field at the |H 

considered, 


VI. EXPERIMENTAL PROCEDURES 


Single crystals of n-type silicon and germanium, cut 
in a 100 system were tested. An ac method of measure 
ments with de magnetic field is used for speed and 
elimination of thermal voltages. The sample is mounted 
on a small brass block separated by a sapphire-insuJating 
plate, probes being mounted from small Teflon terminal 
blocks attached to the brass. Without removing probes, 
the brass block assembly can be attached to a copper 
block inside a Dewar in any of the three mutually 
perpendicular positions required to measure 1’($,6,)) 
and the whole Dewar is then rotated through 180°, 
readings being taken with positive and negative mag- 
netic field polarities at each point. Although P(@) is 
needed only from 0-90°, it was necessary to reverse 
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Fic. 5. Transverse magnetoconductivity of n silicon with H in 
the (100) plane at the angle ¢ to the [001 ] direction. 
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H| and take measurements in at least two quadrants 
in order to eliminate undesired voltages due to probe 
misalignment. 


VII. EXPERIMENTAL RESULTS FOR n-TYPE 
GERMANIUM AND SILICON 


Figures 4 and 5 show Li;(@) for germanium and 
silicon. These data are to be compared with (9), (10), 
and (11). We see immediately that case B applies to 
germanium and case A to silicon. Case C is ruled out 
by the single maxima and minima for both curves and 
by comparison of other components of ZL. Within 
experimental error, the angular variation follows exactly 
that predicted by the integrands of (10) and (9) for 
Ge and Si; thus r probably does not vary strongly 
with energy. 

Then using (13) and (12), the apparent mass ratios 
for Ge and Si at 80°K were computed to be 15.5+0.5 
and 5.2+0.5, respectively. 
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hic, 6. Apparent mass ratio of nm germanium sample as determined 
from Eq. (13). 


Thus, in agreement with the results of others, we can 
conclude that the energy band structure of germanium 
consists of 4 (or 8) prolate spheroids with major axes 
centered along [111] directions and the energy band 
structure of silicon definitely consists of 3 (or 6) prolate 
spheroids with major axes centered along [100] 
directions. 

The mass ratio for the germanium sample was 
determined over the temperature range 65°K to 200°K 
by measuring pz, pr, and RH; then A was calculated 
from (13). The results are shown in Fig. 6. Above 
130°K the calculated value is close to 20 (the value 
obtained by cyclotron resonance experiments” at 4°K ) 
and decreases rapidly below this temperature. Figure 7 
shows a plot of resistivity vs temperature for the same 
sample over this temperature range ; it can be seen that 


1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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the curve deviates from a 7! ™ straight line below about 
130°K, presumably because of the effects of impurity 
scattering. This behavior can be interpreted by con- 
cluding that the genuine mass ratio does not change 
appreciably from 4°K to 200°K. Then, if ionized im 
purity scattering is not isotropic, as predicted by 
Herring" for highly anisotropic energy surfaces, the 
presence of a relatively appreciable amount of impurity 
scattering would have an effect on the use of (13) 
This is so because the derivation of (13) leads back to 
the original Eq. (3) in which + is assumed constant 
over an energy surface. Thus below 130°K, the rela- 
tively increasing effect of a nonisotropic scattering 
would result in a greater departure of the calculated A 
from its correct value. However, Herring and Vogt" 
have shown that the apparent value of A can correctly 
be replaced by K(7,/7,,) where (7,/7,,) is the ratio of 
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Fic. 7. Resistivity of m germanium sample. 


relaxation times in the major axis directions. Thus 
Fig. 6 actually determines the latter expression; the 
lattice scattering is probably isotropic. 


VIII. CONCLUSIONS 


The described technique, subject to the availability 
of uniform material, can prove a powerful and useful 
tool for band structure and relaxation time investigation 
since the close correlation between theory and experi 
ment makes possible more direct information. Although 
the method has been applied to silicon and germanium 
in this paper for a particularly chosen orientation of H, 
our purpose has been principally to demonstrate the 
general significance of the experimental design. 


18 Conyers Herring, Bell System Tech. J. 34, 284 (1955). 
4 C, Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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APPENDIX A. CALCULATION OF L(¢) FOR 
CUBIC MATERIALS 


Figures 8 and 9 show the mass tensors and reciprocal 
mass tensors for the spheroids of the three cases here 
considered. The subscripts refer to the direction along 
which the major axis of the spheroid lies. We calculate 
the components of L for each spheroid and then sum 
over the appropriate ones to obtain the terms given 
by (7) in Eq. (6). H is in the yz plane at an angle @ 
with respect to the z axis. We show the details only 
for the 001 spheroid: from (6), (7), and (8), 
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where a,; and u, here refer only to the 001 spheroid 
Also, from (4) and Fig. 8, 
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where 


poor And Ao, being identical except for the replacement 


of + by 1r* and 7* respectively. Using Fig. 8, Fig. 9, 


(7), and (14), we obtain for the components of L due 
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Fic. 8. Mass tensors for the three simplest cubic spheroidal 
arrangements in a coordinate system on cubic axes, Subscripts 
refer to major axis directions, 
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Fic. 9. Reciprocal mass tensors for the three simplest cubic 
spheroidal arrangements in a coordinate system on cubic axes. 
Subscripts refer to major axis directions. 
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to the 001 spheroid : 
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spheroids and adding the total currents, we obtain, 
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with similar expressions for p and A in 7? and 7°, Similar 
calculations for cases B and C result in 
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TABLE I. The transport integrals are given by 
ogee [ (0fo/aB)rEaot +B(wr)*}, 


with similar expressions in 7? and r* for p, and ),. B is related 
to s as shown. K=a/b. 
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The transport integrals are given in Table I. The 
components of L4, L%, and L° can be determined from 
Table I and (17), (18), and (19) respectively. 11,4, 
1,8, and 1,;° are shown in (9), (10), and (11). 


APPENDIX B. RELATIONS FOR 
DETERMINATION OF K 


Case B Spheroids—Using (18), consider the relation 
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(2a, b) (Ari t+Art1) ¢—90°, 


(Li? lo—00° 
Since all 111-type spheroids are at the same position 
relative to H on an axis of cubic symmetry, the forms 
of (20) and (21) become simpler. From (18) and 
Table I, we find 
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Then (23) and (24) lead immediately to (13) 

Note that it was not necessary to perform any 
integrations to obtain (13); thus, this relation has the 
very general properties of being independent of |//| 
and of any assumption on 7 (other than that of the 
theory: r is constant on a surface of constant energy). 

Case A Spheroids. 1, we find (12) from a 
similar calculation, using (17) and Table I. This relation 


For case . 
also is independent of |H| and any assumption on +. 
The accuracy of the determination of K will increase 


with |H|, however. 
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Decay Properties of 74-Second Ag!""*} 


Utricu L. ScutnpEWwoLr, Joun W. WINCHESTER,* AND CHARLES D, CorveLi 
Department of Chemistry and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 23, 1956) 


Silver activities were separated by a rapid elution with concentrated HC! from an anion-exchange column 
containing 22.5-min Pd!" as PdCle™ from deuteron-bombarded Pd. The decay of Ag"'™ was observed with 
a half-life of 74-3 sec, and its radiations were compared by aluminum absorption with those of 40-sec Agi” 
Conversion electrons and x-rays are seen, with less than 0.197, 8 decay to Cd", Search for 49-min Cd!!™ 
showed less than 0.01% 8 decay to this species. Essentially all of the decay of Pd! goes to Ag'!™, 


INTRODUCTION 


N connection with studies of palladium and silver 

isotopes found in fission,' we have had occasion to 
consider the isomerism in neutron-rich silver isotopes 
formed by decay from palladium. The experiments 
described in this paper are half-life, absorption, and 
8-spectrometric measurements of short-lived silver ac- 
tivities extracted from deuteron-bombarded palladium 
in order to characterize Ag'''™ more sharply. 


t This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Present address: Department of Geology and Geophysics, 
Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 

1 J. W. Winchester, Ph.D. thesis in chemistry, Massachusetts 
Institute of Technology, August, 1955 (unpublished). 


Short-lived isomeric states are known? for both of the 
stable isotopes of silver, 44-sec Ag'”™ and 40-sec Agi. 
Additional evidence of a short-lived Ag'"'™ has also been 
reported : its conversion electrons of 60-kev energy have 
been found? in equilibrium with 22.5-min Pd'", an upper 
limit to its half-life has been set at 5 min,® and 48.6-min 
Cd'''™ (11/2) is reported as a decay product.° 

Because of similarities among Ag", Ag!®, and Ag!”, 
it is not unlikely that Ag'"™ has a measurably long half- 
life. In all three, Z=47 and N is even. Measured nuclear 

7K. W. King, Revs. Modern Phys. 26, 327 (1954). 

4 Hollander, Perlman, and Seaborg, Revs. Modern Phys, 25, 469 
(1953) 

‘C. L. McGinnis, Phys. Rev. 87, 202 (1952) and private 
communication cited in reference 3 

5P. C. Stevenson and H. G. Hicks (private communication 
cited in reference 3). 
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spins for the isomers and their palladium parents and 
the energies, /,, of the silver isomeric transitions are? 


Spinand Ey, 
parity (kev) 


Spin and 


Nuclide parity Nuclide 


7% 10° yr Pd’ 
13.3-hr Pd” 
22.5-min Pd! d 


, 14-sec Agi 7/24 94 
4 40-sec Ag'”™™ 7/24 87 
5 Agitim 7/2 87 


It appears likely that the nuclear energy levels involved 
in all three isomeric transitions are the same, and, be- 
cause of the similarity in the /, values, a half-life near 
40 sec would be expected for Ag!"™. 

The palladium parents of these silver isotopes may be 
prepared by bombardment of palladium metal with 
15-Mev deuterons, forming the following species: 22.5- 
min Pd" (half-life from this work), 13.3-hr Pd'®, and 
5.5-hr Pd!” (a high-spin, 4j1/2, isomer* formed in very 
low abundance). In addition, 4.8-min Pd!” is also 
formed.® Because of the very long half-life, only a 
negligibly small activity of 7 10° yr Pd!” is formed. 


Separation 


To measure the half-life and the radiations of Ag!®™ 
and Ag'"™, we had to develop a method for a fast 
separation of silver from palladium. The graphs of the 
distribution coefficients D of silver and palladium (II) 
between hydrochloric acid and an anion exchange resin 
(Dowex-1) show’ that a separation of these elements 
with an anion exchanger should be possible with 
~10M HCI! (Dpa~50; Dag<1). To test the separation 
a Pd foil (SO mg) was bombarded with 15-Mev deuterons 
(20 wa, 10 min) and allowed to decay for 3 hours. The 
Pd was separated from Ag and Rh activities by standard 
procedures® (precipitation of Pd with dimethylglyoxime 
in 1M HCl and then with H.S in 6M HCl). The Pd 
activity, mainly 13.3-hr Pd'”, was absorbed from 
10M HC! on top of the anion exchange column (column 
2 in. long, 4-in. diameter, filled with Dowex-1, 100-200 
mesh, 10% crosslinking). Short-lived silver (40-sec 
Ag’) in equilibrium with the Pd parent could be 
quickly eluted with 5-10 ml of 10M HCI. The eluant was 
forced by compressed air through the column, and was 
collected in a copper planchet and evaporated to dryness 
for counting in a proportional counter. The time be 
tween stripping and the beginning of counting was not 
longer than 60 sec. 

In spite of the relatively high distribution coefficient 
of Pd(II), the eluted silver was contaminated with 
palladium, Oxidation of divalent palladium (PdC1,™) 


with chlorine gas to tetravalent palladium (PdCl.™) 

A. Flammersfeld, Z. Naturforsch. 7a, 296 (1952); U. L 
Schindewolf (unpublished) 

7K. A. Kraus and F. Nelson, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Paper No. 837 

*In later experiments the Pd was not separated from Ag and 
Rh activities, which were formed in the bombardment, because the 
coefticient for the distribution of Rh between anion exchangers and 
10M HC} also is smaller than 1. So Ag and Rh can be easily re 
moved from Pd after the latter is absorbed on the column, 


WINCHESTER, 


AND CORYELL 

makes for a much larger distribution coefficient for Pd. 
Silver stripped from the anion exchange column loaded 
with PdCl¢* decayed with a half-life of 404-0.5 sec over 
six half-lives, which is in good agreement with the 
reported values of 39.2 sec® and 40 sec.'° 


Ag''' Half-Life 


Silver milked from the palladium a short time after 
bombardment, when considerable amounts of 22.5-min 
Pd'" are also present, has a longer half-life (e.g., 70 sec 
after 25 min, 60 sec after 60 min). The decay curves 
show a mixture of 40-sec Ag!” and Ag'!™, being 
relatively poorer in the Ag'"™ the longer after bom- 
bardment the measurement was made. Because the 
half-lives of the two Ag isomers are not greatly different, 
the decay curve could not be resolved into its com- 
ponents. However, the half-life for Ag''™ could be 
calculated from the apparent half-lives of the Ag!%™ 

Ag'''™ mixture if the activity ratios Ag'"/Ag'"'™ are 
known. Assuming that Ag'™/Ag'®™ is equal to the 
ratio Pd'"/Pd', which was determined from a careful 
analysis of the Pd decay curve, we find for the half-life 
of Ag''™, 7745 sec. To obtain higher radiochemical 
purity, experiments were repeated with enriched Pd!” 
(isotopic composition: Pd! abs., Pd! 0.10%, Pd!™0.35%, 
Pd! 0.86%, Pd! 7.28%, Pd" 91.42%)" which on deu- 
teron bombardment gives rise to 22.5-min Pd!" with 


104; 


g Rote “sec 


oun tin 


at 
c Uo 


Normolize 


es 
80 160 240 
Total Absorber (mg/cm?) 


Fic. 1. Aluminum absorption curve for Ag” showing highly ab- 
sorbed conversion electrons (62 kev, half-thickness less than 2 
mg/cm* Al). The harder component probably is due to 25-kev 
x-rays. 


* Bradt, Gugelot, Huber, Medicus, Preiswerk, Scherrer, and 
Steffen, Helv. Phys. Acta 20, 153 (1947). 

” Wolicki, Waldman, and Miller, Phys. Rev. 82, 486 (1951) 

" Received from the Stable Isotopes Division of the U. S, 
Atomic Energy Commission. 
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only a small amount of 13.5-hr Pd!®, Silver stripped 
from the column is practically pure Ag'™, for which the 
half-life is found to be 7443 sec over eight half-lives. 
The agreement between the calculated half-life (77+5 
sec) and the directly measured one (74+3 sec) indicates 
that the assumption made before (activity ratios 
Ag! /Agi%m — Pd'/Pd'®) was good and that the 
fractions of the decay of the Pd species to the metastable 
Ag species are the same for both Pd!’ and Pd!" and 
probably are both unity. 

The absorption curve for the Ag'”’" was obtained by 
distributing the HC] effluent of the ion-exchange column 
in five planchets and counting them after evaporation in 
five proportional counters with different Al absorbers. 
In one run using 0, 34.5, 99, and 166 mg/cm? and in 
another run 0, 20, 69, 129, and 220 mg/cm?, we obtained 
the absorption curve, Fig. 1.{'The relative chemical yield 
for each sample was calculated by comparing the 
counting rate without absorber of a long-lived compo- 
nent the amount of which was about 1% of the initial 
counting rate of the Ag'”’". The absorption curve is 
corrected for the absorption by the air and the counter 
window (2 mg/cm?). | 

The counting rate through the 20 mg absorber is only 
0.5% of the extrapolated counting rate without added 
absorber, showing the presence of highly absorbable 
conversion electrons, the Al absorber half-thickness of 
which is less than 2 mg (corresponding to an energy less 
than 100 kev). The expected value is 62 kev, the energy 
of the excited state (87 kev) minus the binding energy of 
an electron in the A shell. 

The slope of the curve between 22 and 240 mg/cm? 
gives a half-thickness of 165 mg/cm? which would 
correspond to x-rays of an energy of 18.5 kev. This is not 
inconsistent with the energy, 25 kev, that we should 
expect for AK, x-rays of silver. Measurement with 
thicker absorbers would allow a more exact determina- 
tion of the x-ray energy, but unfortunately the counting 
rate through the absorbers is so low that these measure 
ments could not be done. This absorption curve was 
taken only for the purpose of comparison with the 
absorption curve of Ag!!!", 

The absorption curve of the 74-sec Ag"! daughter of 
22.5-min Pd'"' was made in the same way except that 
the milking was done 30 min after deuteron bombard- 
ment of Pd, giving a silver sample where the activity of 
Ag'"'™ exceeds that of Ag'”™ by about 4:1. Easily 
absorbed conversion electrons are seen (Fig. 2) as well 
as a harder component of half-thickness about 75 
mg/cm*. The hard component is not quite so penetrating 
as that for pure Ag'**", which may indicate some f rays 
of about 1-Mev maximum energy. However, this curve 
shows that the branching ratio 8/I.T. for Ag'"™ is less 
than 1%, 





80 160 
Total Absorber (mg /¢ m?) 
Fic. 2. Aluminum absorption curve for Ag'"'™ showing highly 
absorbed conversion electrons (62 kev, half-thickness less than 


2 mg/cm?* Al). The harder component is probably due to x-rays 
with less than 1% 8 decay 


Because of the very low counting rate through the 
absorbers, the absorption curves are not very precise, 
but experiments done with a @-ray spectrometer (20 
channel analyzer with an anthracene scintillation crystal 
detector } in. thick) gave no evidence for any @ rays of 
Ag'"™, This is a contradiction to older experiments? in 
which 49-min Cd!" was reported as a daughter of 
Ag''"'™. To confirm our results, we tried to identify 
Cd!" formed in highly purified bombarded palladium 

A sample of deuteron-bombarded Pd!’ was purified as 
described, and transformed to the dimethylglyoxime 
complex which was dissolved in chloroform, An activity 
of Pd!" of 1X 10° disintegrations/sec was determined by 
extraction of Ag!” from the organic phase by 1NV HC] 
and counting. After 20 min, the chloroform was shaken 
with Cd carrier in dilute HCI, and the cadmium was 


purified radiochemically and counted in a well-type 


scintillation counter. In two experiments, the amount of 
activity decaying with 49-min half-life was well below 
the background of 10 counts/sec. Therefore, the branch 
ing of Ag'™™ to 49-min Cd!"'™ is less than 0.01%. 

The authors are grateful to Earle fF. White and the 
crew of the M.LT. cyclotron for assistance, and to 
Professor J. W. Irvine, Jr.,of M.L'T., and Professor A. H. 
W. Aten, Jr., of the Institute for Nuclear Research, 
Amsterdam, Netherlands, for helpful discussions. 
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Analysis of the B"'(d,n)C'* Reaction by Nuclear Stripping* 


GrEorGE E., OWEN AND L. MADANSKY 
Department of Physics, The Johns Hopkins University, Baltimore, Maryland 


(Received November 14, 1956) 


The ordinary deuteron stripping theory has been extended to include the effect of heavy-particle stripping 
by the antisymmetrization of the final-state neutron wave function. When one uses the Born approximation, 
this extension gives both the deuteron and heavy-particle stripping amplitudes, together with a positive 
interference term. Good qualitative agreement with experiment in the energy range 0.6-4.7 Mev is obtained 
using an interaction radius of 4.510“ cm, The ratio of the amplitudes of heavy-particle and deuteron 
stripping decreases below the Coulomb barrier, dnd is relatively constant above the Coulomb barrier. 


I. INTRODUCTION 


N recent years the studies of the angular distributions 

of (d,p) and (dn) reactions have shown a very 
characteristic behavior which was analyzed by the 
deuteron stripping theory.'? The main feature of this 
mode] is the assumption that a constituent of one 
nucleus (the proton in the deuteron) may be captured 
by the other nucleus, liberating the residual nucleon 
(the neutron in the deuteron). The consequences of such 
a model of deuteron-induced reactions are characterized 
by a strong forward asymmetry for the outgoing 
particle, especially at energies above 5 Mev. Recent 
experiments, however, extending the angular distribu- 
tions beyond 90° have shown a significant component 
in the backward direction.? It was suggested‘ that 
nuclei other than the deuteron can undergo a stripping 
reaction and that the so-called “heavy particle” strip- 
ping could account for the backward component in a 
(d,p) or (dn) reaction. Recent experiments’ on the 
ground state B'"(d,n)C” reaction, together with the 
work of Ames e/ al.® provide a range of angular distri- 
butions to study from 0.6 to 4.7 Mev. 

The present discussion introduces the heavy-particle 
stripping by an exchange wave function for the neutrons 
in the final state. In addition to the contribution from 
deuteron stripping and heavy-particle stripping, a large 
effect arises from the interference between the two. 
Exchanges are limited to those neutrons of the target 
nucleus which are in the outer shell. This approach is 
consistent with the surface ififeraction which is the 
basis of the stripping formulation. The results of the 
theory applied to the B'"(d,n)C" reaction indicate a 
qualitative behavior in good agreement with the experi- 
mental data over the complete energy range 0.6-4.7 
Mev. 

* Supported by the U. S, Atomic Energy Commission 

'S. T. Butler, Phys. Rev. 80, 1095 (1950); Proc. Roy. Soc. 
(London) A208 (1951); Bhatia, Huang, Huby, and Newns, Phil 
Mag. 43, 485 (1952) 

* W. Tobocman, “A Review of the Theory of Deuteron Stripping 
at Low and Intermediate Energies,” Naval Research Laboratory 
(unpublished). This paper contains references to all pertinent 
work on the subject 

4 Class, Price, and Risser (private communication). 


‘L. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
5 Ames, Owen, and Swartz (to be published). 


II. DISCUSSION OF THE MODEL 


In the stripping theory it is assumed that the stripped 
particle does not interact strongly with the capturing 
nucleus. The energy exchange is provided to the 
stripped particle by the coupling between it and the 
captured particle. The resulting differential cross section 
is provided by a first-order perturbation calculation, 
using the Born approximation: 


do/MQae > 
average over 
initial states 
sum over 
final states 


|M.E.|2, (1) 


where M.E. is the matrix element 


ME. fo fre Rw ae 


KUYV;,(---Ry; -+-on)dr, (2) 
and U is the perturbation potential giving rise to the 
transition. 

Before writing down the matrix element in detail, a 
coordinate system and the various wave functions will 
be defined. 


A. Initial-State Wave Function 


The Born approximation used is characterized by an 
exchange wave function, and this wave function must 
be written down in terms of the center of mass of the 
entire system (see Fig. 1). Let Rp be the position vector 
of the center of mass of the deuteron, and Rx the 
position vector of the center of mass of the B" nucleus. 
Let Racy, Roa), Rac, Rasy, and R,.) be the position 
vectors of the neutron , and proton p; of the deuteron 
and of the neutron m, and core ¢ of the B". (The neutron 
ns for illustrative purpose is in the core.) 

The initial-state deuteron wave function will be 
written as the product of the internal motion wave 
function and the center-of-mass wave function: 


Vp(Racy, Roya) j @nc),opa)) 
Vp( Ria)- R51) exp ( ikp: Rp) Sp. (3) 


The initial state B'' wave function also can be written 
as a product of an internal motion term and a center- 
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of-mass function 


1 
Vp(R.,Ra(j) 5 Ge,0n¢5)) = {ve ( Ric) -R.) 
v2 
+Wp(Ry:3) om R.)} exp(iky- Ry) Sp. (4) 
kp and kg are the deuteron and B" wave numbers, 
respectively, relative to the center of mass; kp= —ky. 
The spin wave function Sgp= Sp Sp for the initial state 
has been formed by considering the B" spin wave 
function to be determined by the three nucleons in the 
outermost P orbits; namely one proton p2 and two 
neutrons m3 and my. (The wave function for the spin of 
the two neutrons must be antisymmetric.) Since the 
spin of the deuteron is 1, the total spin for the system 
can be $ or 4, giving six possible initial spin states. 
These can be written down in terms of the vector 
addition coefficients. 


B. Final-State Wave Function 


Once the assertion is made that the experimental 
apparatus does not distinguish between a neutron from 
the deuteron nm, and either of the outermost neutrons of 
B", m2 or ny, it is necessary that the final state wave 
function be antisymmetric for exchange of any two 
neutrons. 

Let Ty(-+* Racy, Racj),Rpuy) be the final-state wave 
function for the C” nucleus. The total final state wave 
function is constructed to be antisymmetric with respect 
to the exchange of any two of the three neutrons 
considered. 


W={T/(- ++ Racy, Racy, Roa) 
Xexp(iknay: Raay))S,(123) 
+Ty(--> Rava), Rac,Rpay) 
XK exp (tknc2)* Racy) Sn (231) 
+T (++ Rac), Rac), Ray) 
X exp (ik ns): Racs))Sn(312))S8,. (5) 


It should be noted again that the wave function has 
not been set up to be antisymmetric for the exchange of 
any two neutrons in the complete system. It has been 
assumed that only the outermost ? neutrons of the B" 
play a role in the interaction. The spin wave function of 
the B" is therefore established by the three outer 
nucleons, Thus there is a possibility of any one of three 
outgoing neutrons. The neutron spin wave functions 
S,(tjk) can have projection +4 or - 
neutrons left in C® must be antisymmetric in their spin 
wave function. The exchange wave function in terms 
of the neutrons is analogous to the problem of electron 
scattering from helium. The neutron wave functions 
are listed by Schiff.* 

The proton spin wave function S, is antisymmetric 
for exchange of p, and py». 


}, and the two 


§L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), p. 235 
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REACTION 


out 


~ BEAM AXIS 


CORE 
n,/ 


Fic. 1. The coordinate system for the initial state. 


kav, Kacy, and ky, :3) are the wave vectors of m, 
Ny, and ns, respectively, relative to the center of mass 
of the entire system. In like manner the R vectors are 
the position vectors of the « orresponding partic les with 
respect to the center of mass of the system. 


C. Interaction 


In the case of the (d,n) reaction the total number of 
particles interacting can be limited to four’; the neutron 
of the deuteron, the proton of the deuteron, a neutron 
from the B", and the B"” core of B'. The position 
vectors of these four components are Ryd, Ryo, Race, 
and R,. In prine iple, one can then write all combinations 
of interactions of pairs 


(1) V(| Rag 
2) VC Raw 
(3) VI Raa 
(4) V(Ryaw 
(5) V({Ryw 
(6) V(| Rag 


Using only contributions outside the nuclear surface, 
we find the following: (1) gives Butler stripping, i.e., 
deuteron stripping ; (4) plus (5) gives deuteron stripping 
(if evaluated at the surface radius R, this is Bhatia 
stripping); (3) plus (5) gives heavy-particle stripping ; 
(6) gives heavy-particle stripping of the Butler type. 
If we choose the perturbation as an interaction between 
the captured particle and the capturing nucleus, then 
we can write V(|R,q)—Rg!) as the appropriate po 
tential for the deuteron stripping amplitude, and 
V(|R,—Rp|) as the appropriate part for the heavy 
particle stripping amplitude. 

It is well to note that the initial-state interaction can 
be added to these perturbing potentials without chang 
ing the general characteristics of the angular distri 
bution. In fact, the initial-state interactions 


V(| Ryu) Rac) ) and V(|R.—R,.)!) 


7 Separating the wave function into components of mz and ny is 
necessary only for the spin sums. The interactions will be assumed 
central and the neutron from B" will be designated as nz. 
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G 
used as a perturbation potential give the Butler form 
of the stripping. Bhatia stripping arises exactly if 


V ( R 511) Ry, )\+-V( R, Ry ) 


V 6( R oa) Ry, R;) | of ( R, Ry | R,). 


Since almost all choices of interactions lead to angular 
distributions which differ only in detail rather than in 
general characteristics,® the authors have chosen to use 
the surface interaction formulation of Bhatia because 
of its inherent simplicity. 

The potentials are assumed 


The 


interaction of the outgoing neutron with the residual 


to be central. 


nucleus, Coulomb effects, and compound nuclear effects 
J 


are neglected. 


D. Complete Matrix Element 


The following spatial integrations are defined to 
supply the form of the matrix element. 


Pw f- [a7(R.R, am 


thay Raa))V(| Ryo 
X vn Ric R.) exp(iky: Ra)Wo( Rag) Roa ) 
Kexp(ikp: Rp)dRAR, 2 AR, dR, 1)5 


Kexp( Ry, ) 


(6) 


hy foo fe RoRoe Ry) 


ik nce)’ Racy) V (| RR. Rp! ) 
R..) exp(iky- Rp )vv( R,. 1) 
exp (ikp- Rp )dRAR, )dRy dR, a). 


K exp( 
vp (Rav) Roa ) 
(7) 


With these definitions, the sum over the spin states 


2. The final-state 
The 


1s 


hic 
coordinate system 
shift in coordinates 
shown for the case where 
the outgoing neutron 
comes from the deu 
teron 


* Principally the angular distributions are described in terms of 
the overlap of a plane wave (captured or outgoing) and the 
associated single-particle wave function, The distribution is the 
product of two overlap integrals, one for the captured particle 
and one for the outgoing particle. The interaction potential is a 
means of taking into account distortions of the plane waves. 


L. MADANSKY 


can be carried out, giving 


Av. initial states 
sum final states 


|M.E. . lhp hy |?. (8) 


It will be shown in Secs. III and IV that there is a 
phase difference of between Ap and hy, and therefore 
the interference in Eq. (8) is positive. 


Ill. SPACE INTEGRALS 


The spatial integrals can now be evaluated. 


A. hp 


The potential —V,6(r,—R,) for hp involves the 
position of p, relative to the B". Therefore the coordi- 
nates are shifted to allow integrations with the center 
of mass of the B" as an origin. The notation for hp is 
indicated in Fig. 2. r; will indicate position vectors 
relative to the new origin. 

The Schrédinger equation for T/(R.Rj~2),Rpqu)) can 
be separated to give 


T r( R,, Rie Rou) 


Cup) (Fp) fr) (lnc) — 8) exp(iky- Ry). (9) 


hy can then be written as 


hy f. ke [ru *(r Ci) * (face 


R,) Wa(tnc) —te)bv(r) 


r,) 


x[—Vid(r, 


xexp(iKy-r) exp(iky-r,)drdr, 2drdr,. (10) 

The definitions of k, and K, arise from the equality 
Ky -r+-ky-r,= —kacy: Rag) —ky- Rp + kp: Rut+kp- Rp, 
Ry«a)— Ra. 


kp - (My M ;)k,, 


r,q) andr, 


k,+3kp, ky 


where r=Pryc 
K, 
the radius of the interaction. Then 


and R, 


hy = A,'Gpo(K1) fo(ki Ri), 


[ fetter r..) 


Va (Pn) 


f f voir exp(iK,-r)dr, 
9 -¢ 
f f Sup)*(tp)L- V 6(r, 
0 0 


Xexp(ik,-r,)dr,. 


A,’ 


-r,)dr,, (9dr (12) 


ey 


Gp(K) (13) 


fo(ki Ry) ~R,) } 
(14) 


Gp(K,) is the continuous momentum distribution 
function for deuteron stripping. If a square well 
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Fic. 3. The final-state coordinate system. The shift in coordinates 
is shown for the case of heavy-particle stripping. 


approximation is made, 
| TD 
Gp(K 1) =2(r)} f Ap jolapr) jo( K yw)r'dr 
lJ, 
+f Boho (iBpr) jo(Kyr)r'dr?. (15) 
rt) 


This can be evaluated in closed form and its K, 
dependence in the zeroth order approximation is 
approximately equal to the familiar form 


Gp"(K) 2(2rap)! (ap’+ K;?). (16) 


fo(Rk,R,) is the centrifugal barrier term giving the 
probability of the capture of p; into a state designated 
by the function (1;p)(rp). /p=1 for the final state of p, 
in C’, If T\(r,) is the internal radial wave function of 
the captured proton in C”, then 


fo(R,R}) ( -1)2(3mr)*( VOPR) (ki Ry), (17) 


where 7;(k,R;) is the spherical Bessel function. 


B. hy 


By a method analogous to that used in Part III-A, 
the center of coordinates is shifted to the center of mass 
of the deuteron. 9; will indicate position vectors relative 
to the new origin. This shift in coordinates is shown in 
Fig. 3. 

Let 
T,(R.,Racy,Rpa)) 

Cie) (Oe) 1p) (Ona 


®pa)) exp(+iky- Ry), (18) 


and Ay can be written 


hy foo fevoedtio* on Opci)) 


x ~ V26b(pe— Ro) Wn (oWn(Ona) 


Ppa)) 
xexp(1K»-) exp(ike: 9.)dopuydencydodp., (19) 
O=On(277— Oc, Oc=R.—Ro, 

—knac2): R (2) ~k;: R, 


+ kp: Ry t kp: Rp, 


K»: o+ko- p-: 


? M, My 
K, {het ho}, k» ks + ks}. 


B M, 


Bt*(d,9)C 


REACTION 


Equation (19) is equivalent to 


hy Ao'Gu (ke) fu (keRe), 
where 


A,’ f- f rro*e. 1) Opa) 


Xp (ena 


Gul Ke) f vn exp(iKy odo, (22) 
fu(RoRe) [ f C1 *(o, ){ V 5(p.— Re) | 
“0 0 


exp! ik» 0 do. 


(21) 


Opa donaydopa), 


(23) 


Gy(K2) is the continuous momentum distribution of 
ny arising from its internal motion in B". The neutron 
in B" comes from a P state. A square well approxi 
mation gives 

ay” 1.983" 
Gu(K») ()2(3n) 4] | 
ayn’—K By?+K? 


x {0.5 35 sin(K ory) { ii(Kurp)}, (24) 


SECTION IN ARBITRARY UNITS 


oss 


CRC 


rs 0 i20° oo 


Neutrons B*(anyt" 
Class Price @ Risser 


OF FERENTIAL 


R* 4.5110) "em 
Re 380) em 








40°C” 


ein) 
Fic. 4. Angular distributions of the ground-state neutrons from 
the reaction B'(dn)C" for bombarding energies from 1.6 to 
4.7 Mev. The curves are derived from nuclear stripping theory. 


The solid curve corresponds to an interaction radius of R,= Ry 
=4.5X10°" cm. The dashed curve is for Rj = R,=3.8% 10" cm. 
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where we have chosen 


ry =3.4(10)-" cm, 


apTp 


Barn 
h? 





j 
| | | Tp 2.59. 


The centrifugal barrier term for the heavy-particle 
stripping involves the capture of the B' core by the 
deuteron or vice versa. A question arises concerning the 
capture angular momentum /, for such a process. The 
parity of the C" will limit the values of /,. The ground 
state C” is even, the deuteron has even parity, and the 
B core has even parity. Therefore the capture angular 
momentum /, must be even. At the energies considered 
it could be 0 or 2. 

The motion of the core relative to the deuteron at 
the time of interaction is given essentially by k2Ro. R» 
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Fic. 5. Angular distri- 
butions of the ground 
state neutrons from the 
reaction B"(d,n)C® for 
deuteron bombarding 
energies from 0.6 to 1.15 
Mev. Data of Ames, 
Owen, and Swartz. 





0.600 Mev 


Neutrons B'\d.n)C" 


—— R= 45(I0)"cm 
R= 3810 cm 





Ter 160 


is the capture radius and is of the order of 4.5X10~" 
cm; keR» is less than 2 for bombarding energies less 
than approximately 2.5 Mev. 

We have found that /,=0 is sufficient to fit the data. 
These assumptions require a total angular momentum 
of 1 for the B"® core which is different from the total 
angular momentum of the free B". 

With these assumptions, 


fu(RoRe) - (+-1)2(r)4(— V2)T'o( Re) jo(RoR2), (25) 


where Io(p.) is the internal wave function for the 
deuteron in C”, 


IV. FINAL DIFFERENTIAL CROSS SECTION 
From Eqs. (1), (8), (16), (17), (24), and (25), we 


can write 


| Ao \2 
« |Gp'(K 1) ji(kiRi) +- Gu'(K2)jo(k2R2)| , (26) 
dqaQ | Ay 


do 
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where 
Gy’ (K) = 2(2rap)! / (ap? +K,’), 
ap? 1.983? 
+ r 
By’ +K? 
[0.535 sin(K ws)+ji(K xp) |. 


Gy’ (K2)=] - 


ap? =— K 2 


A»/A, is essentially the ratio of the amplitudes for heavy 
particle stripping to deuteron stripping. This ratio is 
assumed to be a function of energy and is adjusted to 
fit the data. 

The sign of the interference term depends upon the 
phase of Ap and Ay. Equations (16) and (17) show that 
the phase of Gp(K,) fp(ki: Ri) is (—1). Equations (24) 
and (25) show that the phase of Gu(K2) fu(k2R2) is 
(+1). Therefore the sign of the interference is positive. 


V. DISCUSSION 


The theoretical differential cross section derived 
above was fitted to the experimental data on the 
B'(dn)C” reaction from 600 kv to 4.7 Mev. An 
interaction radius of 4.5 10~" cm was chosen for both 
interactions (R;=R»), and the arbitrary parameter 
A»/A; was chosen to give a best fit to the experimental 
data. The results are plotted in Figs. 4 and 5. The 
general behavior of the angular distributions seemed to 
agree with the theoretical predictions. However, a 
better fit could be obtained at lower energies by using 
a radius of 3.8107 cm. These curves are also pre- 
sented in the same figures. The interference between 
the two stripping amplitudes plays a very significant 
role, especially in the intermediate energy ranges, and 
is one of the important features of the calculation which 
gives good qualitative agreement with the experiments. 
The indications of positive interference in the experi- 
mental data are strong. As the bombarding energy falls 
below 3 Mev a hump begins to rise about 90° and 
reaches a maximum at about 2.4 Mev. This behavior 
is consistent with the exchange stripping. A possible 
explanation for the behavior of the amplitude ratio 
A»/A, (shown in Fig. 6) is that the heavy particle 
stripping amplitude requires the center of gravity of 
the deuteron to appear at the nuclear surface. The 
probability for this obviously depends critically upon 
the energy of the incident deuteron relative to the 
Coulomb barrier. One would therefore expect a reduc- 
tion of the heavy particle stripping amplitude relative 
to the deuteron stripping amplitude at lower energies, 
since the latter only requires the proton to be at the 
position of the nuclear surface. Furthermore, the inter- 
action radius should not necessarily be a constant over 
the entire energy range, since this parameter represents 
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Fic. 6. The experimental ratio of the amplitude of the heavy 
particle stripping to the amplitude of deuteron stripping, for 
R=4.5X10™" cm. The energy of the Coulomb barrier is indicated 
by the vertical dashed line. 


a phenomenonological expression of the assumed be 
havior of the incoming wave functions in the interior 
of the nucleus. Therefore distortions of the initial and 
final wave function due to Coulomb effects, etc., could 
yield different effective radii of interaction at different 
energies. It is of some interest, however, that the whole 
range of data appears to be consistent with a stripping 
approach when one takes into account the possibility 
of exchange. It is also interesting that the data at 
energies below the Coulomb barrier can be represented 
in terms of the stripping formalism. That is to say, 
even at low energies the (d,z) reaction goes via a 
surface interaction for the most part. 


VI. CONCLUSIONS 


The explanation of the angular distributions of the 
B"(djn)C” reaction completely in terms of a stripping 
theory where one includes the effects of exchange or 
heavy particle stripping seems to show a good quali 
tative agreement with the distributions 
Although the model is a crude one, one can derive 
features of the angular distributions in terms of an 
ordinary deuteron stripping and heavy particle strip 
ping. ‘These general features seem to appear in the 
experimental data described above. It is therefore of 
some interest to try to explain the features of the (d,n) 


observed 


reactions which show significant amplitudes in the 
backward direction by the inclusion of the exchange 
terms. It is of further interest to note that the stripping 
theory can be extended to energies below the Coulomb 
barrier. 
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work is, starting from a given 
V(rg—r;) and the inde 
pendent-particle, central-field approximation, to deduce all the 
consequences of this model by means of the Hartree-Fock-Slater 
The V(r, 
ment and to be consistent with some of the properties of the 


The purpose of the present 


assumed nucleon-nucleon interaction 


theory r,) is chosen to satisfy the saturation require 
two-nucleon system, but contains the strength factor V» as an 
undetermined parameter. This Vo and the single-particle wave 
functions y,(m%) are the variational principle 
together with the requirement that the total binding energy of 
the nucleus be equal to its empirical value. The binding energies 
of the individual nucleons in the various shells are themselves 


determined by 


approximately given by the Fock equations which also lead to a 
central field which is different for the different shells. The average 
central field implied in the usual treatment of the shell model is, 
however, the same for a nucleon in any shell, and this must be 
identified with some approximate average field obtained by a 
procedure such as that suggested by Slater for an electron in an 
atom or in a metal, On the other hand, the central field in the 
obtained from the Fock theory by neglecting 
the exchange terms) would be a very poor approximation as the 


sense of Hartree (i.e 


exchange terms are not negligible compared with the direct terms 


I. INTRODUCTION AND AN OUTLINE 
OF THE PRESENT WORK 


N the well-known nuclear shell model of Mayer, 

Jensen, ef al.,' each nucleon is assumed to move in 
a central field V(r) arising from the interaction between 
that nucleon and the other nucleons in the nucleus. The 
assumption of a reasonable potential V(r) together 
with a strong interaction between the spin and the 
orbit of each nucleon determines the energy levels of 
each nucleon. This model finds an immediate success in 
accounting for the so-called magic-number nuclei, the 
spins and the magnetic moments of many nuclei. When 
attempts are made to calculate such properties as the 
energies, spins, parities and magnetic moments of the 
excited states of a nucleus on this model, it has been 
customary in the literature to assume a certain central 
field V(r) for the interaction of each individual nucleon 
with all the other nucleons in the nucleus, and an 
interaction V(r;—4r,) between any two nucleons that 
lie outside a closed shell and whose configurations are 
being calculated. A knowledge of V(r) is necessary in 
order to obtain the individual-nucleon wave functions 
in terms of which the properties of the nucleus arising 
from the nucleons outside the closed shells are calcu- 
lated. In most of the existing work on the basis of this 


shell model, various specific forms have been assumed 


'M. G. Mayer, Phys. Rev. 78, 16 (1950); Haxel, Jensen, and 
Suess, Phys. Rev. 75, 1766 (1949). 


It is emphasized in the present work that the application of the 
variational principle to the problem rids the shell model of the 
inconsistent procedure in the usual treatments in which two 
independent assumptions concerning V(r;—r;) and the average 
central field V(r) are made. A comparison of the result of the 
present program with the empirical facts will form a correct basis 
on which to judge the fairness or failure of the central-field approxi 
mation in the shell model. 

Numerical calculations have been carried out for the O'*, O%, 
and O'' nuclei to illustrate the ideas of the self-consistent treat 
ment of the independent-particle, central-field nuclear model, In 
a first approximation, the Vo and the wave functions y,,(r;) are 
determined by the modified Ritz method. The binding energies 
and the effective ‘‘central fields” for the individual nucleons in 
the various shells are then calculated from the Fock equations by 
means of these ¥,(r;). It is found that the parameter Vo in O'°, 
O'7, and O" comes out to be very nearly the same, that the Fock 
central potentials are considerably lower than the Hartree poten 
tials; that the former exhibit a general shape of a wine-bottle 
with a diffuse boundary; and that the “binding energy of the last 
nucleon” does not come out very well from the Fock equations. 


for V(r) and V(r,;—r;).? Certain successes in accounting 
for certain observed energy levels, their spin and 
parities, etc., have been achieved by properly choosing 
these potentials, together with some further refinements 
in the original model so as to include the effect of inter- 
mediate couplings and the deviations of V(r) from a 
spherically symmetric field. But despite these successes, 
a feature remains in these studies that seems unsatis- 
factory, namely, separate assumptions seem to have 
been made for the central field V(r) and the pair- 
interaction V(r;—r;).4 These two potentials are not 
independent, but are connected by simple, definite 
relations from the point of view of the self-consistent 
field method of Hartree-Fock-Slater. 

The purpose of the present work is to carry out a 
self-consistent treatment of the central-field nuclear 
shell model. One starts with a pair interaction V(r;—r,;) 
for two nucleons inside a nucleus which satisfies the 
requirement of saturation of nucleus forces and is 
chosen to be consistent with some of the properties for 
a pair of “free” nucleons (i.e., not inside a nucleus). 
This potential V(r;—r,) is to contain an adjustable 
parameter which, together with the single-nucleon 
wave functions y,(1,), is to be determined by means of 
the variational principle and the empirical value of the 
total binding energy of the nucleus (Secs. II, IIT). No 


independent assumption about a central field V(r) 


7A. M. Lane, Proc, 
references given there. 
* For example, M. G. Redlich, Phys. Rev. 99, 1421 (1955) 


Phys. Soc. (London) A68, 197 (1955), and 
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will be made so that there is no internal inconsistency 
in the theory. 

This determination of V(r;—r,;) would by itself not 
be of any particular interest since it is the immediate 
result of our assumptions, namely, the ‘‘central field” 
approximation and the various properties imposed on 
V(r;—r,). For this “central field” approximation to 
form a useful basis for a nuclear model, it is necessary 
that the closed-shell structures do stand out from the 
neighboring nuclei in having greater stabilities. This is 
not at all obvious as in the electron 
structure in the atoms. The nuclei differ from the atoms 
in two fundamental aspects, namely (i) the absence of 
a predominating attractive central Coulomb field and 
(ii) the saturation property of the nucleon interaction 
V(r;—r,;). In the case of the atoms of nuclear charge 
Ze, it is a good qualitative approximation to regard 
each electron as moving in a central field V(r) (for 
example, a Thomas-Fermi field) which behaves as 


the case of 


lim rV(r) — Ze, 


lim rV (r) > e. 

r—¥) ae 

In the case of the nuclei, the central field approximation 
itself is no longer such a natural one, but has assumed 
the nature of a strong assumption.‘ It is therefore 
necessary to examine the consequences of the central- 
field approximation by means of the Hartree-Fock- 
Slater method which gives the most general theory 
consistent with the central-field approximation. 

For this purpose, we give in Sec. V the Hartree-Fock 
equations for the various “orbitals” in the O', O', 
and O' nuclei. The V(r,;—r,;) for O'* is determined in 
Secs. IT and IIT. One may make the assumption that for 
neighboring nuclei such as O!, O!, O!7 the pair-inter- 
action V(r;—r,) is the same. With this V(r,—r,;) from 
©'®, one can obtain the (approximate) binding energies 
of the individual nucleons in the various shells in these 
nuclei from the eigenvalues of the Hartree-Fock equa- 
tions (Sec. VI), or one can calculate the total binding 
energy of O'® (Sec. IV) by means of the method of 
Secs. II and III, with the V(r;—r,) as determined from 
O'*, Or one may reverse the procedure by carrying out 
similar but independent variational calculations (as in 
Secs. II and IIT) for O'8, O'8 and O'7 and see if the 
V(r;—r,;) so determined for the different nuclei are 
reasonably close to one another. In Sec. VI, the ‘central 
fields” for the individual nucleons are given for both 
the Fock and the Hartree theory and the difference 
between them emphasized. 

The treatment illustrated by the O', O'8 and O' 
nuclei in the present work can obviously be extended 
to any nuclei. To explore and exhaust the possibilities 
and limitations of the individual-particle model as 
contrasted with the ‘collective model,” the present 
writers plan to further refine and extend the treatment 
here by introducing nucleon-nucleon correlations in the 


4 See Sec. VI below. 
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wave functions so as to include the polarization effect, 
by introducing spin-orbit or tensor forces, and to treat 
such problems as the distribution of the neutrons and 
the protons in the heavy nuclei, Work on this program 
is being carried out and will be reported in due course. 


II. VARIATIONAL TREATMENT OF A NUCLEUS 
IN THE INDEPENDENT-PARTIAL MODEL 


Let the Hamiltonian of a nucleus be 


ce 
H=>. H(i)+>d V(e,-2r) +E —, (1) 


a | 7) Vij 


where //(7) is the kinetic energy of nucleon 7 and may 
also contain a spin-orbit interaction, V(r;—r,) is the 
nucleon-nucleon interaction, and e*/r,; the Coulomb 
interaction between protons. V(r;—r,) is to be summed 
over all pairs of nucleons while e*/r,; is to be summed 
over all pairs of protons. The wave function of the 


nucleus is taken to be 


Vv = determinant |[] ¢,(1:,0;,2,) |, (2) 


' 


bm (05,01,71) =Vm(L)Xm(Odem (2), (3) 


i.e., a determinant formed from the products of single 
nucleon wave functions @,(r;,0,;,t,) which are in turn 
the products of a space-part y,,(4;), a spin part x»(@,), 
and an isotopic spin part ¢,,(#,). The subscript m 
indicates the quantum numbers. In the present work, 
we shall assume the shell structure and assign the spin 
and the angular momentum quantum numbers to the 
various nucleons in accordance with the Pauli prin 
ciple; but we shall leave the radial dependence of 
Wm(ri;) to be determined by the variational principle 
The potential V(r;—r,), as discussed below, is con 
sidered to have an parameter, say the 
strength factor Vo. The wave functions y,,(r,) and the 
parameter V9 are to be determined by the variational 


unknown 


principle 


bE 6 f verry 0, (4) 


together with the requirement that the total energy 
of the nucleus be equal to the empirical value Fy of the 
binding energy of the nucleus’: 


f W*H dg = Eo. (5) 


The variational equation (4) leads to a system of 
Hartree-Fock equations equal in number to the number 
of different shells in the nucleus. The solution of this 
system of coupled differential-integral equations to 
gether with (5) will be very difficult in general, and in 
our present work, we shall solve (4) approximately by 


*W. Heisenberg, Z. Physik 96, 1421 (1935) 
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the modified Ritz method so familiar in atomic and 
molecular problems. The y,,(r) are given reasonable 
analytic forms with variable parameters, say 11, ---, Ve. 
Equations (4) and (5) are then a system of k+1 
equations: 

OE /dv,=0, it=1,---k; E(v,--++,v%)=Eo, (6) 


’ 


for the k+1 unknowns 4, «~~, Vo. 

For the nucleon-nucleon potential V(r;—r1,), we 
shall ignore tensor forces in the present preliminary 
approach and assume a general combination of Wigner, 
Majorana, Bartlett, and Heisenberg interactions having 
the same central field dependence: 


Vile, r;|) (QwtauPutapPatanP y)J (1:5) (7) 


It would have been most satisfactory if there existed 
an interaction V(r,;—r,) for two “free’’ nucleons in the 
sense of the Coulomb interaction between electrons in 
the atomic problem. It is known, however, that no 
single V(r, 
known data (deuteron, low and high energy scatter- 
ings) for the two-nucleon systems. As we are not con- 


r,;) succeeds in accounting for all the 


cerned with very | igh nucleon energies in a nucleus, 
we shall choose V(r,;—r,;) to be consistent with such 
low-energy data as (i) the binding energy of the 
deuteron, (ii) the cross sections of the slow neutron 
proton scattering, and (iii) the effective ranges as 
determined by these scattering data. Furthermore, for 
the central field J(r;;), we shall assume the Yukawa 
potential 


/ 


J (733) = Voe-?/x, x=1;;/T, (8) 


where Vo and ro are adjustable constants. Other forms 
of J(r;,;) can be used, (8) being chosen only for definite- 
ness. V9 in (8) is defined to be negative in the following. 

Now, from (7) and (8), one finds for the triplet-even 
and singlet-even states the potential 


(aw+ay+ap+an)J(r;;) 
34 Voe™*/x, 


8 //even(y, 5) 


(9) 


Verve" (r55) = (dw+du—ap—an)J (1:3) 


14 V ve . /x. 


/ 


Analysis of the experimental data (i), (ii), and (iii) 
shows that, with the Yukawa potential (8), the value 
of ro is different for the triplet-even and the singlet-even 
states, namely® 


3 ] "even « 


ro1.4 10-" cm, 
rp 1.08 XK 10-" cm, 


, (10) 

‘| even - 

and for ro=1.4X10~" cm, 4(@4+'A)Vo~—46 Mev. 

Without attempting to fit the two data (10) in our 

V(r;—r;), nor the empirical values of the strength 

factor *A Vo and 'A Vo, we shall merely employ one 

single Yukawa potential (8) in (7), (i.e., one single 

* FE. E. Salpeter, Phys. Rev. 82, 60 (1951); G. E. Tauber and 
T. Y. Wu, Phys. Rev. 94, 1307 (1954). 
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value of ro) and the relations (9). It turns out in the 
following that only the combination (#A+!A)Vo 
appears in the variational problem which determines 
(*A+!A)Vo as a function of the value aw whose choice 
is at our disposal. (See Sec. III, Table I.) 

We shall further narrow down the arbitrary choice 
of the coefficients in (7) by assuming that the inter- 
action V(r,;—r;) vanishes for the singlet-odd states,’ 
namely 


(11) 


This assumption is admittedly arbitrary, it having been 
made for the purpose of representing to some extent 
the high symmetry in the observed angular distribution 
of proton-neutron scattering at ~100 Mev about the 
scattering angle dow/2 in the center-of-mass system, 
and yet without sacrificing the possibility of meeting 
the saturation requirement by making V(r,;—r,;) 
vanish also for the triplet-odd states, as in Serber’s 
potential. The relations (9) and (11) enable three of 
the four coefficients in (7) to be expressed in terms of 
the fourth. Thus, we may write 


ay =}(8A+'A)—aw, 
ay=}(*A)—aw, 


ap= —}('A)+aw. 


Ved (yr, 5) = (dw— au —ap+an) V oe~*/x=0. 


(12) 


We shall finally require the potential V(|r,—r,|) to 
satisfy the requirement of saturation of nuclear forces, 
which is expressed by some well-known relations among 
the a’s.5 On combining these relations with (12), one 


obtains the following condition: 
awVo>h@At+!A)Vo. (13) 


V» has been defined as negative in (8). We shall denote 
by 6 and ay’ 
b=}(A+'A), 


The condition (13) becomes then 


(14) 


a w = dy /b. 


aw’ <}. (15) 


We wish to emphasize here that the specific assump- 
tions (8), (10), (11), or even the saturation condition 
are not an inherent part of our main thesis. They have 
been made merely to enable a definite calculation to 
be carried out in the present work, which is a pre- 
liminary exploratory step in our general program. One 
might object that the Yukawa potential (8) does not 
contain the repulsive core indicated both by the high- 
energy nucleon scattering data and by the meson field 
theoretical considerations. It may be pointed out, 
however, that as long as one works in the central-field 
approximation represented by (3), there is no difficulty 
in introducing a repulsive core represented by an 

7A. B. Bhatia and S. M. Shah (to be published). We are 
grateful to Dr. Bhatia for letting us see his manuscript before 
publication. 


* See J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), 
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inverse power law not steeper than 1/r*. The energy of 
the system is expressible in terms of Slater integrals of 
the form (21) below; and these integrals can be trans- 
formed into integrals of the form /o*®(r)J(r)dr, r=r;; 
[of which the Talmi integrals (24) below are a special 
case corresponding to the oscillator wave functions 
(19) ]. Such integrals are convergent if J(r) in (7) is not 
more singular than 1/r’. 

We have not introduced such repulsive cores in 
J(r;;) mainly for reason of simplicity. This may be 
justified since in the nuclear model we are not dealing 
with high-energy nucleons, and for low energies the 
effect of a repulsive core is not important. In any case, 
modifications and refinements of our specific assump- 
tions such as (8), (10), and (11) can be made if desired 
and warranted on the basis of the result of the present 
work. 


Ill. V) AND w,,(r;) FROM A MODIFIED 
RITZ METHOD: O'* NUCLEUS 


The space and the spin part of the single-nucleon 
wave function (3) can be put either in the m,, m, 
representation, 


(1/r)Railr) Vimi(d,e)x(m,; 0), 
(16) 


W(n,l,mi; r)x(m,; 0) 


which is appropriate for the case of 1, S coupling, or in 
the J, M representation in the form of linear combina- 
tions 


dX cm! “yp (n,L,mi; r)x(m,; @) (17) 


l,m 


which is appropriate for the case of strong spin-orbit 
coupling. For the present purpose, we shall neglect the 
spin-orbit interactions and shall employ the form (16). 

For the O'* nucleus, the nucleon configurations are 
(15?) v(1p*) v(1s?) p(1p*) p. On account of the presence of 
the Coulomb interactions between protons in (1), the 
1s wave functions are different for the neutrons and the 
protons, and similarly for the 1p wave functions, even 
though the nucleon-nucleon potential V(|r;—r;|) is 
assumed to be charge independent. Thus there are 4 
different orbitals (1s)y, (1p)y, (1s)p, (1p)p which are 
given by (4), or the Hartree-Fock equations. As men- 
tioned before, we shall solve (4) by the usual modified 
form of Ritz method, and on account of the analytical 
complexity involved in the calculation, we shall as a 
first approximation assume for the radial functions 
R,a(r) in (16) the analytic form of the wave function of 
a 3-dimensional harmonic oscillator, namely,® 


Rul(r) = V nt(Vnt) exp( Syn) ODay (one), 
(18) 
win! (20+-1)!! PN Pont) = 2? (214 2n4+-1) Nn, 


9J. Talmi, Helv. Phys. Acta, 25, 185 (1952). The use of har 


monic oscillator wave functions in our present work is of course 


mainly for reason of simplicity. The rapid decrease with distance 
as given by the factor exp( 
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hv,r*) seems preferable to the use 
of hydrogenic wave functions, when considered in the light of the 
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the radial and azimuthal 


numbers respectively, 1 is the associated Laguerre 


where n,/ are quantum 
polynomial, and v,; is a constant regarded as a varia- 
tional parameter, to be determined by (6). One should 
employ different v,: for the proton and the neutron on 
account of the Coulomb interaction, but as a simplifying 
approximation in the present exploratory work, we 
shall ignore the difference in the wave functions of the 
neutron and the proton, although the energy contribu- 
tion from the Coulomb interaction e?/r;; in (1) is 
included. 

To obtain the energy integral in (4), we note that 
with the use of the wave function (18), the diagonal 
Hamiltonian 


element of the one-particle 


(1/2M)p,? is simply 


matrix 


H(i) 


(n,l| H(i) | nD) = (34+ 2n+1) (h?/2M ) ont, (19) 


so that for the 16 nucleons (15°) v(1p"%)v(1s*)p(1p*)p 
the kinetic energy part of the energy integral (4) is 


T= (3v9+15;)(h°7/M), (20) 


where vp and », are the variational parameters for the 
1s and 1p wave functions in (18) respectively. 

The matrix element of the potential energy terms 
in (1) can be shown to be expressible in terms of the 


following generalized Slater integrals: 
D @ 


| R2(r:) Ry? (ro)we(ri,r2)dridro, (21) 


0 0 


[of RaldRalradRewlrs) 
ee *s 


F*(n,n’) 


G*(n,n’) 


KX Ra (re)we(rire)dridre, (22) 


2k+i 
{ J (132) P,(cos@)d cos, 


(i 


w, (71,72) 


where © is the angle between r; and r2, and similar 
integrals f*(n,n’), g*(n,n’) in which wy(ry,r2) is given 
by (22) with J(ri.2) of (7) replaced by the Coulomb 
potential. /,.(cos@) is the Legendre polynomial. 

With the use of the determinantal wave function (2), 
each type of the potential V(/1r—12|) in (7) gives rise 
to a “direct” and an “exchange” integral. The matrix 


elements of each type of interaction in 30 i; V(|rj— 48} ) 


for all nucleons and of > e?/r,; in the O'® nucleus are 


short-range nature of the ‘central field” both expected and 
obtained in Sec. VIT below. Eventually one may replace the simple 
functions (18) by combinations of AR, for different n but the 
same |. They may be regarded as the wave functions of an anhar- 
monic isotropic oscillator, 
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given below. 
awd, | W*I (14;)¥dq 
ix) 
aw[6F°(0,0) +-48F°(0,1) —4G"*(0,1) 
+-66F°(1,1)— (12/5) F*(1,1) J, 


au | Y*P uJ (rij)¥dq 


ix) 

ay{ 6F°(0,0) —12F°(0,1)+-16G"(0,1) 
+6F°(1,1)+ (48/5) F2(1,1)], 
ap 2 


ifj 


W*P pd (143) Vdq 


(23) 
ap{24F°(0,1) —8G*(0,1) 


4-24F°(1,1) — (24/5) F*(1,1)], 
an _ 


ix] 
-an{ 24F°(0,1) —8G'(0,1) 
+24F°(1,1)— (24/5) F*(1,1)], 


V*PyJ (744) Wdq 


protons e 
YD v*—Vdq 

at] Vij 

= {°(0,0) 4-12, f°(0,1) — 2g'(0,1) 
+15 f°(1,1) — (6/5) f7(1,1). 

Here and below, we denote the 1s, 1p, 1d state by the 
“collective” quantum number 0, 1, 2, respectively. 

In the present approximation, if one uses the simple 
harmonic oscillator wave functions (18), all the integrals 
I*, G*, f*, g* in (21) can be expressed in terms of the 


integrals’? 


a” 


Ti (v) ve(v/2) | exp(—4vg*)r"J (r)dr, 


“0 


x 


I(v) =2NP(v,/2) [ exp(—4vy"*)r"dr, 


0 
where J(r) is given by (18). Thus 
F°(0,0) 
(1,1) 
F*(1,1) 
G'(0,1) 
F°(0,1) 


To(vo), 
G"(1,1) = 
G*(1,1) 
24 (vo'v1")* (vot 01) “(J 0(9) 
(vot vy) TL vl o(¥) + vol 1(¥) |, 


(1/12)[ 5(1o(v1) + To(v)) { 27 1(v1) |, 
(25 12)[ To(v1) + 2(r1) 21, (%1) |, 
T,(¥) |, (25) 


b= 2vov,/(votr1), 

” T, Talmi, reference 9; G. E. Tauber and T. Y. Wu, Phys. Rev. 
94, 1307 (1954). It is important to note that the integrals 7; and 
9, in (24) refer not to the wave functions (19) but to normalized 
wave functions obtained by replacing v by 4v in (19). Thus all the 
integrals J; in Talmi’s paper should have v replaced by 4». While 
this amounts only to a redefinition of vy in Talmi’s paper and is in- 
consequential, this is important in the present work since the 
matrix elements of the kinetic energies contain ». 
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and similar expressions for the Coulomb part /*, g*, 
with 9; replacing J; in (25). 

The Talmi integrals (24) can be evaluated for certain 
potentials V(r). For the Yukawa potential (8), one 


finds!” 
u=1/[ro(2v)!], 
To{v) =C(u)—D(u), 
Ti(v) = 4(1+4)C(u) — (14+- Fu) D(y), 
T2(v) = (8/15)[1+ (9/4) u?+4u* JC (u) 
—[1+ (4/3)u?+ (4/15)u*JD(u), 

Iy(v) = (16/35) [1+ (29/8)p2-+ (5/3)ut-+du® IC (u) 

—[1+2p?+ tut+ (8/105)u*|D(u), 

é 2'1! 


(26) 


$,(v) =- - 
rou (r)¥ 1-3-5+ ++ (2141) 


C(u) = Vo/(ur'), 
D(u) = VolL1—(x) ] exp(y’), 


2 “ 
? (yu) = ~ | exp(—F)dt. 


Tv 


By means of (23) and (26), one obtains for the total 
energy of the O'* nucleus: 


E(O"*) = (39+ 15) h?/M+6(aw+am)Io(v0) 
+12(4aw —ay+2ap—2ay)F°(0,1) 
—4(aw—4ay+2ap—2ay)G'(0,1) 

+ (45/2) (aw+am)[To(v1)+J2(r1) | 
+3(7aw—13a4+8ap—8ay)1\ (14) 
+ 9o(vo) +12 £°(0,1) — 2g'(0,1) + (43/4) Fo(v1). (27) 


It is to be noted that this expression follows from (1) 
and the potential (7), and is independent of any of the 
specific assumptions (10), (11), and (15). We shall now 
use (12) and (14), and absorb the factor b in the as 
yet undetermined Vo by replacing the Vo in all the 
Talmi integrals J; in (24), (27), by Vo’, where 


Vo' =bV. (28) 


Equation (27) can then be written in the form 
E(O"*) = (3v9 +157) h?/M+-61o(v0) +A F°(0,1) 
+ BG" (0,1) +-C1, (11) + (45/2)[To(v1) +12() J 
+ $o(vo)+12/°(0,1) — 2g'(0,1) + (43/4) 5o(v1), (27a) 
A =36(3aw’—1), B=12(2—3ay’), 


C=9(12aw’—7). (29) 


The empirical value of E(O'*) is taken to be — 127.56 
Mev. 
For the variational equations (6), we make use of 
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the following recurrence formulas: 
dIi(v) 3+4+2l 


Ov ys 
Equation (6) leads to 
Oh? v9 3Ar 


+18[7o(vo) x T,(vo) J+ [ (3n 
M Aye*r, 


2vo)1o(¥) + (7 v9 


3Br 


r | 1176(8)—101,(9 +5] 5(d) 


4 ( vo" V4") ) 


30h®v, SAP 


+ [ vilo(¥)+4 (Vo 
M 4yov;" 


v)1,(v)- 


Vi 45 : 
+512(7) —6 [J o(v) 1,(v) } T {3[7o(v1) T\ (14) } t 7L72() (v4) l) { 
Dp 2 


Equations (27a), (31a), and (31b) are three equations 
in the three unknowns Vo’, vo, and » with aw’ as a 
parameter. For each choice of aw’ which is still at our 
disposal and is subject only to the saturation require- 
ment (15), Eqs. (27a), (31a), and (31b) give a set of 
values for Vo’, vo, and »). Table I gives the solution of 
these three equations for 


ro= 1.4K 10-" cm, (32) 


, 
aw = 1 


and the solutions for aw’=0.3, 0.22 and the same ro 
but with the further approximation »,;= vo. The value 
bVo~—54 Mev is to be compared with the value —46 
Mev in (10) for two “free” nucleons. 

Other choices of aw’ and ro are obviously possible, 
and trial wave functions more general then (19) should 
be used. In the present preliminary work, however, we 
intend to bring out the general features of the varia- 
tional treatment. Since any calculation must neces- 
sarily be based on an assumed pair interaction such 
as (7) and (8), it does not seem warranted to carry out 
very long calculations at this stage." 


IV. TOTAL BINDING ENERGY OF O' 
AND O' NUCLEI 


We shall calculate the total binding energy of O'° 
means of the assumption that the potential 


by 

4 A calculation similar to that described here has been carried 
out by M. G. Redlich [Phys. Rev. 99, 1421 (1955) ] for O'%. The 
main difference between his work and the present work is that he 
uses an explicit harmonic oscillator potential V’ for the central 
potential and then calculates the binding energy, while we use 
the empirical value of the binding energy to fix the constant Vo 
of the two-body interaction and make no assumption about the 
central potential, which is obtained from the Hartree-Fock 
equations (see Secs. V and VII). 
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vol o() }4+-5CL11 (11) — 1 2(v2) J4 
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=——[I1(v)—Tiuyi(v) |, 
ry 


5 vol o(v) 


3v,)1,(¥) 


Vo 
10—[1o(v) 


b 


10))] 


D\2 
+ Sy(vo)4 ( ) Io(d) 
Vo 


sBp* 


5vo) 
§)(b) =0, 


p(4y, 


2(v97v°)! 


Hig 16/,(v) 
4(vor)>? 
13 


$o( V4) 


5y, P(2v9— 4) 
§o(v)=0. (31b) 


(DL 


r;|) in O is the same as that determined for 


Ove 4(vo7v,)! 


V (lr, 
Q'* in the preceding section, and the further approxi 
mation that the wave functions for the ls and 1p 
nucleons in O'* are also nearly the same as those in O'° 
Thus for the configuration (1s")y(1p*)(1s*)p(1p%)p, 
the expressions for the kinetic and the potential energy 
in (20) and (23) are replaced by 


h* 55 
r=—(3nt—n), 
M 4 


awl 6F°(0,0) +-44F°(0,1) — (11/3)G"(0,1) 
+ 55F°(1,1) — 2?(1,1) }+-ay[ 64°(0,0) 

+ (44/3)G"(0,1) +5F°(1,1)+8F?(1,1) | 

+ (ag—ay){ 22F°(0,1) — (22/3)G"(0,1) + 20F"(1,1) 
4F?(1,1) |+ £°(0,0) + 12 /°(0,1) — 2¢'(0,1) 

+ 15/°(1,1) — (6/5)f7(1,1) 


(20-B) 


and 


11/°(0,1) 


(23-1) 


The expression for the energy /(O') corresponding to 
(27a) for O' can be written down. Again, we shall make 
the choice aw’=4 as in (33), and with the values 
po= 0.5808, 1 ().5650, Vo = bVo 54 Mev in Table I 
obtained by the variational calculation for O'%, we find 


TABLE I, Variational calculation for O'*.* 


ro 


cn we 
14xK10°" 


1.4 10°" 
14X10" 


0.5808 
0.00 
0.70 


0.5650 
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TABLE II, Variational calculation for O'. 
(Compare with Table I.) 


bVo (Mev) 


56.3 
61.5 


for £(O') the value 


E(O") = —88.1 Mev, 


which is much too small compared with the empirical 
value —111.97 Mev. We have also calculated /(O") 
corresponding to adw’=0.3, aw’=0.22, and wo=m in 
Table I, and found E£(O") 96.80, —95.01 Mev 
respectively, The agreement with the empirical value 
is only partly improved. 

A part of the discrepancy noted above obviously can 
arise from insufficient variations in the range of the 
trial values for aw’ and from the nature of approxima- 
tion introduced by the use of the wave functions (18). 
Also the ‘Talmi integrals /;(v) in (26) appearing in the 
energy expressions, and hence the energy values (for O'* 
and Q'*), depend very sensitively on the parameters 1. 
Hence the above comparison between the calculation 
(O'*) and the empirical value may not be a fair test. 
We have, therefore, inverted the test by calculating 
the O'§ problem by an independent variational calcu- 
lation similar to that for O'*, and compare the solutions 
pw, bVo so obtained with those of O'* in Table I. With 
the empirical value £(O') 111.97 Mev and v=, 
the result of solving (27a-B) with the following varia- 
tional equation [see remark before (28) } 


(67h*v/2M)+3A'lo(v)4+-(SB’—3A')I\(v) 
t+ (7C’ — SB’) Iq(v) — 7C'T(v) + (83/4) F ofr) 
A’=165/4, B’=(189aw’—102), C’ 


0, (31-B) 


75/4, 


is given in Table IT, 

A comparison of Table II and Table I shows that 
for the same value of aw’ the variational calculation 
leads to very much the same wave functions and very 
nearly the same potential 6Vo for the pair-interaction 
in O' and O'*, One can conclude from this that the 
fundamental ideas of this model (namely, a central- 
field approximation starting from a_pair-interaction 
between two nucleons) have at least not been con- 
tradicted by this test. 

For O', we have an additional 1d neutron, and the 
total energy is obtained by adding to (20) and (23) 
terms arising of this 1d neutron namely, 


£(O") = E(O"*) in (27a) 4+ (7h?12/4M) 
+ (4aw+ 2an— a4 — 2ay)[ (2,0) +3F%(2,1) | 
+ (4ay-4+- 2a 2az -aw)| £G?(2,0) 


+ $G"(2,1) + (9/35)G3(2,1)], (27-A) 


where vg is the parameter in (18) for the 1d wave 
function, and the F’s and G’s are given by (21). 
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Two calculations have been made. (i) With the Vo’ 
and the parameters vo, v; for the 1s, 1p nucleons which 
have already been determined for O'* (Table I), the 
parameter v,(1d) and E(O"'’) in (27-A) are calculated 
from the variational equation. (ii) With the vo, » for 
©'* from Table I and the empirical value of E(O") 
= ~131.66 Mev, the parameter v2(1d) and Vo’ are 
calculated. In each case the limiting value aw’=4 
and (12) have been used. The calculation (i) gives 


u2(1d)=0.585, E(O'?)=—116.77 Mev, (33a) 


while calculation (ii) gives 


p2(1d)=0.584, Vo’ (33b) 


55.2 Mev. 


It is seen that the same remarks above for O° hold 
here for O'’. 


V. HARTREE-FOCK EQUATIONS (FOR O'*, 0%, O” 
NUCLEI IN PARTICULAR)" 


The variational equation (4) with the assumption (2) 
is equivalent to the following system of Fock equations 


=x’ lp, (i) 
= > m'[ Gan(t)+Lmn lpn(t). 


Here and in the following, the single index i stands for 
the set of space, spin, and isotopic spin variables rj, 
o;, t; and the index n or m stands for the totality of 
quantum numbers (of the one-particle state) in (3). 
H(i) is the one-nucleon Hamiltonian nucleon 7 in (1), 
and 


(m|H(j)|n) f dn*(j)H (joa j)dj, 


(H(i) +V (i) —Gan(i) 
(34) 


Ginn(1) - fora V(\e- r;|)on(j)dj, 


V (1) i Ginm(i), 


(mk|G| nl) = f $n*(iou*(j)V (| e—5l) 
Xbn(i)oi( {di dj, 


Linn=(m\H(j)\n) 
+ >> [ (lm|G| in) — (lm|G| nl) }. 


The prime in the summation sign in (34) indicates 
exclusion of state m=n. 

On multiplying (34) by the complex conjugate of 
the spin, isotopic spin, and the space angular part of 
onli), 1.€., Xn*(oen*(*:)V,*(0i,¢,) in (3) and (18), 
and summing or integrating over these variables aj, 
zi, Ji, gs, one obtains the radial equations for R,(r;) 


# Recently M. Rotenberg [Phys. Rev. 100, 439 (1955) ] has 
carried out a calculation for a 184-nucleon (Z=N=92) nucleus 
in which the Hartree-Fock equations are solved with a Slater 
average of the exchange term. The charge and particle density 
distributions are calculated. 
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of (18): 
CH n(ri)+V (1) —An |Ral(ra) 

Lim aml dia d*(nym) V*(n,m; ri) |Rm(r%), 
where 


H,(r,)=—- 


a Ia(lat =| 


2M 
An=An’— (n| H(j)\n)—>XL (n|G| ln) 
-(In\G\ nl) }, 


dr? r? 


d*(n,m) J [reese V m* (35,05) Pe (cos) 


x Y (0 :,9;) ¥n(8;,¢;)dwidw,;, 
dy,=sind dd dy; etc., 


P, being the Legendre polynomial and © the angle 
between r; and r;. a» is a constant obtained from the 
coefficients da, etc., in the expression (7) or (8) for the 
potential V(|r,—r;|). 

Before going on further, we shall bring out explicitly 
in (37) the distinction between the radial wave functions 
of the neutrons and the protons on account of the 
Coulomb interactions e?/r;; in (1). Let us denote the 
neutron wave functions by R&,(r) and those of the 
protons by S,(r). The V*(n,m; 7) are integrals defined 
by 


V »* (n,m; r;) [Reale paler 


r ke ° 
V*(m,n; 73), 


Vie" (n,m; 7;) = f Ralr)Sulr aor 


Vay" (m,n; 7;), 


V ee" (m,n; 75), 


where w,(r;;) is defined in (22). The subscripts v, m 
denote a neutron and a proton respectively. For the 
protons, there are additional similarly defined integrals: 


U* (n,m; ri) f SalrSulrdou(rsddrs (39) 


in which ax(r,;) is obtained from the expression (22) 
for ws(r,;) by replacing J(r;;) by the Coulomb potential 
e’/r,;. The integrals V* are essentially negative [see 
(10) ] while the U* are essentially positive. For the 
evaluation of these integrals, see Appendix. 

With this distinction between the neutron 
proton, the Fock equations for any given nuclear con 


and 
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figuration can be written out. Thus, for the lowest con- 
figuration in the O'*® nucleus, the Fock equations (36) 
are a system of 4 differential-integral equations in the 
ls and 1p wave functions of the neutrons and the 
protons. In the following, we shall denote for brevity 
the 1s, 1p, 1d state by the single quantum number m 
or n=0, 1, 2 as a subscript respectively, and denotes 
the eigenvalue parameters for the neutron and proton 
by Am, €m, respectively. Thus 


h? ad? 
I) 5 es 
2 M dr’ 


2M \dr’ 
[ I t V(r) Ao |Ro(r) 
al V°(0,0; 7) Ro(r) + V,(0,1; r) Rilr) | 


+ Bl Vr"°(0,0; 7)So(r) + V,e4(0,1; r)Si(r) |, (41-v) 


[Hit Vi(1) Ay JRi(r) 
af 4V,,"(0,1; 7) Ro(r)+[V,,°C1,1; 1) 
+ #V,,7(1,1; 7) |Ri(r)} +8(4V..1(0,1; 1)So(r) 


+[ Vie!(1,1; 7) +4V,.7(1,1; 7) \Si(r)}, 


r 
> 


(42-v) 


[HotV,(r) 
[aV,x°(0,0; r)+U°(0,0; r) |So(r) 
tlaV ee (O11; r)+U'(0,1; 7) \Si(r) 
+ Bl V,.°(0,0; 7) Ro(r) + Vet (0,1; 7) Ri(r) |, 


€0 S'o( r) 


€: |Si(r) 
MaVee'(0,1; r)+U'(0,1; 

+ fal Vee(1,1; 7) + eV e211; 7) 
+ U/°(1,1; r) 4+ 4U2(1,1; rv) Si(r) 
tB{4V4,'(0,1; 7) Ro(r) 


+[ V°(1,1; 7) + 4V,,7(1,1; 7) 


[Hi+V,(r) 


r) |So(r) 


R\(r)}, 
where 
5 4 
a=dywt7¢dn— ay 4am, 
1 3 
p 244 4am. 
2aal V,,°(0,0; 7) 4 
SV yw (t,1; 


’ 


V ex (0,0; 1) 
r)+3V.e"(1,1; 


V,(r) 


where 
la VM, 


(Lis#) } 


dwt V(an ay) 


Vi(r)+2[ 00,0; r) +31 


In general, V(r) can be readily expressed in terms of 
the integrals (38). It is to be noted that the Eqs. (41) 
and (42) with a, 8 given by (43) are perfectly general 
in the sense that they are independent of such assump 
tions as (9), (11), and (15) on V(r,—r,). 

For the O'” nucleus in the (1s*)v(1p*)v(1d)y(1s*)p 
(1p*)p configuration, the following terms have to be 


added to the right-hand side of Eqs. (41-v), (42-v), 
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(41-), (42-1), respectively : 
hal $V ,,7(0,2; 1) Re(r) J, (41-v-A) 


haf (2/15) V,,'(1,2; 7) + (3/35) V,,4(1,2; r) |Ro(r), 
(42-v-A) 
DAL EV s,7(0,2; 7) Ra(r) J, (41-1-A) 
4A[ (2/15) V_,'(1,2; 7) + (3/35) V,,5(1,2; r) |Ro(r). 
(42-3-A) 
The “equation for the 1d” neutron is 
[Hot V,'(r) —)y Ror) 
=a{4V,,(2,0; r)Ro(r)+[ £V,,'(2,1; 1) 
+ (9/35) V,,8(2,1; 7) |Ri(r)} + 4af V,,"(2,2; 1) 
+ (2/7) V,,7(2,2; 7) + (2/63) V,,4(2,2; r)} Ro(r) 
+8{4V,.7(2,0;7)So. (43-v-A) 
In Eqs. (41-v-A), (42-v-A), (43-v-A) for the neutron 
and (41-m-A), (42-9-A) for the proton in O'’, the V,(r) 
in (44), (45) is to be reqlaced by 


V,’(r)=V,(r)+agV,,°(2,2; 7). (44-A) 


For O' in the configuration (15*) y(1p*)(1s*) p(1p*) p 
the Fock equations are obtained by subtracting the 
following terms from the right-hand side of (41-v), 
(42-v), (41-1), (42-9) respectively : 
hal 4V,,.'(0,1; 7) Ri(r) |, 
bat 4LV,.°(1,1; 7) +4V,7(1,1; 7) |Ri(r)}, 
$A[4V,,1(0,1; 7)Ri(2) |, 

SBCALV (1,15 1) + §V (1,1; 7) JRi(r)}, 


where a, #8 are as given in (43), and the V,(r) in 
(41-v-B), (42-v-B), (41-m-B), (42-2-B) is obtained by 
replacing V,(r) in (44) and (45) for O' by 


(41-v-B) 
(42-v-B) 
(41-1-B) 
(42-2-B) 


V,""(r) = V(r) —aaV,,°(1,1; 7). (44-B) 


VI. BINDING ENERGY OF THE “LAST” NUCLEON 
(OR “IONIZATION POTENTIALS”) 

For any given nucleus, either the variational equation 
(2) with the product wave function (2), or the above 
system of Fock equations, is the complete statement of 
the central-field approximation. In the form (2), the 
modified Ritz method so familiar in atomic and mo- 
lecular problems is convenient; the solution of the 
Fock equations, while also familiar in atomic and 
molecular problems, is more easily obtained with the aid 
of calculating machines. The difficulty in the present 
nuciear case is the lack of knowledge of the pair- 
interaction V(r;—r,), and the consequent necessity for 
having to explore many assumed forms for V(1;—r,;). 
The calculations in Secs. IIT and IV must only be 
regarded as preliminary explorations illustrating the 
ideas rather than giving quantitative results. In the 
same spirit, we shall further discuss some consequences 
of the central-field approximation. 

For this purpose of obtaining only the essential 


TAUBER 


AND T. WU 


qualitative features of the theory, let us ignore the 
difference between the neutron and the proton wave 
functions R,,(r) and S,,(r) in each individual equation, 
without neglecting the Coulomb interaction entirely. 
Thus, for example, instead of (41v), (41m), and (45), 
we shall consider the following equations for the 1s 
neutron and 1s proton in O'*: 


[ Ho + V(r) —ho |Ro(r) 
=(a+B)[V,,°(0,0; r)Ro(r)+V."(0,1; r7)Ri(r) ], (46v) 


[ Hot+Vz(r)—€ |So(r) 
(a+B)[V e29(0,0; 1) So(r) + Vex'(0,1; r)Si(r) ] 
+U(0,0; r)So+U(0,1; )Si(r), 
V(r) = 4a V,,°(0,0; r)+3V,,"(1,1; 7) J, 
V.(r) =4aal Vee°(0,0; 7) +3Vee2(1,1; 7) ] 
+2[ U°(0,0; r)+3U'(1,1; 1) ]. 


(467) 
(47) 


This approximation simplifies the system of Eqs. (41) 
and (42) for Ro(r), Ri(r), So(r), and Si(r) into two 
independent systems, one for Ro(r) and R,(r), and one 
for So(r) and $;(r). While an accurate solution of each 
system for the wave functions and the eigenvalues Ao, 
Ai, €, €: can be carried out, one may obtain an 
approximate value of Ao, for example, by using in (46v) 
the approximation variational (normalized) wave 
functions Ro(r) and R,(r) obtained by the modified 
Ritz method in Sec. IIT. 

Equations (46v) and (46m) can be further simplified 
if we set ag=0 (44-A) (i.e., aw’ =4 in Tables I and II). 
From (43), (14b), and (14), one obtains readily 


a+B=(25/9)aa—§(*A+!A) = (25/9)aa— (5/3)b 
= —(5/3)b 


With a,=0, one obtains, for example, from (46v) and 
(48), 


(48) 
(48a) 


for ag=0. 


5 
Ao _f RottaRairs bf RLV 200; r)Ro(r) 
3 
+V,,"(0,1; 7) Ri(r) |dr. 


(49) 


The integrals in (49) and in similar expressions for € 
(1s proton), A; (1p neutron), €; (1p proton) can all be 
expressed in terms of the Talmi integrals in (26). The 
resulting expressions are 


Sh* vo 5 


(1Is)y: +-~[To(vo)+G'(0,1) |, 
4M 3 


e 
€o=o— g' (0,1) +——+-6 f °(0,1), 
TT oho 


5 
me [4G'(0,1)+ i {57 o(v1) 
3 
+-512(v1)—611("1)} J, 


43é 
=h,— 4¢'(0,1) +2 /°(0,1) +— , 
12mrouy 


(1s)p: 
Sh*v 
At = — 


(1p)y: 
4M 


(51) 


(1p)p: 
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where the expressions /;, G'(0,1) and /°(0,1) are given 
in (25) and (26), with Vo replaced by Vo’=0bV¢o as in 
(27a). With the values of po=0.5808, y,=0.5650, 
aw’=4, Vo'=—54 Mev, one obtains the result in 
Table III. These are the approximate binding energy 
of the “last” 1s, 1p neutron, proton, respectively, in 
the O'* and O' nuclei. The differences between the 
neutron and the proton energy for the corresponding 
orbit are due to the Coulomb interactions among the 
protons. 

These binding energies in Table III, especially the 
positive values for the 1p state are seen to be unsatis- 
factory. It must be remembered, however, that the 
values of the parameter \,e in the Fock equations are 
not exactly the “ionization potentials,” which must be 
obtained from the difference between the energies of 
the A- and (A—1)-nucleon nuclei. Nevertheless, Table 
III shows that the eigenvalues \ and ¢ of the Fock 
equations do not give sufficiently good approximate 
values of the binding energies for the individual 
nucleons. 


VII. CENTRAL FIELD: HARTREE AND FOCK 
APPROXIMATIONS 


All the individual Fock equations (41) and (42) 
can be regarded as the radial equations of a particle in 
a central field. Thus, for example, Eq. (41-v) for the 1s 
neutron may be regarded as an equation of a central 
field problem 

[Hot W,(r)—d JRo(r) =0, (52) 
where the central field W,(r) is 


W,(r) = V,(r) —aV,,°(0,0; 1) 


[aV,,'(0,1; r)Ri(r) +BV,.°(0,0; r)So(r) 


~ Ro(r) 


+8Vy—!(0,1; r)Si(r)]. (53) 
This field W,(r) is obviously different for the various 
shells (1s)y, (1p)y, etc. On the other hand, the usual 
treatment of the shell model implies an average central 
field V(r) which is the same for all the individual 
nucleons, like the Thomas-Fermi field for an atom. 
Such a field does not exist in the rigorous sense of the 
theory of Fock, but must be identified with some sort 
of average of the W,(r) in (52) over all the occupied 
states Ro, Ri, Ro, etc. One way of introducing an 
approximate central field, denoted by W,’(r) for a 
neutron and W,’(r), for a proton, is to follow the 
idea of Slater’ of using a weighted exchange potential 
suggested for the problem of an electron in an atom or 
in a metal. It is to be remembered that, apart from the 
fact that the ‘W’(r) so defined is only approximate, 
W’(r) serves only as a convenient help to visualize the 
“central field” approximation and is not essential in the 
theory, since the binding energy of a nucleon in any 


3 J. C. Slater, Phys. Rev, 81, 385 (1951), 
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TABLE IIT. Binding energy of last particle in O' and O' 


Nucleus ou 
23.50* 
69.79 
46.29 


Kinetic energy 
Potential energy 
(1s)y Au 

5.56 
40.73 
Kinetic energy 41.40 
Potential energy 45.20 
(1p)n Ay 3.86 


Coulomb energy 
(1s)p €0 


5.20 
1.34 


Coulomb energy 


(1p)p €; 


* All energies are given in Mev 


shell can be obtained directly from the difference 
between the total energies of the two nuclei having A 
and A~—1 nucleons. For this reason, we shall not over 
emphasize the significance of any such average central 
field, but give the potential W(r) in (53) and similar 
equations for the (1p)y, (1s)p, and (1p)p in the O' 
nucleus. For our present illustrative purpose, we have 
4 in (33) and (a+ 8) 56/3 in (48), and 
have made the same approximation as in (46v) and 
(46r). The result is shown in Fig. 1.!4 

It is also of interest to obtain the “central field” for 
the nucleons by further simplifying the Fock system 
(46) by making the Hartree approximation. This is done 
by neglecting all the “exchange” terms from the Fock 
equations (41), (42). We shall denote this “Hartree” 
field by U(r). Thus instead of (46v), (46m), for example, 


we consider 


/ 
chosen aw 


[ Ho+,(r) 
[ Hot+VU,(r) — €0 |So(r) =0, 


Ao |Ro(r) 0, 


where 


U(r) 
U,(r) 


V,(r) — (a+B)V,,°(0,0; r), 


V(r) — (at+B)V,,°(0,0; r) — (0,0; r). 


Again, with a,=0 and (a+ 8) 5b/3 in (48), one 
obtains the following ‘effective central field” for the 
1s, 1p neutron and protons in O' in the Hartree ap- 
proximation : 


U,(r) = (5/3)bV,,"(0,0; 1), 
(5/3)bV -y°(0,0; 7) 

+ U/°(0,0; r)4+-6U%(1,1; 1), 
(5/3)b{ V,,°(1,1; 7) + 4V,.2(1,1; 7) ], 
(5/3)b[ Vex(1,1; 7) +8Vee2(1,1; 7) ] 
+2U/°(0,0; r)4+-5U°(1,1; 1) 

4U*(1,1; 7). 
4 Recently P. Gombas [Acta Phys. Acad. Sci. Hung. 5, 511 
(1956) ], in a treatment based on the Thomas-Fermi statistical 


model, has obtained potentials of shapes similar to those in 
Fig. 1 


(1s): 
(1s)p: U,(r) 
V,(r) 
U,(r) - 


(1p)n: 
(1p)p: 


(57) 
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hic. 1. Central field in the Fock approximation for 1s, 1p 
neutron and proton in O'* nucleus. ro is the parameter in (10) 
and ‘W (r) is given by (53) and similar expressions 


These central fields 0,(15), U, (15), V,( 1p), and U,( 1p) 
are given in Fig, 2. 

A comparison between these Hartree approximations 
and the Fock approximation W,(r), W,(r) shows that 
for any given “orbital,” they differ considerably from 
each other; that the Fock fields W(r) are lower than 
the corresponding Hartree field U(r). It is also seen 
that, while the diffusive nature of the boundary of the 
fields is as expected [i.e., they reflect on the general 
nature of the wave function (18) employed ], the Fock 
W,(1s), W(1s), W,(1p), and W,(1p) all 
exhibit the interesting “wine-bottle” shape. It may be 
recalled that this wine bottle shape was introduced 
empirically before the advent of the spin-orbit coupling 
theory to account for the order of the nuclear energy 
levels and hence the magic-number nuclei. Thus it is 
interesting that this feature comes about without any 
additional assumption from the self-consistent (i.e., 
Fock’s theory) treatment of the central-field approxi- 
mation,'* although one may not yet dispense with the 
assumption of a spin-orbit interaction to account for 
the magic-number nuclei. Further investigations of a 
few more nuclei in the neighborhood of the magic- 


fields 


number nuclei along the same line as described in the 
present paper are being carried out to throw more light 
on this point. 











Uiip) 


Ur''s) 








~100 = 





Fic. 2. Central field in the Hartree approximation for 1s, 1p 
neutron and proton in O!* nucleus. ro is the parameter in (10) 
and U(r) is given by (57). 


At this point, it is important to emphasize the dif- 
ference between the U(r) in the Hartree approximation 
and the W(r) in the Fock approximation. One sees 
from (44), (45), (48), (56) that for sufficiently large 
negative values of ay (i.e., adw’<4), the U,(r) and 
U,(r) can become repulsive so that the individual 
nucleons are not bound to the rest of the nucleus at all. 
This result is of course inconsistent with the result in 
Table I which shows that the empirical binding energy 
of the nucleus is compatible with large negative values 
of ay. This difference in the conclusion between the 
Hartree and the Fock approximation lies of course in 
the neglect of the “exchange” terms from the Fock 
equations (41) and (42), which are really very im- 
portant in contributing to the binding of the nucleons. 
This illustrates the great difference between the central- 
field approximations in the atomic and the nuclear 
problem. In the atomic problem, the binding of the 
electrons and the ‘central field” comes primarily from 
the Coulomb field of the nucleus, and the Hartree 
approximation gives a fairly good approximation com- 
pared with the Fock approximation. In the nuclear 
problem, where there is no predominantly attractive 
central field, the “direct”? and the “exchange’’ inter- 
actions between the nucleons are equally important and 
the neglect of the exchange terms in the Hartree ap- 


sc 
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proximation is a far more serious, in fact invalidating, 
approximation than in the case of the atomic problem. 

The writers wish to thank Mr. R. Alford for helping 
with the calculations. 


APPENDIX: EVALUATION OF THE INTEGRALS 
Vé(nym; 7,) AND U*(n,m; 1) 

In order to evaluate the integrals defined by (38) 
and (39), the following method has proved useful. If 
one uses the integral representation for wx [Eq. (22) ], 
a typical one of the above integrals becomes 


2k+1 
V* (m,n; 73) ff fRaroRatrs 
2 


J (r:;)P(cos@)d cos@dr;, (A-1) 
where @ is the angle between r; and r;. Integration is to 
be carried out over the space of particle j, and for that 
purpose it is sufficient to choose r; as the polar axis 
If we now define new coordinates r and y by 


ri—r; cosO=rcosy, r;sinO=rsiny, (A-2) 


the volume element r/;drjdcos® transforms into 
r'drd cosy and integration over r; can be replaced by 
that over r. The integration over the angle y can be 


readily carried out in terms of the following integrals 


1 


T (a,b) et xhdx 
Jy 
e* » 2 ( en 


where 


2rryv, So’=1, 


r=cosy, a 


Sm? = b(b—1) (bh mx), 


m-+-1), 


while integrations over r results in integrals of the type 


L 


(oh f exp. v(r?+r’) |exp(+2rriv)J (r)r'dr, (A-4) 


0 


whose evaluation leads to error functions. 

The evaluation of the U integrals proceeds similarly, 
except that (A-4) is now replaced by the simpler 
expression 

2 


ne ef expl —v(r2+r*) | exp(+2rr,y)r' dr. (A-5) 


0 
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For the integrals occurring in (38)-(57), one obtains 
finally the following expressions: 


AVo 


exp( f(r) | 


V°(0,0; r,) p*)[ f4() |, 


2p 


SN AV 4 
V'(0,1; 7;) ( ) exp( p’) p 
I % Je 


} f, (a) (2p?+2p0+1) f(r) (2p? 2po+1)], 


AVo 4 
V°(1,1; 7;) exp( 2) p 
Op V1 
(A-6) 


+ (Qu?+-3)[ f,. (0) TI) 
V(1,1:7.)= V1 1:7) +4V2(1,157,) 
AVo 4 
exp( P| (1+-p*)p 
2p* Vr 
| f,(o)| (2p*+ 1) (p*+ 1)4 2pa(2p* +pa-t 1) | 
f(r)[(2p?+-1) (p?+-1) 


2pr(2p?—pr+ 1) it 
where 
P(r) |, r=utp, 


f(r) =exp/( r*)| 1 


exp(a*)[ 1 tp( a|) | for p> or p<p, o= up, 


2 
f exp( 
VT 


0 


ly (a) 
?(p) (dl, 
vr, p=1/2), 

and 


U°(0,9;r) 


UW(O,1; r) 


p’) } 
p’) | 


P(p) 


U1; r)+2U7%(1,1; 1) 


1 2 
el (p? + 1)P(p) (p+1) exp(—p’) | 
p ' 


, T’p 
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Electron Effects on Barrier Penetration 
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Naval Ordnance Laboratory, White Oak, Maryland 
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The effect of the surrounding electrons on the nuclear barrier penetration probability is considered. 
The nuclear potential is replaced by the Fermi-Thomas potential for heavy atoms, and by a potential 
derived from a constant electron-density model for very light atoms. The theory is applied to the evaluation 
of alpha decay periods and of the rates of thermonuclear reactions including the d-d reaction. It is shown 
that to first order the electron effect can be considered as an increase in the “effective energy” of the alpha 
particle. Numerical computations were made for the cases of the alpha decay of Rn™, Po*?, Sm’, and 


for the rates of the d-d and the p+ N" reactions 


I. INTRODUCTION 


HE customary theoretical treatments of alpha 

decay and the rate of thermonuclear reactions 
are based on the quantum-mechanical problem of 
barrier penetration.’ If the potential energy of the 
penetrating particle of energy / and reduced mass m in 
the field of the nucleus is denoted by V(r), then the 
probability that the particle will penetrate the potential 
barrier is proportional to the expression : 


2(2m)' p™ 
P=exp| — ; f (vie) Eur, (1) 
1 r) 


where rz and r, are the two solutions of the equation: 


Vir)=E; re>nh. 


Both the limits, as well as the integrand of the integral 
in (1) thus depend on the exact nature of the potential 
V(r). In the usual treatments, V(r) is assumed to be 
the potential due to the nucleus alone, which is taken as 


V(r) Vo, r<ny 

(2) 

=Z,Z.e"/7, 4>n1, 

where 7; is the nuclear radius, and Z,, Z, are the atomic 
numbers of the nucleus and the penetrating particle, 
respectively. If the latter has angular momentum with 
respect to the nucleus, a centrifugal potential is added 
to V(r). The effect of this correction has been treated 
by Bethe? and others. 

In reality, the potential existing in the vicinity of the 
nucleus is not due to the nucleus alone, but is also 
affected by the electrons surrounding the nucleus. The 
presence of the electrons tends to decrease V(r) every- 
where, thereby also decreasing the “impact radius” ro. 
The purpose of the present work is to investigate the 
effect of using a potential modified by the presence of 
electrons on the barrier penetrability, and hence on the 


* Now at Physics Department, California Institute of Tech 
nology, Pasadena, California. 

1G. Gamow and C. L. Critchfield, Theory of Atomic Nucleus 
and Nuclear Energy Sources (Oxford University Press, Oxford, 
1949). 

*H, A, Bethe, Revs. Modern Phys. 9, 178 (1937). 


rates of alpha decay and of thermonuclear reactions. 
For heavy atoms a satisfactory approximation to the 
true potential existing in the vicinity of the nucleus is 
provided by the statistical Fermi-Thomas potential.’ 
This is no longer valid for very light atoms such as 
deuterium or helium, which are of prime interest in 
thermonuclear reactions. For un-ionized deuterium or 
helium it would be possible to use a potential based on 
the electron density given by their respective wave func- 
tions. However, at the temperatures of interest in 
thermo-nuclear reactions, the light atoms are com- 
pletely ionized, and the true electron density must in 
some manner be replaced by an approximate “average” 
electron density. In the present work we shall treat 
the modifications of barrier penetration for two cases: 


(i) heavy atoms, using the Fermi-Thomas potential, 


and (ii) ionized deuterium, using a smoothed-out 


average electron density. 


II. FERMI-THOMAS POTENTIAL. 
FIRST APPROXIMATION 


The Fermi-Thomas statistical theory of the atom 


yields for the potential energy V(r) : 


2:22 


V (r) = Ze ot (x), 


ux 
where yu is a unit of distance such that 
p= 0.88534a,/Z;), 
and @ satisfies the Fermi-Thomas equation 
Pp/dx?=¢'/x'. 

For neutral atoms, to which we restrict our attention, 
F-y=0. For very small values of x it is possible to write 
a semiconvergent power series for @ of the form: 

p= 14+ aex+ (4)x!+ Faox!+ ---. (3) 


It is easily seen that the boundary condition at the 
origin : 
lim(rV) 


rr") 


Z 122" 


+P. Gombas, Die statistische Theorie des Atoms (Springer- 
Verlag, Vienna, 1949). 
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is then satisfied. The potential V(r) is explicitly given 


by the expression : 
V(r) =Z,Z2e*/r[1+an/ut ($)(r/u)i+-- +]. 


The negative term ay/y in the expansion is considerably 
larger than any of the succeeding terms, and is mainly 
responsible for the decrease in the potential energy due 
to the electrons. In the first approximation, we shall 
keep merely this term, and shall later estimate the con- 
tribution of the next term. Consequently, for the modi- 
fied potential V*(r) we take: 


— Vo, 
Z\Z20?/1+-Z 2 2€'do/p, r>r; 


r< TT, 


V*(r) (4) 


which is to be compared to the unmodified potential 
given by (2). To find the barrier penetration cross 
section, we must evaluate the integral of the expression 
(1), which becomes for the unmodified potential : 


Z:Z2€% gE 
I(E,r;) -{ [V(r)—E ]'dr, (5) 


ri 


and for the modified potential : 


I* -f [V*(r)—E }idr, 


(6) 


where the upper limit rz is determined by the equation 
V*(r.)=£. If we write E*=E—Z,Z.¢7a2/yu, then we 
see from (4) and (2) that 


V*(r)—E=V(r)—E*, (7) 
and that r2=Z,Z,e?/E*. If we substitute (7) into (6) 
and compare the resulting expression with (5), we then 
find that 


[*=I(E* 11). 


It is thus seen that the effect of using the modified 
potential as manifested in the lowering of the barrier 
height, B= V (r;), and the decrease of the thickness to be 
penetrated, r2—11, is completely equivalent to leaving 
the potential unmodified, but considering the energy 
of the penetrating particle to be raised from EF to E*. 

The integral (5) can be evaluated by elementary 
methods, and we find for the unmodified potential : 
P=expl —7(E,n) J, where 


2(2m)! 
(E,r1)= I (Ey) 
1 


2(2m)! ZZ 2¢° 
Leos™!(xt)—ak(1—a«)'], (8) 


h VE 


where «= Er,/(Z,Z2e”). For the modified potential, we 
then have P= e~ where y* = y(£*,7;). 
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Ill. ALPHA DECAY 


The considerations of Sec. II provide us with a 
method for evaluating the effects of the electrons on the 
alpha decay periods of heavy elements. By Gamow’s 
theory of the alpha decay process, the decay constant 
is given by the expression 


A=)oe~?, (9) 


where Xo is a constant independent of the particular ele- 
ment, and ¥ is given by Eq. (8) with Z,= 2. The period 
is defined by 7'=0.693/. We then find for the ratio of 
the uncorrected to the corrected period: 


T/T*: h*/d= exp[y(1- v*/y) ]. 


As a numerical example we compute the decrease in 
the alpha decay period of gsRn*** due to the presence of 
the electron cloud. Here Z;= 84, Z2= 2, E=5,486 Mev; 
ma=6.044K10°% g. Using the equation r;= 1.48 
X10-"A!, we find for this case r;=8.91K10~" cm. 
The reduced mass and the total collision energy are, 
respectively: m= 6.524 10~" g, E= 5.587 Mev, which 
yields x= Er,/(Z,Z2e*)= 0.2049, and by substitution 
into (8), y=62.0. To find the effect of the modified 
potential, we compute £*, using a,:=—1.5889 for 
neutral atoms, and w= 1.07 10~-* cm, and find * = 8,96 
X 10-8 erg. This leads to x*= 0.2063 and y*/y= 0.9929, 
Finally, 7/7*=exp[_(62.0)(0.0071) ]= 1.55, ie., the 
theoretical period is decreased by a factor of 1.55. 
Similar calculations have been carried out for the 
alpha decay of Sm!’ and Po*”, and are summarized in 
Table I. The effect is more pronounced at low energies, 
which is to be expected since the decrease in the barrier 
thickness is more significant at lower energies. It is 
evident that the decrease in the periods cannot be incor- 
porated into the constant A» of Eq. (9), but is energy 
dependent; specifically, the energy dependence of A 
changes from FE} to (H+ (C)!, where C= —Z,Z2e*a2/y. 
It is easily possible to compute the change in the 
“impact radius” r2, and to verify that the values of 
x=r/p under consideration are sufficiently small for the 
expansion (3) to be valid. The same method of treatment 
will be applicable to matter under pressure, which is 
reflected in a change in the value of a», and to the 
Thomas-Fermi-Dirac potential which includes exchange 
effects, and for which an expansion analogous to (3) has 
been given by Feynman et al.‘ 


IV. SECOND APPROXIMATION 


In the treatment of Secs. II and III we considered 
only the first two terms of the expansion (3). We now 
investigate the magnitude of the succeeding term, Thus 
we have for the modified potential V*(r) in this case: 


‘ V*(r)—E= (ZZ 2e7)W(r)— E*, 


where 


7” W (r) = 1/r+- (4/3py4)ri+---, (10) 


‘ Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949), 
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TABLE I. Alpha decay periods calculated by Fermi-Thomas 
potential. 


10° XE 
(ergs 


4.90 
14.33 
3.50 


10° x k* 
(ergs 

* 8.96 
14.39 
3.55 


— 7 
Parent Ea 
nucleus (Mev 


soKn™ 5.486 
wsPo™? 8.776 
em"? 2 14 


We shall assume that the effect of including the suc- 
ceeding terms on the value of the “impact radius” rz is 
negligible, which is easily verified. With this approxi- 
mation, the integral to be evaluated becomes 


Zi720*/h* 
/ f (Z:Z.eW — E* bdr 


ri 
E*/ZiZ et 3 dr 

i (Z:Z2e°W — E* 0( Jaw. (11) 
i/ry dWw 


The series (10) can be solved for r(W) in the form of an 
asymptotic series: 
r(W)=1/W+- (4/3u4)W-34+----, 


By finding (dr/dW) from this series, substituting it 
into Eq. (11), and making the change of variable 
U=Z,Z.eW/E*, we obtain 


ZZ 2 (U—1)! 
lf dl/ 
(E*\I LS 2, 22/K%, U? 


0 pZikwey' pi! (U1) 
t ( ) i) dU |. 
Ou! E* ZiZvet/ Er, {/7 2 


The integrals of (12) can be evaluated without further 
approximations, and we finally find 


(12) 


2(2m)! Abe 
7* I [ cos 'xt)—ah(1 x) ] 
h (E*)4 | 


20 (Z:Z0€\ "f 72 4 | 
6u'\ E* 5 15 


where x= E*r,/(Z,Z2e?). The expression (13) which 
includes the third term of the expansion (3) then 
replaces Eq. (8) in the second approximation. A calcu- 
lation shows that the effect of the third term is of a 


(13) 


lower order of magnitude than that of the second term. 
Specifically, in the case of Sm'” decay, the effect of the 
third term is to decrease the previously found value of 
T/T* by a factor of only 1.06. The theory of electron 
effects in the framework of the Fermi-Thomas potential 
as presented in Sec. II is thus satisfactory, and the 
inclusion of more terms in the expansion leads to effects 
of a lower order of magnitude. 


A. ERMA 


V. APPLICATION TO THERMONUCLEAR REACTIONS 


We are naturally led to expect that the increase in 
barrier penetrability discussed in Sec. II will lead to 
an increase in the rate of thermonuclear reactions. The 
reaction cross section ¢ is proportional to the integral': 


4 
ve f eo VE ie BIkT GE 


of 


(14) 


where certain approximations are incorporated in the 
limits of the integral. Using the expression for the 
modified penetration factor, we obtain for the modified 
cross section, o*: 


® 
ota f eo VB rie BIkKT GF 
aD 


We can rewrite o* in the form 


yn 


v/ * ue T . 
o* « ef ue f en VCE rig BM kT B® 


xz 


(15) 


where £* = E+C, C= —Z,Z,€7d2/p, and hence conclude: 


* / 


/o ee [kT 


a 


The integral (14) is customarily evaluated! by expand- 
ing the exponent about an energy value /,,; defined by 


=(), 


d 
|“ (Ep) +E/kT]| 
I 


\dE 


Eopt 


By comparison with (15) it is seen that the first-order 
effect of the electron correction is to decrease the value 
of Eopt to a new value E*,,. given by E*o.1= Lop—C. 
In applying the above results, care should be taken 
that the use of the Fermi-Thomas potential is justified. 
For medium-light nuclei such as nitrogen at tem- 
peratures at which the atoms are not completely 
ionized, the above treatment should be moderately 
realistic. For the p+N" reaction at kT= 1000 ev, we 
calculate C=1.010~*, and o*/o=1.9. At lower tem- 
peratures the increase in the reaction rate cross section 
becomes considerably more significant. 


VI. d-d REACTION 


At the temperatures of interest in d-d reactions, all 
of the deuterium is ionized and consequently the use of 
the Fermi-Thomas potential is no longer justified. Since 
the electron energies are considerably higher than the 
ionization energy of deuterium, we can to a first ap- 
proximation treat the electrons as completely free and on 
the average spread throughout the entire volume with 
a uniform density /. It is evident that this model tends 
to underestimate rather than overestimate the electron 
effect on barrier penetration. Specifically, we shall 
assume the following model: a symmetric distribution 
of deuterium nuclei on which is superimposed a uniform 
distribution of negative charge such that the total 
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system is neutral. We then divide the system into 
“atomic volumes” assumed to be spherical in shape, 
and each with a deuterium nucleus at its center. If the 
radius of the atomic volume is denoted by R, the uni- 
form electron density is determined by 


$rpR'=1. 


The Coulomb interaction potential due to the nuclei 
alone, as before, is given by 


V(r) =e*/r, (16) 


n<r<R, 


where 7; is the nuclear radius of deuterium. For the 
modified potential based on the above uniform electron- 
density model, we find easily: 


e 


e 
y"(r)= 


r 


(17) 


agar ee r<r<R, 


Comparing (16) and (17), we see that the effect of the 
modified potential is to decrease both the height of the 
potential barrier and the thickness to be penetrated. 
For the integral of (1), the upper limits rz and r2* in 
the two cases are given by 


e/ra= E, 


e?/1q* — (e?/2R*)[ 3R?— (r2*)? |= E, 
modified potential, 


unmodified potential, (18) 


(19) 


For the case with electron effects, we must evaluate the 
integral of (1) using V*(r) as given by (17) between the 
limits of r; and r2*. However, an approximation to this 
integral can be obtained by using V(r) instead of V*(r) 
so that the effect of the modified potential is manifested 
only in a change of the upper limit of the integral. It 
is evident that the effect is thereby underestimated to 
a slight degree. With this approximation, we obtain for 
the ratio of the modified to unmodified barrier pene- 
trability : 


p* 2(2m)! pr’ 
= exp| _ J [V(r)—E Nar] 
Pp h re 


(20) 
=exp[y(E,r2) —y(E,r2*) J, 


TABLE II. Effect of electrons on deuterium barrier penetrability, 
R=1,78X10~* cm, 


ra* X105 cm p*/P 


0.0143 1.0 


r2 X108 cm 


1000 0.0144 
100 0.144 0,128 5.2 
20 0.72 0.45 4.9X 10" 


—_—_—- a - —_ 


Energy (ev) 
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TABLE III. Electron effect on total d-d reaction cross section, 
R=1.78X 1078 cm. 


kT (ev) 


10 
100 
1000 


where y(#,r) is given by (8) with Z;=Z,=1. As an 
example, we consider deuterium of density 0.14 g/cc, 
for which the radius of the atomic volume is calculated 
to be R=1.78X10~-* cm. For a given energy, rz and ry* 
are calculated by (18) and (19), respectively, and 
finally P*/P is found by (20). Calculations have been 
made for energies of 20, 100, and 1000 ev, and are 
summarized in Table II. At low energies the effect is 
very pronounced, becoming negligible at one kilo- 
electron-volt and above. 

In order to find the effect on the total reaction cross 
section at a given temperature, the function P* must 
be integrated over the Maxwell energy distribution of 
the deuterons.® This would require a detailed numerical 
knowledge of P*. We may obtain an approximate 
measure of the effect on the total reaction cross section, 
however, by following a procedure analogous to that 
presented in Secs. II and IV for the case of the Fermi- 
Thomas potential. This is achieved by neglecting the 
r’-term in the expression for the potential (17), and 
consequently also in (19). Then, as before, the effect of 
the electrons can be incorporated as a change in the 
energy of the deuteron from E to /’, where in this case 


E! = E+Je/R. 


By the same reasoning as in Sec. IV, the total ratio of 
the modified to unmodified reaction cross section is 
then given by 


/ 
0 e} 0 


exp(3e?/2RRT), (21) 


It should be remarked that the approximation of 
dropping the r’-dependent term of the potential is con- 
siderably worse than the corresponding approximation 
in the case of the Fermi-Thomas potential. However, 
in common with the other approximations of this 
section, it tends to underestimate slightly the electron 
effects. In Table III are presented the increases in the 
total d-d reaction cross sections at three temperatures, 
computed by (21) for the example in question. 

5 In this approach we neglect the effect of the modified potential 
on the statistical energy distribution of the deuterons. Since we 
treat the electrons as a fixed distribution giving rise to a fixed 
potential, both the potential and kinetic energies should be taken 


into account in the statistical distribution which will then no 
longer be strictly Maxwellian. 
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An experimental study has been made of the range and straggling of protons of 6 to 18 Mev in Be, Al, 
Cu, Ag, and Au. The following values of J have been obtained: Be: 63.4 ev, Al: 166.4 ev, Cu: 375.6 ev, 
Ag: 585 ev, and Au: 1037 ev. New range-energy curves are computed using these data and the low-energy 
data summarized by Allison and Warshaw. The mean straggling is evaluated to approximately 5%. In 
magnitude it is in agreement with theory but there is a lack of symmetry above and below the 50% point 


which remains unexplained 


I, INTRODUCTION 


RESENT theory allows calculations of the range- 

energy relation which are accurate to about 0.5% 
for light elements while for heavier elements the un- 
certainty of the shell corrections may cause errors of 
more than 1%. Few accurate measurements have been 
made in the energy range from 6 to 18 Mev, and the 
most accurate measurement in this region! disagrees 
with measurements made at very high energies.” 

The present paper reports the results of measure- 
ments of the range and straggling of protons of 6 to 18 
Mev in Be, Al, Cu, Ag, and Au. The proton source was 
a magnetic energy analyzer used in the external beam 
of the Princeton 18-Mev synchrocyclotron. 

A comparison is made with calculated values of 
stopping power, excitation potential, range, and strag- 
gling. For the preliminary comparison with theory it 
was possible to use the tables of Smith,’ and Aron, 
Hoffman, and Williams,‘ but for the final evaluation 
of the results it was necessary to compute new tables of 
stopping power, range, multiple scattering, and strag- 
gling. The comparison with theory is complicated by 
the fact that the theory gives the mean proton path 
length in the material, while the present experiment 


gives projected ranges. The calculation of the difference 
between these two ranges is of limited accuracy. 


Il. RANGE MEASUREMENT 


In most experimental determinations of the range- 
energy relation, monoenergetic particle beams have 
been used. In such measurements the thickness of the 
absorber is increased gradually until no particles pass 
through. The mean range is defined as the thickness of 
absorber at which half of the particles are transmitted. 


* Support for this work came from the Higgins Research Fund 
and the U. S. Atomic Energy Commission 
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Houston, Texas. 

t Now at the High Energy Physics Laboratory, Stanford 
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In low-energy determinations it is difficult to change 
the absorber thickness accurately. The straggling region 
in aluminum is approximately 1%. For protons of 
18 Mev the absorber thickness is about 1.8 mm, and 
if ten steps are desired it is necessary to increase the 
absorber in steps of about four microns. 

In the present experiment a different approach was 
chosen. Only one thickness Ro of absorber was used, and 
the energy £ of the proton beam was varied. The energy 

% corresponding to a mean range equal to the absorber 
thickness was thus obtained as the energy at which 
half of the protons were transmitted. 


A. Counting System 


Figure 1 shows the equipment used for the measure- 
ment of ranges. The analyzed proton beam entered the 
counting system through an entrance window of 1.5 
mg/cm? of Al. The counting system consisted of three 
proportional counters in tandem with the absorber foil 
mounted between the second and third counters. By 
measuring the ratio of the coincidences of Counters 1, 2, 
and 3 and the coincidences of Counters 1 and 2, the 
ratio of the protons passing through the foil to those 
incident on it could be obtained (Fig. 4). Since a ratio 
was measured, the determination was not dependent 
on the incident flux of protons. Coincidences were 
measured to avoid background effects. To reduce the 
background further, the discriminator biases were set 
at a pulse height equal to about one-third the mean 
pulse height produced by a proton of the proper energy 
travelling through Counters 1 and 2. The energy loss in 
each counter was of the order of 10 kev. The gas filling 
in the first two counters corresponded to a thickness of 
about 1 mg/cm? of Al. The background counting rates 
were of the order of 0.2%. 


B. Absorber Foils 


‘The machining of the counters and foil holders 
assured that the foils were at right angles to the axis of 
the counter to better than 0.2°. The foil holder was 
movable thus allowing a determination of the homo- 
geneity of the foil. With the proton energy fixed, the 
transmission of the foil was measured at 10-20 points. 
Corresponding corrections were applied to the foil 
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thickness. For all except the thin Be absorber these 
corrections were smaller than 0.05°% and were known 
to about 10%. For the thin Be foil the correction was 
0.38% of the foil thickness. 

The foils were approximately 1 cm square and were 
cemented to the holder. The diagonals of these quad- 
rangles were measured to check the rectangularity of 
the foils. Corrections for burrs and unevenness of edges 
were measured with a microscope. The actual determi- 
nation of the surface densities required two measure- 
ments: (1) Weighing of the foils. This was done on an 
analytic balance with a sensitivity of 1/20 mg. The 
balance was calibrated with a set of weights checked by 
the National Bureau of Standards. The weights of the 
absorber foils reproduced to 0.1 mg in measurements six 
months apart. Corrections for the buoyancy of air were 
applied. (2) Area measurement of the foils. A microscope 
and stage micrometer (checked by the National Bureau 
of Standards) were used. ‘The width and height of the 
foil were measured in ten positions on both sides and 
the area computed from the average values. The area 
measurements were repeated at least two times per foil 
and the difference was never greater than 0.03%. The 
foils were of high purity (>99.8%). Since dE/dx is 
approximately proportional to Z In(constant/Z), small 
impurities will cause only very small errors in the 
ranges. 


C. Lineup of Proportional Counter System 


It was important that the entrance to the counter 
system be as small as possible to avoid accepting protons 
scattered from the last collimator slit. At the same time 
it was necessary that the unscattered beam enter the 
counter system without hitting the edge of the opening. 
Protons scattered from the edge would introduce a lower 
energy component. The proportional counter was lined 
up optically with the collimation siits. This lineup was 
then checked by running the beam into a photographic 
plate. The fina] collimation slit was 0.9 mm in diameter 
and the entrance aperture to the counter was 2 mm. 
It was possible to make the lineup accurate to ~0.1 mm. 
Another opening was present in the back wall of the 
counter and it was thus possible to check that the axis 
of the counter was located on the line of the proton 
beam. Since the angle of the foil with respect to the 
counter was fixed, its angle with respect to the beam 
was known. It was perpendicular to the beam to within 
0.005 radian. The error contribution from this was of 
the order of 0.001%. 


D. Effects of the Counter Gas Filling on the Ranges 


The energy loss of the protons in Counters 1 and 2 
was determined experimentally. The energy loss in the 
third counter had to be estimated. The range in metal 
was then corrected to take into account this additional 
energy loss. 

The experimental determination of the energy loss in 
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ric. 1. Triple proportional counter 


Counters 1 and 2 was done by varying the gas-filling 
pressure, keeping the foil constant and measuring the 
energy necessary to give the mean range. Pressures of 
50, 30, 15 and 10 cm Hg of a mixture of argon and 29% 
CO, were used, By extrapolating to zero pressure the 
energy loss in the gas could be determined. ‘These 
values agreed with calculated values. 

By 
removing the absorbing foil and running the proton 
beam through all three counters the sensitivity of all 
three could be made equal by adjusting the counter 


The energy loss in the third counter was small 


voltages. The bias of Counter 3 was then set so that 
pulses corresponding to an energy loss less than 5 key 
would not be detected. The range was increased by 
0.05 mg/cm? in order to make an approximate corre: 
tion for this loss. 


Ill. ENERGY MEASUREMENT 


Two different methods were used for the determina 
tion of the proton energy. In both cases the deflection 
of the proton beam by a stabilized electromagnet was 
determined, but a different geometrical measurement 
of the proton path was used in the two cases. 

The magnet had a pole-tip 20 in. long and 8 in. wide, 
and at 10000 gauss its field was uniform enough to be 
measured by nuclear induction within an area 1 in. 
from the edges. The fringing field on each side of the 
magnet was equivalent to about 1 in. in the gap region. 
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About one-sixth of the total field could not be measured 
by nuclear induction because of nonuniformity. 


A. Four-Slit Method 


In one method of energy determination (referred to 
as “the four-slit system”) the angular deflection 6 of 
the beam as it passed through the magnet was measured 
and used to determine the proton momentum: 


mu = (e a) f Bas, 


where mv is the momentum of the proton, e its charge, 
¢ the velocity of light, and B the magnetic field along 
the path s (see Fig. 2). It was necessary to measure the 
fringing field accurately. Assuming that a negligible 
error was made in measuring the internal field, a pre 
cision of 0.6% would be required in the fringing-field 
measurement to obtain an accuracy of 0.1% in the 
in energy. Since 


y 


momentum determination and 0.2% 
other errors were present, an attempt was made to 
measure the fringing field to about 0.1%. 
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The measurement of £Bds was made by a method 
similar to that used by Wilson and Creutz.’ This 
avoided a point-by-point integration of the fringing 
field. The method is based on the relation 


fepas mvc(sin§;+-sinds), 


where « can be taken in an arbitrary direction, 6; and 62 
are the angles between x and the proton path s before 
the proton path enters and after it leaves the magnetic 
field. The measurement of /Bdx becomes relatively 
simple if the magnet has parallel-edged pole-tips and a 
region of uniform field which can be used as a reference 
field. A coil can be inserted which will measure f° Bdxdy 
over a region near the path of the beam. If coordinate 
directions are chosen with the y axis parallel to the pole- 
tips, B will have only a small variation in the y direc- 
tion. The integral then becomes Df Bdx, where D is 
the width of the coil. This method was used for meas- 
uring the fringing field while the interior field was 
measured by nuclear induction. 

The coil for measuring the fringing field consisted of 
three parts located in the magnet as shown in Fig. 3. 
Coils A and B measured the fringing field and were 
placed so as to follow the approximate path of the beam 
in the fringing-field region; C was a reference coil. The 
magnet was cycled from negative to positive field and 
the voltages from coils A and B were compared with 
that from C by using a resistor divider and obtaining 
a null reading on a high-impedance fluxmeter. The 
fringing field /Bdx could then be compared with the 
known flux in the central region. The location of the 


* FE. Creutz and R. R. Wilson, Rev. Sci. Instr. 17, 385 (1946). 
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coils was not critical. Since they were mounted on a 
single form, an error in placing coil A was compensated 
by an opposite error in coil B. 

Figure 2 shows the arrangement for measuring the 
beam energy. The beam from the cyclotron passed 
through two collimating slits which were about 1 mm 
wide and a meter apart. The beam was incident on the 
magnet at an angle 6,, was deflected by the magnet 
through an angle @,+42, and passed through two other 
symmetrically located slits. The sum of 6;+62 was 
measured by means of pentaprisms and a transit. If 
6,;~6, the energy was almost independent of the exact 
angle of incidence 6; and was dependent only on the 
sum. In practice it would be difficult to measure the 
angle of incidence with any precision. 

A foil was inserted at the first slit to reduce the beam 
energy to approximately the desired value. Since the 
cyclotron beam had an energy width of more than 1% 
and the resolution of the system was about 0.2%, small 
variations in energy could be made by changing only 
the field of the analyzer magnet. In addition, the 
cyclotron energy could be varied about 3%. 

The possible sources of error were of two types, those 
associated with the measurement of /Bdx and those 
associated with the angle measurement. They are listed 
in Table I. It was felt that the major sources of error 
were random. The rms value of momentum error was 
0.06% and the energy error 0.12%. 


B. Three-Slit Method 


Since systematic errors may have occurred in the 
fringing-field measurement, a second energy measure- 
ment was made in which the radius of curvature R of 
the beam in the homogeneous region of magnetic field 
was determined with three slits. Corrections were made 
to take into account the lack of complete field homo- 
geneity. The accuracy of this determination was limited 
by the small sagitta of the curved path in the magnetic 
field. Moreover, the correspondingly small slit widths 
needed (~0.001 in.) introduce the possibility of slit- 
edge penetration effects. Such effects should reduce the 
mean energy of the beam. 

The energy W is obtained 


equation 
W (—~ ‘+ ——~), 
1, 
Myc? M,*c4 


where Mo is the proton rest mass. For By a suitable 
average of the field must be taken. 

The three slits were rigidly connected to the stainless 
steel rods which passed through O-ring seals to the out- 
side and could be moved in and out of the beam com- 
pletely. Their positions were checked with dial indi- 
cators. Corrections of about 0.001 in. occurred due to 
vacuum forces. 

The three-slit system was always used in conjunction 
with the four-slit system (see Fig. 4). First the four-slit 


from the relativistic 


PROTONS 


~— Ist Slit 
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Fic. 4. Equipment for proton range energy measurement 


system was lined up, then one after another the three 
slits were moved into the beam until maximum trans 
mission occurred, The slit widths were approximately 
0.001 in. and when all three were in position the cutoff 
of the beam could be caused by moving one of them 
about 0.002 in. Hence the positions of the slits were 
defined to better than 0.001 in. 

The coordinates of the centers of the three slits were 
measured by using a milling-machine table and a micro 
scope as a two-dimensional comparator and from this 
The 
calibrations were checked with a standard meter to 
0.005 mm. Several straight edges were used to check 
the straightness of table movement and it was found to 
‘| he 


rectangularity of movement was checked with a transit 


the radius of curvature was computed screw 


be better than 0.005 mm over a distance of 6 cm 


and found to be accurate to one minute of angle 
The magnetic field was measured by nuclear induc 


tion and an average obtained through a_ suitable 


integration along the proton path. The shape of the 
field along the proton path is shown in Fig. 5. ‘The 
frequency meter was checked against the WWYV trans 


TABLE I. Estimates of error in “four-slit’’ energy determination 


a) Interior homogeneous field measurement erro estima 


Reading of the curves of transmitted protons vs 
netic field 

Determination of the field shape effects 

Accuracy of the frequency meter and proton moment 
device 

Fringing field determination (this is only a fraction of 
the total field and contributes an error of 0.0530 to 
the total) 


mag 


O44 


b) Errors associated with the angle mea 


0.016‘ / 


OO10%, 
O.0012%, 


Transit scale reading 

Pentaprism accuracy (1.0% 104 

Vacuum force distortions (1.2% 10 

Error due to lack of equality of incident and ex 


from magnet 0.003% 
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hic. 5, Shape of magnetic field inside the magnet poles 


mitter of the National Bureau of Standards. The accu- 
racy of field measurement was determined by the 
accuracy of the known value of the gyromagnetic ratio 
of the proton and hence accurate to about 0.003%, 
Kstimates of the errors occurring in the measurements 
are given in Table II. The total root-mean-square error 


vy 


amounts to 0.03% in momentum or 0.06% in energy. 


IV. EXPERIMENTAL RESULTS 
An extensive discussion of the results will be given 
for only one element at one energy. For the other 
elements and energies the same considerations are valid. 
The results are presented in Table III. 


A. Transmission Curves 


Typical curves of number of transmitted protons vs 
energy for a constant foil thickness are presented in 
lig. 6. The curves do not go to 100%. This can be 
explained by multiple scattering and nuclear reactions 
in the absorber. (At 18 Mev, about 1% of the protons 
undergo nuclear absorption or scattering.) The curves 
can be well approximated with the integral of a Gaussian 
between zero and 50%. A wider Gaussian would be re 
quired above 50% probably due to multiple scattering. 


B. Energy 


An Al foil of 1.8-mm thickness was used for the 
absolute energy calibration. Six independent energy 
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Fic. 6. Transmission curves for Be (left) and Au (right) 
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measurements were made with this foil by each method. 
As the errors in the earlier measurements were some- 
what larger, only the last three measurements are 
considered here. The statistical] weights differ slightly 
since different sources of error were sometimes present. 
The sources of energy-calibration errors are summarized 
in Table IV, 

Combining the average energy values of the four- 
and three-slit systems ,W and ,W, the energy determi- 
nation becomes 


W =17.836 Mev+ (0.05% = 10 kev). 


Since «W and ,W differ by an amount greater than 
would be expected from the error assigned, a larger 
error is given for the energy determination. 

Therefore, the proton energy needed to penetrate a 
1.8-mm Al foil is quoted as W=17.836+0.025 Mev. 
All the other energies were obtained from the ratio of 
the magnetic fields with an accuracy of about +0.02%. 
The error in relative energy should be much smaller 


TABLE II. Estimates of error in “‘three-slit” energy determination. 


(a) Errors in the determination of the radius 


Determination of the geometrical positions of the slit 
centers 

Mechanical accuracy of milling-machine table 

Temperature (not constant) 

Distortion due to vacuum forces on the three-slit system 


0.02% 
0.01% 
0.01% 
0.01% 


(b) Errors in the determination of the magnetic field 


Reproducibility of reading the curves of the number of 
transmitted protons vs magnetic field 

Determination of the field shape effects 

Accuracy of frequency meter and proton moment device 


0.005% 
0.003% 
0.005% 


since exactly the same geometry and methods were 
used. Any systematic errors should be the same. 


C. Foil Thickness 


The total foil thickness obtained from the 
following contributions: 

(1) Entrance foil of proportional counter. The homo- 
geneity of this foil material was checked by measuring 
several foils from the same roll of aluminum. All were 
within 0.02 mg/cm? of the same thickness. The value 
quoted is 1.50+0.05 mg/cm*. The error was due 
primarily to the inaccuracy of the weight determination. 

(2) Gas filling of the first and second counters. The 
energy loss in these counters was measured and com- 
puted and is of the order of 25 kev. This value was then 
transformed into the corresponding thickness of the 
metal foil being measured. The pressure of the argon 
filling, the dimensions of the chamber, and the dE/dx 
of argon were known to about 2% and the dE/dx of the 
metals to better than 1%. The total rms error was 
estimated at +3.5%. The corresponding metal thick- 
nesses were of the order of 1 mg/cm’. For the 1.8-mm Al 
foil it was 1.12+0.04 mg/cm’. 


was 
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(3) Absorber foil. The result for the 1.8-mm Al foil 
was 464.20+0.09 mg/cm’. The description of the de- 
termination is given above. 
(4) Gas filling in the last counter: 0,050.05 mg/cm’, 
(5) Misalignment of absorber foil : 0.05+-0.05 mg/cm’. 


The total foil thickness was 466.92+0.30 mg/cm’; 
the rms sum of the individual errors is 0.13 mg/cm’. 
Since it is questionable if it is safe to use the rms error, 
a value about equal to the sum of the errors is given. 


V. COMPARISON OF EXPERIMENT AND THEORY 


A. Correction for Scattering 


In order to compare the experimentally determined 
range with a calculated range, a correction must be 
made for multiple scattering in the absorber foil. In the 
usual approximate determination of the correction’ the 
observed range is expressed as a projection of the mean 
range: 

Rove ™ >: 1; 0s8—~> 1aA-— 50,*) 
= Rimean— $)_: 10,7, 


where /; is the distance bet ween the ith and the (i+1)th 
small-angle collision, and 6; is the direction with respect 
to the beam axis after the ith collision. Hence, in the 
integral relation 


) en a Rovs 


Robs 
AR=} f (07(x)) dx, 


where (6?(x)),, is the mean square deviation in angle 
from the normal direction and x is the projected distance 
in the material. 

The mean square scattering angle can be calculated 
from an expression given by Rossi and Greisen®: 


Ro 
(62(x)) wy f 8aNAZG(pr)-2dx; 


Zz 
with this, the following result is obtained: 


AR Roce a Rove 


R Rion 


Eo p? Eo 1 B? 
( [ arf i) 
Gmyge?Z \J, = =—B/Z OJ SB? B/Z) 


(M 9c*)? 


where G= 2 1n181Z~', B is the stopping number of the 
atom, and my is the electron rest mass. The ratio AR/R is 
a slowly varying function of the energy and amounts to 
several percent for high Z. Actual values were obtained 
numerically by evaluating the integrals down to 1 Mev 
and then extrapolating to zero energy. We estimate the 
accuracy of these results to be about 5-10%. 


* B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 


18-MEV PROTONS 1793 


TABLE ITT. Measured values of range and energy and 
multiple-scattering correction. 


Exp, range 


pathlength orrected 


exp, range 
(pathlength) 
mg/cm? 


(multiple 
acattering 
correction) 


Exp. range 


Klement Ey (Mev) (mg/cm?) 
0.9990 
0.9988 


$99.99 
137,90 


Be 17.340 
9.578 


399.59 
137,74 


0.9962 
0.9960 
0.9956 
0.9943 


468.70 
344.01 
227.33 

73.43 


\l 17,836 
14.971 
11.820 
6.150 


466.92 
342.63 
226.33 
73.01 40,20 
17,893 
9.938 


588.67 
215.80 


0.9900 
0.9872 


594.62 
218.60 


17,923 
10,022 


691,98 
261.66 


0.9818 
0.9759 


704.81 
268.12 


0.9626 
0.9475 


17,549 
9.698 


849.59 
323.86 


882.60 
$41.80 
O14% <O.1% a 
except as 

stated 


| error] 


By using these corrections a new set of corrected 
experimental ranges can be obtained which can be 
compared with theoretical values. These are listed in 


Table II. 
B. Determination of Values of / 


The expression generally used for the theoretical 
derivation of the range-energy relation is’ 


dE /dx=4nreN B/mv’ ; 


dE/dx is the rate of energy loss per g/cm? of a proton 
of velocity v in an absorber material containing N 
atoms/g; m is the mass of the electron, e its charge, 
and B is the stopping number, usually expressed as 


2mv* 
B 2) in( ) a" > ig 
I(1—p?) 


Here Z is the atomic number of the absorber, / is the 
mean excitation potential of an electron of the absorber 
atom, and C, are shell corrections which account for 
reduced stopping by the electrons of the ith shell. 


follows: 


TABLE IV. Result of energy determination for 1.8-mm Al foil 


Weighted 
average error 


Value (Mev (Mev) / 


W, = 17.879, 
Four-slit W .= 17.874, 
W, = 17.879 


Weight 


System 


sW = 17.878 0.12 


W, = 17.831, 
Three-slit W = 17,816, AW 
W,= 17.8255 


# 17.425 0.06 


7™M.S Bethe, Revs 


204 (1937 


Livingston and H, A Modern Phys. 9, 
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Taste V. /-value determination and initial ranges 


R (2 Me Accuracy 
7 I (ev) mg/cm? of fit 


4 634+40.5 91 
13 166.4541 11.51 
29 375.6420 19.0 
47 585440 26.3 
79 10374100 39.7 


+0.05' 
+-0).04' 
+-0.02' 
+-0.02° 
+-0.02° 


* Changes of R (2 Me f about 10% cause changes of abx 


I is defined by 


Z \nl . fnk INA n ky 


nk 

where /,,, are the oscillator strengths of the optical 
spectra and A,,, the corresponding excitation energies. 
It has not been possible to evaluate this formula exactly 
for any element used in this experiment. Bloch® has 
shown on the basis of the Fermi-Thomas model that 
I =kZ, where k is a constant. 

The range is obtained through integration of the 


dE/dx: 


expression for 


Ww 


Ry Ro [ (—dk dx) WE, 
“Wo 


where Ro is an experimental range. If the shell corre: 
tions are accurate, all experimental determinations 
should lead to the same values of J regardless of energy. 
A value of / cannot be determined from a knowledge 
of the range at a single energy since the theory is not 
valid below about 1 Mev. Generally values are deter- 
mined from a comparison of data with a theoretically 
determined range-energy relation. This in turn 
both an assumed value of J and an experimentally 


uses 


determined lower point. 

Values of J were obtained from the experimental 
ranges in the following way: For each element a number 
of range-energy curves were computed with / as a 
parameter. For all elements, range points at 2 Mey 
were selected which gave theoretical curves close to the 
experimental points. These R (2 Mev) are in agreement 
within the experimental errors with ranges computed 
from values of d//dx in Allison and Warshaw’s review.’ 
For Be and Al the C, corrections of Walske’s calcula 
tions'’® and for Al an approximation’! Cy=k/E (Mev) 
were used, For the heavier elements Aron’s approxi 
mations for the shell corrections’? were used. For Al it 
was found that /= 166.4 ev, k=0.685, and R (2 Mev) 

11.51 mg cm~? give a better fit to the experimental 
data than J]=165.0 ev, k= 1.37 or [=167.0 ev, k=0. 


*F. Bloch, Ann. Physik 16, 285 (1933) 

*S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
1M. ( 

ll M he 
940 (1956) 
“ W. A. Aron, University of California Radiation Laboratory 


Report UCRL-1325 (unpublished). 


Walske, Phys. Rev. 88, 1283 (1952) 


Walske (private communication) and Phys. Rev 
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The first curve lies within +0.05% of the experimental! 
path lengths. 

Table V lists values of J and R (2 Mev) which give 
good fits to the experimental! points. 

A first approximation for the experimental values of / 
was obtained by using Aron’s expression’? for the 
difference between two ranges computed with two 
values of /: 


[R(Eo,1s) R(E,,12) ] ~[R(F2,/)) -R(E,7;) ] 


A To\" p®? BdE 
u (2 In ) f . 
4ary?mc?N 9 v=! 1,7 Je, By 


where ro=e*/mc*, A=atomic weight of the material, 
No=Avogadro’s number, and B,=stopping number, 


evaluated with J/;. The values obtained with this method 
differ by less than 1% from the values adopted above. 
It should be pointed out that this method gives the best 
fit for a range curve through the two experimental 
points, but this curve would not generally go through 


the origin. (See Table VI.) 


C. Bloch Constant 


The value of //Z should be constant if the approxi- 
mations of the Bloch theory® apply. It is not to be 
expected that the theory should apply to Be. The high 
value obtained is explained as being in part due to 
polarization effects.'* Values of //Z are listed in Table V. 
It can be seen that the deviation from an average value 
of 12.9 ev is small and hence that the results are in good 
agreement with the Bloch theory. 


TABLE VI. Theoretical range-energy data. 


Path length, theoretical data (mg/cm? 
Be Al Cu Ag Au 


3.0 3.93 
9.1 11.51 
18.0 22.04 
29.6 35.46 
43.6 51.62 
60.1 70.38 
78.9 91.65 
100.0 115.36 
123.3 141.44 
148.8 169.85 
176.5 200.54 
206.3 233.46 
238.2 268.59 
272.1 305.88 
308.1 345.32 
346.1 386.86 
386.1 430.49 
428.1 476.17 
472.0 523.90 
517.6 573.64 
565.9 625.37 


cad 


39.7 
64.3 
93.6 
127.3 
165.5 
207.8 
254.2 
304.5 
358.6 
416.4 
477.8 
542.9 
611.5 
683.5 
759.0 
837.8 
920.0 
1005.5 
1094.2 
1186.2 


26.3 

43.8 

65.2 

90.2 
118.9 
151.0 
186.5 
225.2 
267.1 
312.1 
360.2 
411.3 
405.3 
522.3 
582.0 
644.6 
709.9 
778.0 
848.8 
922.3 


19.0 

33.0 

50.6 

71.5 

95.5 
122.5 
152.5 
185.3 
220.9 
259.2 
300.3 
344.0 
390.1 
439.2 
490.6 
544.4 
600.8 
659.5 
720.8 
784.4 


i ee ee 


A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
24, No. 19 (1948). 
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D. Comparison with Values Obtained by Other 
Experimenters 


It is difficult to compare our values of / with those 
obtained by other experimenters since the corrections 
and methods of obtaining values of J are not entirely 
the same. Table VII gives a summary of measurements 
in the region above 2 Mev. In the case of the Hubbard 
and McKenzie measurement, we have changed their 
quoted value of J to correspond to the slightly larger 
scattering correction we have used. 


VI. STRAGGLING 


Straggling due to the statistics of energy loss is com 
pared with the Bethe theory’: 


Fo ,dE\~* 
((R— Ro)? f ( ) 4reANZ’ 
0 d y 
| | ee 2mv? | 
x11+>° ( ) nf )| dk, 
| n mv?Z' 2 


where Z’ is the total number of effective electrons, K,, is 
4/3 for all shells, 7, is the average excitation potential 
of electrons in the mth shell, and Z,, is the number of 
electrons in the mth shell. The sum in brackets is 
between 1.04 for Be (18 Mev) and 1.4 for Au (10 Mev). 
The errors in this estimate are probably about 5%, 
The experimental straggling is in addition determined 
by the following effects: (1) Straggling due to multiple 
scattering. This is not a symmetrical contribution, One 
would expect it to be between 0.2AR,, and 0.5AR,, 
(where AR, is the difference between the mean range 
along the proton path and the average projected range). 
(2) The contribution of the resolving power of the 
energy analyzer. This has been estimated to be about 
AE/E=+0.2%, which causes AR/R to be (0.4+0,2)%. 
(3) Unevenness of the foils. Scratches on the surfaces 
of the foils are of the order of 1 in depth or less and 
therefore (with a foil of 
effect of about 0.2%. 


~500u thickness) cause an 


TABLE VII. Comparison with other measurements. 


Proton energy I values (¢ 
Observer covered (Me Al Cu Ag Au 
Wilson* 1.5-4 150 
Hubbard et ai." 18 171 
Simmonsé 12 155 
Bloembergen et al.4 35-50 164 
50-75 161 375 
70-120 365 
Mather et ail.* 340 150 310 
Caldwellt 377.5 659 
Present meas 63.6 375 585 


970 
810 
1136 


6-18 166 1037 


*R. R, Wilson, Phys. Rev. 60, 749 
b See reference 1 

¢ 1), H. Simmons, Proc. Phys. Soc. (London) A65, 454 (1952 
4N. Bloembergen and P, J. Van Heerden, Phys. Rev. 83, 561 
¢ See reference 2 


!}), O, Caldwell, Phys. Rev. 100, 291 


1941 


1951 


1955 
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TaBLe VIII. Straggling measurements. AR/R is the straggling 


parameter. AR/R=[((R— Ro)*)ay }4/Ro 


Energy 


AR/R (expt) AR/R (theor Percent 
Element Mev % 


w/ difference 


Be 10 1.44 1.41 
18 1.34 1.34 


Al 6 63 


42 
42 


Since these effects are statistically independent, the 
total contribution will be very small except for the 
heavy elements where (1) will have a large influence. 

The experimental determination of the straggling was 
done in two ways: (a) By measuring the difference 
between the extrapolated and mean ranges (the strag 
gling parameter), the standard deviation from the mean 
range could be determined from the relation ((R— Ro)*)s, 

(2/m)(Rextrap— Ro)*. (b) If it that the 
lower half of the transmission curve (number of trans 
50%) is equal to half of an integrated 


is assumed 


mitted protons -« 
Gaussian, the standard deviation can be found directly. 
After correction of the experimental values for (1), (2), 
and (3), above, the two methods gave the same result 
to better than 5%. The points between 45 and 50% and 


% were of too low accuracy to be useful 


those below 5 
in the calculation. The upper half of the range curve 
always shows a larger straggling parameter than the 
lower. ‘This difference is approximately 10% in all 
elements measured except Au (25%). It is possible 
that this effect is caused in part by the multiple scat 
tering. ‘The experimental values of straggling are com 


pared with theoretical ones in ‘Table VIII. 

Since the experiment and the theory are accurate to 
only 5%, they are evidently in good agreement even 
though there seems to be some systematic deviation 
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Low-Lying Levels in U** Excited by Inelastic Neutron Scattering* 
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Analysis of neutrons inelastically scattered by U™ indicates that the first two excited states in U™* are at 
504-20 kev and 140+ 25 kev. The inelastic collision cross sections, the total inelastic scattering cross sections, 
and the partial inelastic scattering cross sections for the excitation of these levels are presented for neutron 


energies of 150, 250, and 500 kev. 


N an even-even nucleus the rotational energy level 
spectrum is given by! 
h* 


I([+1), I=0, 2, 4, even parity, 
29 


Ero 


where 9 is the effective moment of inertia of the de- 
formed nucleus and / is the spin. For heavy nuclei with 
many particles outside closed shells, these predictions 
are well verified.'? 

The first excited state of U*** has been observed as a 
2+ state at 45 kev by Coulomb excitation.’ The second 
excited state is predicted to be a 4+ state with an 
energy of about 150 kev. Because of the large spin 
change, this level has not been observed by Coulomb 
excitation. Batchelort observed considerable inelastic 
scattering to low-lying levels in U** but was unable to 
resolve the levels. This experiment was undertaken to 
look for these levels by observing inelastically scattered 
neutrons and to measure the inelastic collision cross 
sections and the inelastic scattering cross sections for 
the excitation of these levels at neutron energies of 150, 
250, and 500 kev. 

A hydrogen recoil proportional counter® was placed 
60 cm from a 10-kev thick Li’(p,n)Be’ neutron source. 
The pulse-height distributions from the counter were 
recorded on an 18-channel analyzer. With a heavy metal 
sphere around the counter, the pusle-height distribution 
is essentially the same as that of the bare counter 
provided only elastic scattering occurs in the metal, 
since the amounts of in and out scattering tend to 
balance and there is very little energy loss in elastic 
scattering. However, inelastic processes in the sphere 
either remove the neutron or lower its energy. The 
pulse-height distribution in this case consists of fewer 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission 
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4N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1954); Divatia, Davis, Moffat, and Lind, Phys. Rev. 100, 1266 
(1955); R. B. Day (private communication). 

*R. Batchelor, Proc. Phys. Soc. (London) A69, 214 (1956). 

*A description of this counter is given by R. F. Taschek, 
Proceedings of the International Conference on Peaceful Uses of 
ttomic Energy, Geneva, 1955 (United Nations, New York, 1956), 
Vol. 4, Paper 573, p. 64. 


pulses due to full-energy neutrons and pulses due to 
lower-energy neutrons. The total inelastic collision cross 
section can be computed from the transmission of the 
primary neutrons, and the level structure of the target 
nucleus and the inelastic scattering cross sections for 
the excitation of these levels can sometimes be deter- 
mined from the pulses due to lower-energy neutrons. 
Consider the 150-kev data shown in Fig. 1. The 
response with the sphere off was produced by the 150- 
kev primary neutrons only. The sphere-on distribution 
(the U*** sphere had an outer diameter of 10 cm and a 
thickness of 2 cm) was due to primary neutrons (some 
of which had been elastically scattered) and to in- 
elastically scattered neutrons. A small correction has 
been applied to this distribution to account for the non- 
uniformity of the counter response as a function of the 
direction of the incident neutrons. The magnitude of 
this correction was determined experimentally by meas- 
uring the distortions introduced when spheres of Pb 
and Bi with no inelastic scattering were used. This 
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Fic. 1. Proton recoil pulse-height distributions obtained with 
150-kev incident neutrons with and without a U** shell around 
the detector 


* Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955); Bethe, Beyster, and Carter, Los Alamos Report LA-1429 
(unpublished). 
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adjustment also corrected for the slight effect caused 
by the loss of energy of elastically scattered neutrons. 
Since the first level in U** is at 45 kev, the higher 
voltage part of the sphere-on response contained pulses 
due to the primary neutrons only, and from this pulse- 
height region the sphere transmission was determined. 
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Fic. 2. Proton recoil pulse-height distributions obtained with 
250-kev incident neutrons with and without a U™*® shell around 
the detector. 


Next, multiplying this transmission by the sphere-off 
distribution, the part of the sphere-on distribution 
resulting from primary neutrons was computed. This 
extension to the lower-pulse-height region is shown by 
the dotted line in Fig. 1(a). The difference between the 
observed sphere-on response and that part of the 
sphere-on response resulting from primary neutrons 
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Fic. 3. Proton recoil pulse-height distributions obtained with 
500-kev incident neutrons with and without a U™* shell around 
the detector 


only represented the contribution from inelastically 
scattered neutrons, In Fig. 1(b), the data points are a 
plot of this difference. Only relative errors are shown, 
these arise mostly from statistical fluctuations. ‘The 
solid lines in Fig. 1(b) represent the pulse-height distri 
butions observed with monoenergetic 100- and 150-kev 
neutrons. Since the inelastic distribution agrees with 
the 100-kev response, the inelastically scattered neu 
trons form a monoenergetic group which has lost 
50-kev energy in the scattering process. This corre 
sponds to a first level in U™* at 50 kev. 

The 250- and 500-kev data shown in I igs. 2 and 3, 
respectively, were analyzed in the same manner as the 
150-kev data. The transmissions were determined from 
the higher-voltage region of the pulse-height distribu 
tions. The products of the sphere-off distributions and 
the transmissions gave the primary components of the 
sphere-on distributions; the extensions of these to the 
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TABLE I. Experimental values of U™* inelastic 
cross sections (barns) 


Tin rout 
Tin « , Total 50 kev 140 key 
044402 
0.48 40.15 
0.674015 


044 40,2 
0.19401 
0.18401 


063402 
0.64 4015 
0.404015 


0.29 +015 
049 40,25 


lower-voltage regions are shown by the dotted lines in 
Figs. 2(a) and 3(a). 

For the 250-kev data, Fig. 2(b) gives the distribution 
due to inelastically scattered neutrons. The higher 
voltage part can be explained by a group of neutrons 
having an energy 50 kev less than the primary energy. 
In addition to these neutrons, there were other lower 
energy neutrons. The response due to these neutrons is 
given by the difference between the data points and the 
200-kev response in Fig. 2(b) and is shown in Fig. 2(c). 
This distribution is explained by a group of neutrons of 
about 125-kev energy, corresponding to a level in U** 
at about 125 kev. Thus, the 250-kev data are consistent 
with a 50-kev level in U*** as the first excited state, 
and, in addition, indicate the presence of a second level 
at about 125 kev. 

For the 500-kev data, Fig. 3(b) shows the distribution 
due to the inelastically scattered neutrons. The 450-kev 
response was put in arbitrarily but it shows that the 
inelastic scattering cannot be explained by a single level 
in | at 50 kev. The difference between the data 
points and the 450-kev distribution in Fig. 3(b) is 
plotted in Fig. 3(c). Although the magnitude of the 
150-kev distribution is arbitrary, its effect on the shape 
of the the 450-kev 
response is quite flat. This second difference can be 


245 


second difference is small since 
explained by a single group of neutrons having an 
energy of about 350 kev, corresponding to inelastic 
scattering with U*** being left in an excited state of 
about 150-kev energy. Because of the large errors 
introduced by repeated subtractions, no effort was 


made to look for higher excited states. 


ALLEN 


The data at these three energies indicate that the 
first two excited states of U** are at 50+ 20 kev and 
140+ 25 kev. This agrees with the known first level at 
45 kev and the expected second rotational level at 
150 kev. 

The inelastic collision, the total inelastic scattering 
and the partial inelastic scattering cross sections for 
the excitation of the levels are given in Table I. The 
inelastic collision cross sections were computed from 
the sphere transmissions using the multiple scattering 
corrections developed by Bethe, Beyster, and Carter.® 
The inelastic scattering cross sections were computed 
from 
Tin coll On 


Tin seat Y 


since other processes such as (n,p) have vanishingly 
small cross sections at these energies. The values of on, 
listed in Table I were obtained from Rose.’ The errors 
in the inelastic collision and total scattering cross 
sections are mostly due to errors introduced by the 
distortion in the counter response as a function of the 
direction of the incoming neutrons. 

For the 250- and 500-kev data, the fraction of the 
total inelastic collision cross section which is the in- 
elastic scattering cross section for the excitation of each 
level was computed from the number of counts due to 
each inelastically scattered neutron group and from the 
relative detection efficiency for each group. At 500 kev, 
the sum of the scattering cross sections involving the 
first two excited states equals the total inelastic scatter- 
ing cross section, indicating that there is very little 
inelastic scattering in which the U*** nucleus is left in 
an excited state greater than 140 kev in energy. The 
errors in the level cross sections arise from errors in 
the collision cross sections and detection efficiencies 
from 


and the uncertainties in fitting the inelastic 


distributions. 

7B. Rose, Atomic Energy Research Establishment, Harwell 
Report AERE NP/R 1743 (unpublished values were 
estimated from Dr. Rose’s summary of presently available data 
Ihe author is grateful to Dr. Rose for the use of his data prior to 
publication 
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(d,p) angular distributions have been measured along with (/,y) correlations in Be®, B®, and Mg* in 
order to test the applicability of stripping correlation theory and assign tentative quantum numbers 
Deuteron energies were 2.5 to 4 Mev. All correlations exhibited the predicted deuteron energy independence 
and approximate angular symmetry in the (d,p) plane at energies above 3.5 Mev. The Be’ correlation was 
shown to be isotropic to +7% in the plane perpendicular to the axis of the recoil nucleus. The observation 
of a (d,p) stripping peak 2 or 3 times the minimum yield is not a sufficient criterion for the observation of a 
correlation which is independent of deuteron energy. All correlations were of the form 1+4-A cos (gamma, 


recoil nucleus). The observed A’s were —0.50, 0.00, 


+-0.50, 


0.40, for Be* (3.37 Mev), B'* (4.46 Mev), 


B''* (6.76 Mev), Mg*** (3.40 Mev), respectively. All uncertainties in A’s were +0.05. Spin 1/2 is ruled out for 
Mg** (3.40 Mev). The Be® anisotropy is within 15% of one extreme of theoretically possible anisotropies 
The incoming channel spin mixing ratio found in Be* can be gotten by assuming pure L-S coupling and a 
+P, Be level. The spin 9/2 is unlikely for the B"* (4.46 Mey) level, while the spin 3/2 is ruled out and 


9/2 is unlikely for the B!* (6.76 Mev) level 


INTRODUCTION 


EASUREMENTS of angular distributions of 
« protons resulting from deuteron stripping fix the 
parities of low-lying nuclear levels, but in general, only 
limit their possible total angular momenta.' Theorists 
have shown that (p,y) correlations which follow deu- 
teron stripping may be treated as simple (7,y) angular 
distributions? * if Butler’s simplifying assumptions! are 
valid. One may consider only that the target nucleus 
captures the neutron of the incoming deuteron and 
decays by gamma emission. The effective direction of 
the captured neutron is that of the recoiling product 
nucleus. The observed (p,y) coincidences should be 
symmetric about the velocity of the product nucleus, 
and this symmetry should not depend on the proton 
counter angle chosen or the incident deuteron energy. 
In practice, the proton counter is set at the angle 
which corresponds loa peak of the (d,p) distribution. 
Since the position of this peak is directly related to the 
orbital angular momentum of the captured neutron, 
one may select captured neutrons with a known 1/,. 
However, some of the protons may be emitted following 
compound nucleus formation. These are not expected 
to have a strongly peaked angular distribution at 
moderate deuteron energies. ‘Therefore, one discrimi 
nates against (p,y) correlations which follow compound 
nucleus formation. (,y) reactions in targets having a 
spin of zero are, in general, the easiest to analyze. The 
spin of the excited state which is formed following 
neutron capture is restricted to /,-+-1/2. However, the 


* Part of a dissertation presented by S. A. Cox in partial fulfill 
ment of the requirements for the degree of Doctor of Philosophy 
t This research was supported by the U. S. Atomic Energy 
Commission. 
t Now at Argonne National Laboratories, Lemont, Illinois. 
'S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
?L. J. Gallaher and W. B. Cheston, Phys. Rev. 88, 684 (1952). 
4 Biedenharn, Boyer, and Charpie, Phys. Rev. 88, 517 (1952). 
*G. R. Satchler and J. A. Spiers, Proc. Phys. Soc. (London) 
A65, 980 (1952). 


mixing ratio of possible gamma-ray multipolarities is 
often unknown. When the target is an even-odd nucleus, 
one often has a known 2-£2-0 transition in an even- 
even product nucleus. In these cases, only the in 
coming channel spin mixing ratio is unknown, and it is 
uniquely defined by the observed correlation anisotropy. 
The predictions of L-S and j-j7 coupling®® for this 
quantity may then be tested. 

Possible modifications of simple stripping theory are 
deuteron-target interaction,’ Coulomb effects,’* and 
proton-product nucleus interactions.’°~ Coulomb ef 
fects are supposed to broaden and shift the stripping 
peaks in proton angular distributions as well as polarize 
the protons. Proton-product nucleus interactions have 
similar effects. Further, they may shift the axis of 
symmetry of (d,py) correlations in the (d,p) plane and 
cause anisotropy in the plane perpendicular to the 
velocity of the product nucleus.*'! ‘The anisotropy of a 
correlation observed in the (d,p) plane may be degraded 
by proton-product nucleus absorption’ or potential 
scattering.'! 

Allen'* has measured the (p,y) correlation in Si” 
(d,p)Si”* (1.28 Mev) at a deuteron energy of about 
9 Mev. His data show the predicted symmetry about 
the axis of the recoil nucleus. However, they do not 
test a predicted anisotropy because of the adjustable 
M1-E2 gamma-ray mixing parameter which is involved 


6G. R. Satchler, Phys. Rev Proc. Phys. Soc. 
(London) A66, 1081 (1953). 

6 Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited Report CRT-556, December, 1953 (unpublished) 

7™W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 

* J. Yoceoz, Proc. Phys. Soc, (London) A67, 813 (1954) 

*H. C. Newns, Proc. Phys. Soc, (London) A66, 477 (1953) 

J. Horowitz and A. M. L. Messiah, Phys. Rev. 92, 1326 
(1953); J. phys. et radium 14, 695 (1953) 

4 J. Horowitz and A. M. L. Messiah, J. phys. et radium 5, 
142 (1954). 

’ N.C, Francis and K. W. Watson, Phys. Rev. 93, 313 (1954) 

'8],. J, Gallaher and W. B. Cheston, Phys. Rev. 88, 684 (1952) 

4 Allen, Collinge, Hird, Magli¢, and Orman, Proc, Phys. Soc. 
(London) A69, 705 (1956) 


90, 722 (1952); 
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hic. 1, Pulse-height spectrum of the Nal(T1) charged 
particle scintillator. 


These data also show an anisotropy in the plane per- 
pendicular to the axis of the recoil nucleus. All other 
(d,py) and (d,ny) correlations reported to date'® have 
involved very low deuteron energies where stripping 
was not the dominant process. Only very genera! 
limiting statements about angular momenta could be 
drawn from these data. Proton polarization has been 
observed in C'*(d,p) at deuteron energies of 4 Mev'® 
and 11.9 Mev.'’? C!*(d,n) neutrons have also been 
shown to be polarized at deuteron energies between 
2.5 and 3.0 Mev.'* Compound nucleus interference 
effects have been observed to be strong in C'* and O'° 
(d,p) reactions at 2- to 4-Mev deuteron energies.'* *! 

The above modifications of simple stripping theory 
are generally important at deuteron energies near the 
top of the Coulomb barrier. However, there are several 
advantages gained when deuterons of 2 to 4 Mev are 
used rather than ones having higher energies. Proton 
groups leading to closely spaced levels in residual 
nuclei may be more easily resolved. Also, the number of 
levels excited in the residual nuclei is less, and therefore 
the number of background gammas and neutrons is less. 
The purpose of our experiments was to take (d,py) 
correlation data which would serve as a test of stripping 
correlation theory. We also obtained proton angular 
distributions in order to investigate the strength of 
stripping effects. We took proton yields as a function 
of deuteron energy in order to ascertain the strength of 
compound nucleus effects. Sets of correlations and distri- 
butions were taken at a number of deuteron energies in 
order to find out if the observation of a good stripping 
peak was a sufficient criterion for the applicability of 

16 Ih 
(1955). 

‘©P. Hillman, Phys. Rev. 104, 176 (1956) 

TA. C. Juveland and W. Jentschke, Bull 
Ser. II, 1, 193 (1956) 

'W. Haeberli (private communication) 

” McEllistrem, Jones, Chiba, and Douglas, Phys 
1008 (1956) 

* Bonner, Kraus, Eisinger, and Marion, Phys. Rev. 101, 209 
(1956). 

* Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955). 


Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
Am. Phys. Soc 


Rey. 104, 
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simple correlation theory. Correlation data was taken 
both in the (d,p) plane and the plane perpendicular to 
the velocity of the recoil nucleus. 

The (d,py) reactions which offer the best chance of 
testing theoretical correlation anisotropies are those 
involving targets with zero spin and involving pure F1 
gamma decay. The lowest Z target available to us which 
offered this possibility was Mg™. (We could not study 
reactions with negative Q values with the proton 
scintillation detector used.) Be®(d,py) Be’ (3.370 Mev) 
was attractive because of the low Z involved and the 
fact that only the incoming neutron-target channel 
spin mixing ratio was unknown. B'°(d,py) offered a 
further test of correlation anisotropy as a function of 
deuteron energy. 


EXPERIMENTAL PROCEDURE 


Deuterons from a horizontal electrostatic accelerator 
were magnetically deflected and brought through a 
1.5-ft thick concrete wall, which partially shielded the 
target area from the accelerator x-rays. A generating 
voltmeter determined the accelerator energy to 1%. 
The incident beam collimation was +1/2°. The target 
chambers were electrostatically shielded from the col- 
limator and biased +300 volts relative to it. The target 
chamber consisted of a brass tube 2 in. in diameter and 
3 in. long, which had a wall thickness of 1/32 in. This 
was mounted with its axis perpendicular to the incident 
beam, which entered it through a steel tube 8 in. long, 
3/4 in. in diameter, and 1/64 in. thick. The chamber 
which was used for proton angular distributions had a 
3/16-in. wide slot in its side wall extending from — 15° 
to +140°. (The angles are given relative to the incident 
beam.) A chamber with separate holes of 3/8-in. diam- 
eter provided the larger solid angle needed for corre- 
lations. ‘The window foils were made of 1/2-mil Mylar. 
‘Targets were 
Mg foil was 


The chambers were lined with 5-mil Ta. 
mounted on a rotatable, centered ring. 
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Fic. 2. Excitation curves for (d,p) protons leaving Mg® in its 
first excited state. The reaction Q is 4.52 Mev. The target thick- 
ness was 100 kev for 3-Mev deuterons. 





ANGULAR DISTRIBUTION 
dissolved to a thickness of about 100 kev for 3-Mev 
deuterons. Self-supporting Be foils as well as Be evapo- 
rated on 1-micron Ni foils were used. An enriched B" 
suspension was deposited on 1-micron Ni foils. 

The charged particle detectors were Nal (TI), CsI (Tl), 
or terpheny! scintillators, 1/32 in. thick and 1/2 in. in 
diameter, mounted either directly on the face of a 
Dumont 6292 photomultiplier tube or on Lucite light 
pipes 1/16 in. long. Longer light pipes caused poorer 
energy resolution. The crystals were closely surrounded 
by a metal ring covered with a 1-micron Ni foil. They 
were mounted on the tube with vacuum dried vaseline. 
The glued housing was assembled in a dry box. The 
lifetime of Nal in these containers was 3 to 4 weeks. 
Housings of larger volume which contained a desiccant 
were used with no greater success. The energy resolu- 
tions obtained with 4-Mev protons striking an area of 
diameter 1/4 in. were 3-4% for Nal(Tl) and 4-5% for 
terphenyl. The gamma counter was a 2 in.X2 in. 
Nal(TI) crystal. 

For angular distributions, apertures of diameter 
1/16 in. to 1/8 in., located 1.5 in. from the target, were 
used in front of the proton counter. The solid angle 
corrections”* to observed distributions were negligible. 
Sufficient Ta or Al was inserted in front of the detector 
to stop elastically scattered deuterons. The proton 
counter angle was set to an accuracy of 1° relative to 
the peak of the first excited state proton group from 
Mg"*(d,p) which was peaked at 0° according to theory. 
Proton spectra were recorded by a 10-channel analyzer, 
and background was subtracted from known line shapes. 
Figure 1 shows a pulse-height spectrum of the proton 
counter. 

For angular correlation measurements, the proton 
counter subtended 20° and the gamma counter 37°. 
All the observed correlations theoretically contained 
terms no higher than cos’, and the solid angle correc- 
tions*®? made were generally smaller than statistical 
errors. The proton counter was set at a fixed angle, and 
the gamma counter rotated relative to it in the hori- 
zontal plane. Both counters fed cathode followers, 
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Fic. 3, Excitation curves for (d,p) protons leaving Mg** in its 
eighth excited state. The reaction Q is 1.70 Mev. 
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Fic. 4. Excitation curves for (d,p) protons leaving Mg?® in its 


ground state. The reaction Q is 5.10 Mev. 


Oak-Ridge-type Al amplifiers,” and differential pulse 
height selectors (DPHS). The output of each DPHS 
was split three ways. One branch fed a univibrator, 
scaler, and register for singles counts. The second 
branch went through a blocking oscillator to the input 
of a 6BN6 coincident circuit™ which recorded real plus 
accidental The third branch 
through a similar blocking oscillator and coincidence 
circuit containing a 1-microsecond delay at one of its 
two inputs. This branch recorded only accidental co 


coincidences. was sent 


incidences. 

The amplified pulses had a rise time of 0.2 micro 
second. With the DPHS 4-volt window set at 20 volts, 
the time variation of the output pulses was 50 milli 
microseconds. The 0.1-microsecond resolving time of 
the coincidence circuits was fixed by the blocking 
oscillator pulse width. The ratio of resolving times of 
the two channels was constant within 10% over 1/2 a 
day and was insensitive to counting-rate variations at 
singles counting rates less than several thousand per 
second. The B'°(d,py) reaction gave one coincidence per 
600 proton counts, and the coincidence rate was 100 
min when the accidental counting rate was 10% of the 
real counting rate. The Mg™(d,py) reaction gave one 
coincidence per 2000 proton counts with a coincidence 
rate of 10/min and an accidental coincidence rate 
which was 30% of the real counting rate. Be*(d,py) 


gave rates between these figures. 


EXCITATION CURVES 


Yields of the two longest-range proton groups from 
Be® showed no resonance interference effects greater 
than 10% in severa) deuteron energy intervals between 
2.5 and 4 Mev. The three longest-range proton groups 
of B'® showed weak (20%) structure both on and off 
stripping peaks in this interval. Detailed data from 
Mg™ are shown in Figs. 2, 3, and 4. Proton groups 


corresponding to l,=0, 1, 2 were chosen for the qualita 


*W.H. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947). 
* B. Smaller and E. Avery, Rev. Sci. Instr. 22, 341 (1951). 
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Fic. 5. Excitation curves for (d,p) protons leaving Si*® in its 
ground state. The reaction Q is 6.25 Mev. The target thickness 
was about 10 kev and the point spacing between 2.5- and 3-Mev 
deuteron energy is 20 kev 


tive comparison of interference effects. It is interesting 
that increasing Coulomb barrier penetration is not 
evident and that interference effects have roughly the 
same spacing independent of /, and Q. (The Coulomb 
barrier for Mg is 3.3 Mev if the interaction radius is 
5.24K10°" cm.) It can also be seen that the largest 
interference effects occur at small angles for proton 
groups with low /,. Rather cursory data on the /,=0 
ground state proton group (Fig. 5) from Si** show a 
radically different behavior than the /,=0 Mg group. 
Interference effects are not strong at the forward angle, 
and the yield rapidly increases with energy. (Coulomb 


barrier = 3.7 Mev.) The compound nuclei involved both 
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Fic, 6. Angular distribution of Be*(d,p) ground state protons. 
Angles in the center-of-mass system are plotted. 
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have excitation energies of about 11.6 Mev at zero 
deuteron energy. 


ANGULAR DISTRIBUTIONS 
Be’(d,p) 


The angular distribution of the ground-state proton 
group taken at a bombarding energy of 3.9 Mev is 
shown in Fig. 6. These data show a lower secondary 
maximum at a smaller angle than that obtained at a 
deuteron energy of 3.6 Mev.'® Other data taken at 
8 Mev"® and 12 Mev'®.** show the same tendency in 
the secondary peak. The ratio of the yield at the first 
maximum to that at the minimum is about the same 
at 3.9 Mev as at 8 Mev. Data taken between 1 and 2 
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Fic. 7. Angular distribution of B'(d,p) ground state protons. 
Angles in the center-of-mass system are plotted. Q=9.23 Mev. 


Mev'®-** still show the stripping peak, but it is less than 
the back-angle yield. 

The proton group associated with the first excited 
state in Be" was studied with deuterons having energies 
between 2.5 and 3.9 Mev (Fig. 10). The lack of a well- 
defined drop at small angles could be due to the un- 
resolvable /,=0 proton group which leaves O" in its 
first excited state. Other data'® and our own show that 
the primary /,=1 maximum is absent at 0.8 Mev, 
weakly present between 2.5 and 3 Mev, and less strong 
at 3.5 to 3.9 than at 8 Mev. We did not study the posi- 
tion of the secondary maximum which appears in the 
distribution at 8 Mev because of background difficulties. 


% F. S. Eby, Phys. Rev. 96, 1356 (1954). 
%* M. K. Juric, Phys. Rev. 98, 85'(1955). 





ANGULAR 


B'"(d,p) 


Figure 7 shows the angular distribution of ground 
state protons at a bombarding energy of 3.9 Mev. No 
well-defined /,=1 peak was observed at lower energies. 
Other data'® show only a mild forward angle rise at 
deuteron energies between 1 and 3.7 Mev. Data taken 
at 6, 7, and 8 Mev”® show only slightly higher stripping 
peaks than Fig. 7. 

The proton groups leading to the first and third 
excited states in B' (2.14 and 5.03 Mev) showed no 
stripping peaks at deuteron energies between 2.5 and 
3.9 Mev. At 7.7 Mev," these groups showed less well- 
defined peaks than the ground state, second excited 
state, and fourth+fifth excited state groups. 

Figure 8 shows the angular distribution of the second 
excited state proton group at a deuteron energy of 3.9 
Mev. We observed no well-defined peak at lower 
energies. The peak height shown in Fig. 8 is comparable 
to that observed at E,=6 Mev.'® 

The unresolved proton groups leading to the fourth 
and fifth excited states in B' (6.76 and 6.81 Mev) 
were studied at four energies (lig. 11). The definite 
!,=1 peaking increases very little between 2.5 and 4 
Mev. We have made recent measurements with a mag- 
netic spectrometer and have partially resolved the 
fourth and fifth excited state groups. At deuteron 
energies of 2.5, 3.0, and 3.5 Mev and proton angles of 
10° and 20°, the intensity of the fifth excited state 
proton group was less than 15% of the fourth. Data 
taken at the Massachusetts Institute of Technology'® 
at an incident energy of 1.8 Mev and an angle of 90° 
showed the fifth excited state group to be 10% as strong 
as the fourth. We therefore consider that our crystal 
counter data describes mainly the fourth B' excited 
state. 


Mg*‘(d,p) 


Proton groups from Mg” corresponding to /,, assign- 
ments?’ of 0, 1, and 2 are shown in Fig. 9. The deuteron 
energy is 3.9 Mev. The peaks are in the correct relative 
angular positions, but they are somewhat shifted and 
broadened relative to simple stripping theory. The 
yield curve (lig. 4) shows that the /,=2 ground state 
proton group does not consistently show this stripping 
behavior at lower energies. igure 12 shows the distri- 
bution at three deuteron energies of the strong proton 
group leading to the 3.40-Mev Mg” excited state. The 
stripping peak is dominant above E,=3.2 Mev. It is 
interesting to note that its position and width are very 
close to that predicted by simple stripping theory at 
3.5 Mev, while at 4.0 Mev it is shifted and broadened. 
Tobocman’ has pointed out that deuteron and proton 
interactions can oppose the shifting and broadening 
caused by Coulomb effects. 


27P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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Iic. 8. Angular distribution of B(d,p) second excited state 
protons. Angles in the center-of-mass system are plotted. Q=4.77 
Mev 


ANGULAR CORRELATIONS 
Comparison with Stripping Theory 


Be’, B', and Mg™ (d,py) correlations taken at deu 
teron energies between 2.5 and 4 Mev are shown in 
Figs. 10, 11, and 12. All of the data involve /,=1 
neutron capture, and therefore the correlations should 
resemble 1+-A cos*6,, (where 0, is the angle between 
the observed gamma and the axis of the recoil nucleus) 
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Fic. 9. Angular distribution of Mg™(d,p) ground, first 
and eighth Mg™ state proton groups. Center-of-ma 
plotted. The different distributions are not plotted with correct 
relative intensities. 





COX AND M. WILLIAMSON 


Ed=3.90 Mev 
@p=30° 


Ed= 3.90 Mev ‘ 10% S#I- 


"eo — Ret 








100 =20 


Ed=3,.50Mev 
@p+20° 


Ed= 3.50 Mev 
10% SeiI— 


Yields 








20 40 6080100120140 


E d= 3,00 Mev 
@p:20° 


Relative 
Relative 


° 


Ed+ 3.00 Mev 


° 
@ 











DN SS a a | ¢ 

20 40 60 80 100 120 140 - fe) 
Ed=2,51 Mev 
6p-40° 


Ed 2.50 Mev 











—Ew a SSE Se ea 4. A. 
40 60 80 WO e0 140 - - 20 
Op (Degrees) 


i i A. A. — | 
40 60 BO 100 120 
Bypa (Degrees) 


Fic. 10. Angular distributions (left) and correlations (right) for the proton group leaving Be" in its first excited state 
at 3.37 Mev. The solid curve (left) is the calculated Butler distribution and 4, is the proton angle in the center-of-mass 


system. The dotted curve represents 10% S=1 


proton-product nucleus absorption’ or by potential 
scattering,'! seems to be small. 

The anisotropies of the Be’ and Mg™ correlations 
exhibit approximate deuteron energy independence at 


This shape is observed at deuteron energies greater than 
3.5 Mev in all three reactions. The axis of symmetry 
of the Be’ correlation appears to be shifted a few degrees 
away from 0°. This effect which is predicted either by 
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energies above 3.5 Mev. ‘The other data show de 
creasing correlation anisotropies with dec reasing deu 


teron energies. The exception to this is Be’ at Ey= 2.51 
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Mev (Fig. 10). Class and Hanna'® found cos‘#@ terms in 
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counted, The 3.40-Mey level is taken to be 3/2 


followed the formation of a compound nucleus in a 
region of many overlapping levels would be approxi 
mately isotropic. ‘The behavior of our data at the lower 
deuteron energies suggests that compound nucleus for 
mation becomes more important relative to the strip 
ping process The effect of proton absorption by the 
product nucleus* would also cause the observed decrease 
in correlation anisotropies 

Next, one wishes to « ompare the strength of angular 
distribution peaks with correlation anisotropies. In the 
\Iy™ taken at #,=2.51 Mev, the complete 
absence of a stripping peak corresponds to an isotropic 
correlation. However, both the Be’ and B'® data show 


degraded correlations at deuteron energies for which the 


data 
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for the proton groups leaving Mg* in its eighth excited 


2*), but decays to the 5/2* ground state were also 
’ 5 / g 


angular distribution stripping peaks are comparable to 
those at the highest deuteron energy. ‘Therefore, one 
may not conclude that a correlation will be energy- 
independent if a good angular distribution stripping 
peak is observ ed. 

The strong anisotropy found in Be* led us to measure 
the correlation in the plane perpendicular to the recoil 
nucleus velocity. The deuteron energy was 3.9 Mev. 
Since our target chamber was not symmetric in this 
plane, we measured the angular distribution of the 
3.58-Mev gamma from the reaction Be*(p,a’y) reaction 
and compared it with an angular distribution taken in a 
plane perpendicular to the axis of symmetry of the 
target chamber. (We found this gamma to be isotropic, 





ANGULAR DISTRIBUTION 
in agreement with other investigators.** Isotropy is 
predicted by the assignment of zero spin'® for the 3.58- 
Mev level in Li®.) The corrected Be*(d,py) azimuthal 
correlation was isotropic within +7%. Statistical errors 
in the anisotropy were +5%. This observed isotropy 


implies again that proton interaction effects’: '! are small. 


Be*(d,p)Be'’* (3.37 Mev) 


The first excited state of Be’ is 2+, and it decays by 
F2 gamma emission to the 0* ground state. The excited 
state is formed in stripping by the capture of an /,=1 
neutron by Be’ (3/2~). Thus, the incoming channel spin 


can have the values 1 and 2, and it is the only unknown 
parameter. Figure 10 shows that the best fit of the 
observed correlation is obtained by assuming that 10% 
of the captures take place with S=1. This is just the 
mixture predicted if one assumes pure L-S coupling and 
*P» for the 3.37-Mev Be" level. The assumption of a 'D» 
level would give 100% S=1. Pure j-j7 coupling gives 
an isotropic correlation when the incoming neutron has 
a 7 value of either 1/2 or 3/2. 

Since the correlations with channel spins 1 and 2 mix 
incoherently, all of the possible Be’ correlations fall 
between the S=1 and S$ 
measured correlation lies within 10%+5% of the S=1 
curve. If one assumes that the effects which may perturb 


2 lines shown in Fig. 10. The 


simple correlation theory only degrade the predicted 
anisotropy, then one may conclude that simple theory 
is quantitatively correct to within 15% in the case 
of Be’. 

B'’(d,p)B''* (4.46 and 6.76 Mev) 


The angular correlation which involves the decay of 
the 4.46-Mev second excited state of B' to the 3/2~> B!! 
(The 


of the captured 


ground state was found to be isotropic to +5%. 
Since the J, 
neutron is one and the target assignment is 3*, the 


data are not shown.) 
possible excited state spins and parities are 3/2 >, 5/2>, 
7/2>, 9/2°>. We have calculated the possible channel 
spin and gamma multipole mixtures, and we conclude 
only that 9/2> is unlikely and that 3/2 
likely. Jones and Wilkinson'® have suggested 5/2* for 
The validity of the stripping 
description in our distribution data suggests that posi 


or 5/2 is most 


this level. apparent 
tive parity is incorrect, 
Angular correlations involving predominantly the 
decay of the 6.76-Mev B' level to the B'' ground state 
(see the section on angular distributions) are shown in 
Fig. 11. Again, J, 


given above are possible. If we assume that simple 


1 and the four level assignments 


stripping theory gives the maximum possible calculated 
correlation anisotropies, we may rule out a 3/2> level 
with any possible M1-£2 gamma decay mixing ratio. 
Also, the assignment 9/2> is unlikely. A further argu 


ment against a 9/2> assignment is that the 6.76 Mev 


Friichtenicht, and Nelson, Bull. Am 
1956). 


28 Stoltzfus 
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mostly to the 3/2 


level decays!®” ground state. It is 
likely that one of the first three excited states has a 
spin greater than 3/2. Therefore, if the fourth state 
were 9/2, it should decay rather strongly to an excited 
state 


Mg’'(d,p)Mg*’* (3.40 Mev) 


The intense proton group leading to the 3.40-Mev 
excited level in Mg®® was the only one with which gave 
correlation data with reasonable statistics. Since /, = 1,” 
this level is 1/2> or 3/2>. The observed anisotropy 
(Fig. 12) of the correlation immediately rules out a spin 
of 1 
complicated by the fact that the 3.40-Mev level decays 
30% of the time to the 5/2* ground state of Mg” and 
70% of the time to the 1/2* first excited state.2? We 
were unable to resolve the two gammas, but the differ 


2 for this level. Further analysis of the data is 


ential window of the gamma counter was set so as to 
favor the transition to the 1/2* first excited level. The 
dashed curve in Fig. 12 is the correlation to be expected 
if the two gammas are counted with equal efficiency 
Therefore, the observed data imply either that the 
anisotropy predicted by simple theory was too great, 
or that the counter was more efficient for the gamma 
decays to the ground state than for gamma decays to 
the first excited state. We judge that the latter possi 
bility is unlikely and conclude that the correlation is 
less anisotropic than that predicted by simple theory 
We hope to achieve better resolution of the two gamma 
rays by using a larger Nal (Tl) scintillator 


CONCLUSIONS 


Our angular distribution and excitation curves sug 


gest that /,=0, 1, and possibly 2, stripping peaks can 
be identified for targets as heavy as Mg by using 
deuteron energies less than 4 Mev. Most of our angular 


distributions show that are broadened and 


peaks 
shifted in angle--as compared to the Butler theory 
This is in agreement with the general predictions of 
Coulomb effects or proton-product nucleus interaction 
Data should be taken over a larger range of proton 
angles and deuteron energies if any detailed analysis 
of the effects perturbing simple stripping theory is to 
be made 

We should like to suggest that angular distributions 
of closely spaced groups can best be taken at moderate 
deuteron energies. These may then be compared with 
angular distributions of groups whose /, is already 


known from high-energy data. That is, for a given 
target, we find that peaks with the same /, seem to 
occur at much the same angle 

It is My™ data that a 


peaked proton angular distribution should not be taken 


further evident from our 
as a stripping peak unless its position remains at a 
forward angle over a wide range of deuteron energies 
For example, Endt’s analysis'® of B' angular distribu 
tions at deuteron energies less than 1 Mev differs from 

% Sample 


828 (1955) 


Neilson, Chadwick, and Warren, Can. J. Phys. 33, 





1808 s. cox 
the 1,=1 assignments indicated by 8-Mev data'® and 
our data. This difference could be due to effects similar 
to those seen in our Mg™ data (Figs. 2, 3, and 4). 
Some of the qualitative features of simple stripping 
theory are shown in all of our data and those of Allen 
el al.'* They are the deuteron energy independence and 
the angular symmetry in the (d,p) plane. The predicted 
azimuthal isotropy around the axis of the recoil nucleus 
is seen in Be* but not in Si**.'* The fact that proton 
polarization is observed both at deuteron energies of 
8 to 12 Mev and of 4 Mev also implies that effects which 
perturb simple stripping theory must be investigated 
in any reaction by means of azimuthal correlation 
and/or polarization data. One must also investigate 
deuteron energy dependence in each case. Although 
proton angular distributions should resemble stripping, 
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this observation does not guarantee a concomitant 
stripping correlation. 

Our Be’ data appear to be correctly described by 
simple correlation theory, but polarization and corre- 
lation data at higher deuteron energies would be very 
interesting. The Mg™ correlation appears to be degraded, 
but extensive work on it would be desirable because 
there are no adjustable quantum numbers in the 
description of the reaction, This would simplify the 
detailed analysis of perturbing effects. This detailed 
analysis is difficult, but from it one obtains information 
about nucleon-nucleus interactions as well as informa- 
tion about nuclear energy levels. 

We wish to express our appreciation for a number of 
helpful conversations with Dr. W. Haeberli, Dr. E. 
Merzbacher, and Dr. A. E. Litherland. 
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Splitting of *S, and 'S, States in Li’ 


Taro TamuraA* 
Institute for Theoretical Physics, University of Copenhagen, Copenhagen, Denmark 
(Received July 3, 1956) 


The splitting of the #8, and 'Sy states of Li® is calculated by applying Feingold’s procedure of configuration 


mixing to the 


wave function which was used in our former calculation of the binding energy of the same 


nucleus. It is found that the usually used tensor force is strong enough to explain the big value of this 


splitting 


ORITA and Tamura! formerly calculated the 

binding energy of Li® by using a_ potential 
chosen to fit the two-body data, and a wave function 
modified from the usual shell-model wave function in 
such a way that it depends only on the relative distance 
of the constituent particles. The particular two-body 
potential they used consisted of an almost pure Wigner- 
Yukawa central force and a Yukawa tensor force. The 
result that they obtained agreed fairly well with 
experiment. In that paper, the splitting 62, of the 
4S, and 
5E=0.16 Mev, much too small to agree with the experi- 
mental value, 3.6 Mev. Ina similar way, the theoretical 
value of this splitting, calculated in the lowest order 


1S) states was also calculated, with a result 


perturbation theory with the usual shell-model wave 
function, gives too small a result, 0.21 Mev. 

Ina recent paper, Feingold? has shown that starting 
with the shell model, and taking into account a certain 
kind of configuration mixing, a rather big value, 1.6 
Mev, can be obtained. (This value, however, is still 


*On leave from the Tokyo University of Education, Tokyo, 
Japan 

1M. Morita and T. Tamura, Progr. Theoret. Phys. (Japan) 12, 
653 (1954); referred to hereafter as MT; see also J. Irving and 
D. S. Schonland, Phys. Rev. 97, 446 (1955). 

2A, M. Feingold, Phys. Rev 101, 258 (1956). 


somewhat less than half the experimental value.*) The 
reason why MT obtained good agreement for the 
binding energy in Li® appears to be that the wave 
function they employed had much larger positional 
correlations than the shell model does. Thus, it would 
seem that a larger value for the splitting could also be 
obtained by applying Feingold’s idea not to the shell- 
model wave function, but to the more highly correlated 
wave function of MT. 

In general, the application of Feingold’s procedure to 
such a wave function is not easy, because some very 
complicated integrals must be evaluated. However, if 
we limit our calculation to S states, and also make the 
approximation that the three- and four-particle terms, 
in the terminology of Feingold, can be neglected 
compared to the two-particle terms, the whole inte- 
gration can be carried through analytically, and 
although the final result is much more lengthy than 
in the case of Feingold, we can obtain the desired 
results fairly easily. 

The two-particle interaction used in the present 
calculation is the following®: 


It is remarked in reference 2 that Lyons obtained 6 = 1.9 Mev 
by using a Yukawa-type interaction. 

‘P. L. Pease and H. Feshbach, Phys. Rev. 81, 142 (1951); 
88, 945 (1952). 
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where V.= 46.1 Mev, V,= 24.9 Mev, r.=1.184X 107" 
cm, =1.67X10-" cm, P," is the spin exchange 
operator, g= 0.004, and S;,; is the usual tensor operator. 

Feingold’s procedure is briefly to alter the expression 
for the energy given by the lowest order shell- 
model wave function Yo» which is proportional to 
exp(—(’r?). He does this by modifying Wo in the form 
(A+AD i<jtis)o, where tij= (6r.;)Si; exp(—vri7), and 
then fixing the parameter \ at each root-mean-square 
radius (which is inversely proportional to 8) so as to 
minimize the energy. 

We have correspondingly modified MT’s 
function, which is now proportional to exp[ —a(ri7)!], 
and in the same way have variationally minimized 
the energy for each mean square radius which is given, 
if one neglects the small change caused by the mixing 
of the D state, by R=r,6'=1.876a"'. 

The results of the numerical calculations are shown in 
Fig. 1. In this figure the abscissa r, is given in units of 
10-" cm. Feingold? obtained the above-mentioned value 
6E=1.5 Mev, for a value r,=1.2, the value of the 
nuclear radius found in high-energy electron scattering.° 
In our calculation, this value of r, is very near to the one 
for which the maximum binding energy [illustrated by 
curve (d) in Fig. 1 | is obtained. For this value, we find 
a splitting which is gratifyingly large (in fact, too large) : 
6bE=5.4 Mev. 

We wish to point out, however, that various argu- 
ments may be adduced in favor of a somewhat larger 
radius. The high-energy electron scattering experi- 
ments® indicate that light nuclei are spread out more 
than the heavy ones, and Kofoed-Hansen’ has also 
shown that the Coulomb energy differences between 
Li® and its mirror nucleus He® requires that r,= 1.35. 
With this larger radius our value for 6E is 4.6 Mev, 
which agrees more closely with experiment. With this 
radius we also obtain a binding energy, 31.4 Mev, in 
close agreement with the experimental value, 32.0 Mev. 

Because we have made several simplifying approxi- 
mations, this rather agreement with 
experiment cannot be taken too literally. In particular, 
we have neglected the contribution from three- and 
four-particle terms, and we have mixed D states to the 


wave 


satisfac tory 


* Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954); D. G. Ravenhall and D. R. Yennie, Phys. Rev. 96 
239 (1954). 

6 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955 

70. Kofoed-Hansen, Nuclear Phys. 2, 441 (1956-1957). 
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Fic. 1. Various energy values versus reduced nuclear radius rq 
(a) 48,;—'8_ splitting; (b) binding energy without tensor force 
(=algebraic sum of kinetic and central and Coulomb interaction 
(c) contribution of the tensor interaction to the binding 
total binding energy [ = (b) + (c) ] 


energies) ; 
energy; (d) 


original S states in a manner which is not unique 
Furthermore, the difference between our results and 
Feingold’s shows that the results are quite sensitive 
to the assumed wave function. 

There should also be many other ways in choosing 


parameters of the two-body interaction in addition to 


those used in this paper. It should further be mentioned 
that the recently developed meson theory of nuclear 
forces and the analysis of high-energy nucleon-nucleon 
scattering suggest the use of a potential with a hard 
core.® In such a case Brueckner’s theory® of the optical 
model may be useful in obtaining the reaction matrix 
to be used in place of the usual short-range potential 
as employed here. 

In spite of these ambiguities, however, it appears to 
be possible to conclude that the commonly used tensor 
force, the parameters of which are adjusted to explain 
the two-body data, is strong enough to explain the big 
splitting of the *S, and ‘Sy states of Li’ 


Progr 
however, a 


‘In this connection see Otsuki, Sawada, and Suekane, 
Theoret. Phys. (Japan) 13, 79 (1955). In their paper 
spin-orbit force of usual type was assumed to exist 
to the tensor force. 

* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954), and many subsequent papers. See also R. F. Eden, Proc 
Roy Soc. (London) 235, 408 (1956) and H. A. Bethe, Phys. Rev 
103, 1353 (1956). 


in addition 
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Configurational Mixing in 3-Decay Theory 


R. J. Burn-Stoyite anp C. A. CAINE 
Clarendon Laboratory, Oxford, England 


(Received December 4 


It is shown that the deviations of log ft values 


3-decay 


N a recent paper by Nordheim and Grayson’ the 
nuclear matrix elements for allowed 6 decays have 


been evaluated on the basis of the j-7 coupling in 


dependent-particle model. These results show that the 


use of properly antisymmetrized many-particle func- 
tions appreciably reduces the contradiction between 
the experimental and single-particle-model log ft values. 
However there is still a considerable discrepancy 
between the experimental results and the predictions 
of the independent-particle model.’ A similar situation 
exists with regard to nuclear magnetic moments, and 
it has been shown’ that here the disagreement may 
be attributed to interconfigurational mixing caused by 
the interactions between those nucleons outside closed 
(in the LS sense) shells. A similar calculation has been 
made, therefore, to estimate the effect of such mixing 
on the nuclear matrix elements for allowed 8 transitions 


As an example we consider the decays 
(1) Sc# 


(1) wT* 


‘43 
ro9Ca™, 
ro iS 
eigenfunctions — of 


senlority effect of 
mixtures which contribute to the matrix element terms 


Using appropriate isolLopl spin 


one,” we consider the those ad 


linear in their amplitudes of mixing. The internucleon 
interaction is taken to be of the form 


| w= (a4 ba,-a,)6(r,—14,;) 


(a similar interaction having been used in the magnetic 


moment calculations’ *) and we assume that the ratio 


of the triplet to singlet strengths is 3:2. We define 


t=e¢,/AE (always negative) where e¢, is the singlet 


interaction energy® and AF the fzj2.—f5/2 spin-orbit 


splitting. A straightforward first-order perturbation 


calculation gives 


(I) 


(11) i oO 
y 


where (@), ). is the single-particle-model value. ‘Taking? 


IW. ( Nordheim, Phys. Rev. 102, 
1084 (1956 
WwW. ( 
1093 (1956 
*R. J. Blin-Stoyle 

A67, 885 (1954 
‘A. Arima and H 
1954 
> B. H. Flowers, Proc. Roy. Soc 
®*M.H.L. Pryce, Proc Phys. Soc 


Grayson Jr., and L. W 


di W. Nordheim, Phys. Rev. 102, 


Grayson IJr., ar 


and M. A. Perks, Proc. Phys. Soc. (London) 


Horie, Progr. Theoret. Phys. Japan 11, 509 


(London) A212, 248 (1952 
(London) A6S, 773 (1982). 


1956 


from those predicted by the single-particle model in the 


of odd-A nuclei can be accounted for in terms of simple interconfigurational mixing 


ft=5300/[| (1)|?+- | (@)|*], 
we find that for £= —0.31 this gives 
log ft 
§.p.m. ij 
I: 4.8 3.97 


3.37 
IT: 3.4 3.58 


Experi 
mental 


When one uses the same value of &, the results of 
Arima and Horie‘ give for the magnetic moment of 
Ca¥, pu 1.15, the measured value being —1.3. 
Thus it would appear that our somewhat crude approxi- 
mations can in fact reproduce (at least semiquantita- 
tively) the experimental results. 

lor more than three particles such a calculation is not 
practicable using as basic states isotopic spin eigen- 
functions. We have therefore made a complete calcu- 
lation, for odd-A nuclei, including the effects of all 
possible admixtures which contribute in first order to 
that are 
the neutrons and protons 


the matrix elements, using wave functions 
separately antisymmetric in 
respectively. Such functions may not be satisfactory 
A> 40. 


() transitions we must in addition 


for light nuclei so we restrict ourselves to 
Moreover for the AJ 
assume that |(1)|* vanishes for the unfavored transi- 
tions, and there is every indication that it is necessary 
to use isotopic spin eigenfunctions (as with the two 
decays already described) in order to account for the 
experimental results. However, for the AJ = 1 transitions 
we expect these functions to be a reasonable approxi- 
mation. Again we have considered only those transitions 
for which the unperturbed states are assumed to be of 
lowest seniority, i.e., the even nucleons in the state 
of seniority zero and the odd of seniority one. For the 
AJ=1 transitions it is found that the matrix element 
is of the form, 

(ili) 
where (@);; is the unperturbed and &, 
(AF),. Here (e,), and (AE), are the singlet 
interaction energies and energy differences, respectively, 
for the different possible particle excitations which 
lead to first-order contributions to the matrix element. 


(0)=(@);{ 14+ >5 nA né: 


element 


(€s) n 


The coefficients A, are generally positive and in all 
cases considered are such that with reasonable values 
of &, the reduction in |(@)/? is sufficient to account for 
the large log ft values of the AJ 

Finally, for the /-forbidden transitions it is clear that 


there are possible admixtures which will contribute 


1 transitions. 


linearly to the matrix element, and a calculation to 
estimate this effect is in progress. A full account of this 
work will be published later. 
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Analysis of Angular Distributions in the C! a,n)O' Reaction’ 


}. P. Scurrrer,t ALrrep A. Krat Jr... AND J. R. Ri 
The Rice Institute, Houston, Texa 


Received September 4, 1956 


From the study of the angular distributions in the C4(anjO reaction, angular momentun 
have been obtained for thirteen states of the compound nucleus, O'. Some relative parity assigni 


made on the basis of terlerence etiect 


INTRODUCTION interfering pair. States of different parity will produce 


HE ( (a, )O%" reaction Is particularly suited for odd Legendre polynomial terms when interfering, whil 
an analysis of the differential reac tion cross tes of the same parity will produce even ones \s a 
section by means of the compound nucleus formalism result, relative parities of neighboring compound state 
For bombarding cnergies between 1 and 5 Mev, ho can sometime be determined from angular distribu 
tions. The interference produces no /’y terms, so that it 


does not contribute to the total cross section. Table 1 
lists the coethei nts of Fr, in Ka (1 for pos ible J value 


up to 9/2, and coefficients of 7’, in interference term 


competing reaction can take place other than radiative 
capture and elastic scattering. Below 5 Mev neutrons 
are emitted only to the OF ground state of O'*, so that 


the neutron channel spin is limited to the value 1/2.‘ 
for a number of pairs of J value 


While Eq. (1) describes the angular dependence of 


the yield from an isolated resonance, the total cro 


Che alpha-particle channel spin is also 1/2, since the 
ground state of C™ is 1/2~. Consequently a state of the 
compound nucleus characterized by sharp total angular » 
momentum J and parity I can be formed by alpha %C'0? and the y ield at any angle will be expected to 
particles with only one value of orbital angular mo. Y@ty with energy im accordance with the Breit-Wigner 
; resonance formula. This is taken into account if the 


right-hand side of Eq. (1) is multiplied by a factor 
rh proportional to the Breit-Wignet expression Tor 


mentum / and can decay by neutron emission with onl 
one orbital angular momentum 7’. The angular dist: 


bution will then be of the form 
the total cross section. If more than one compound 


a(O9~>, ZI A/2v)Z(U IU 1/ 2v) P,(cosd tate contributes to the \ 1, the total cro ection 


. : vill follow the sur f several single-level Breit Wivnes 
where the factors Z in the coefficient of Py at pend only , ene Saad weae , 


on the indicated angular momentum quantum number 


] 
\ 


terms, provided the levels are separated by 


and channel spin.’ Since the parities of incoming and 
outgoing channels are opposite, /’ must be even if / 1 BLE T. Angular distributior 
‘odd, and vice versa. Since Z has the same value for 
either of the two orbital angular momentum possi 
bilities (J+1/2), the angular distribution reduces to 


the simple form 
a(9)~>, ZI, 2v)*P,(cosé (1 


Phe distribution is the same for either parity, so that 
it is impossible to make a parity assignment at an 
isolated resonance on the basis of angular distributions 

If more than one state of the compound nucleus i 
involved in the reaction at a given energy, the angular 
distribution will contain not only the sum of th 
angular distributions for the states separately, each 
multiplied by a weight factor dependent on the energy, 
but it will also contain interference terms between pair 


of states of the form 
ZL loJo,1/2v)Z (by! S le’ J o,1/2v) P,(cosd 
where the two subscripts refer to the two states of the 


* Supported in part by the U.S. Atomic Energy Commi 
t Now at Argonne National Laboratory, Lemont, Illinois 
{ Now at College of the Pacific, Stockton, California 
1y. M. Blatt and L. C. Biedenharn, Revs. Modern PI 
258 (1952). 
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an)O"* reaction at various resonance energies. The lines indicate 


the angular distributions expected from various spins of the compound system without interference effects. Probable errors 


are of the same order of magnitude as the 


their level widths 
different.’ 


and that their spins or parities are 
The differential cross section as a function 
taking the 
(1) for 
the states separately, each multiplied by a Breit-Wigne1 
energy-dependent factor o(/), and adding all inter 


of angle and energy is then obtained by 


sum of the angular distributions given by Eq 


ference terms multiplied by a factor 


{ 2| o;(E)o(E) It cos(@, dot £ 
tan~'| '/2(E— Ep) |, 


shifts of the ingoing and outgoing channel,' and the 


« 


where @ £ and £’ are the phase 


subseripts 1 and 2 refer to the pair of states producing 
the interference term 


Excitation for the C¥(an)O' reaction be 


) 


curves 


tween and 5-Mev a-particle energies have been 


: by a 


previously reported. They are characterized 
E. P 
R. | 
1956) 
‘Bonner, Kraus, Marion, and Schiffe 
1956 


Wigner, Phys. Rev 
Becker and H H 


70, 606 (1946) 


Barschall Phys. Rev. 102, 1388 


Phys. Rev. 102, 1348 


size of the circles 


number of comparatively narrow resonances, especially 
near the higher bombarding energies. Angular distribu- 
tions were taken over this energy region in an attempt 
to determine the spins and parities of the compound 
states that correspond to the resonances shown 


EXPERIMENTAL METHOD 


The Het beam of the Rice Institute Van de Graaff 
accelerator was used to bombard 20-ug/cm? carbon 
targets, enriched in C® to 65%. A modified long counter* 
was used in the angular distribution measurements, 
mounted on the arm of a turntable such that it sub 
tended an angle of 10° at the target. Where higher 
resolution was desired, a 1/4 in.X1/4 in. 
anthracene crystal mounted on a photomultiplier tube 
was used. The neutron energies were sufficiently inde- 


angular 


pendent of the angle of observation that the response of 
the modified long counter could be assumed to be flat. 
However, when the anthracene counter was used a 
correction had to be applied for the energy dependence 
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Fic. 2. Variations with bombarding energy of the coefficients, 


1,, of the Legendre polynomials, ?,, describing the 


angular distributions of the C(a,n)O" reaction over two regions of interfering resonances. The uncertainty in A,,/A 
cannot be accurately calculated, but is probably of the order of +0.1 


of the neutron-proton cross section. Angular distribu 
tions were studied between 0° and 150°. Because of the 
possibility of scattering from the beam entrance tube, 
no data points were used in the analysis of the distribu 


tions beyond 135 


ANALYSIS OF THE ANGULAR DISTRIBUTIONS 


Ihe most straightforward way in which the angular 
momentum associated with a resonance in the excitation 


curve can be obtained is to compare the experimental 
angular distribution, plotted in center-of-mass coordi 
with the calculated angular distributions for 
Phi 
cedure was successful for several relatively isolated 
re these Fig. 1 
However, in the region of overlapping resonance 


nates, 


various J-values of the compound system pro 


onances. Some of are illustrated in 


wnificantly to the 


the 


where interference terms contribute 


angular distributions and assignments must satisfy 
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requirement of correct energy variation over the reso- 
nance region, it 1s usually profitable to start by com- 
puting the coefficients A, in a representation of the 


experimental data by Legendre polynomials, 


on AP, (« os 


With the coefficients A, known as functions of energy, 
it becomes practicable to select J-values and relative 


a(O).., 


parities for the interfering states 

Manual computation of least-squares fits to angular 
distributions involving more than two or three Legendre 
polynomials is not feasible. Reasonably reliable results 
can be obtained if as many angles are chosen in an 
angular distribution as there are Legendre polynomials 
present, and the appropriate simultaneous equations 
are solved. For polynomials up to 14, five equations will 
erve to determine their coefficients. The accuracy with 
which the coefficients can be determined in this way is 
necessarily worse than what could be obtained in a 
least-squares fit from the same data. However, it was 
felt that it would be sufficiently accurate for purposes 

Phis was the method used to obtain the 
specified in Fig. 1 for the 2.69- and 2.83- 


ol assignment 
values of A, 
Mev resonances and those plotted in Fig. 2 as a function 
of bombarding energy for the regions of overlapping 
resonances between 2.0 and 2.5 Mev and between 3.0 


and 3.5 Mey 


DISCUSSION OF ANGULAR MOMENTUM 
ASSIGNMENTS 

\s can be seen from the plot of the 4, in Fig. 2, the 
angular distribution on the broad resonance at 2.09 Mey 
contained no Legendre polynomial of order higher than 
one. It follows that J is 1/2 for the corresponding state 
at 7.94 Mev in O'", and that there is interference from 
a 1/2 or 3/2 state of opposite parity. Interference from 
a 5/2 or 7 A,. In the 
angular distribution on the overlapping resonance at 
2.25 Mev, Az is large and A, 1s zero. J is therefore 3/2 
for the corresponding state at 8.07 Mev in O', From 


the angular distributions on the third of the broad over 


2 state would not contribute to 


lapping resonances in this group, situated at 2.42 Mev, 
the magnitude of A» and the absence of A, again justify 
a 3/2 assignment. This state is at 8.20 Mev in O!”. The 
large magnitude of As between the 2.25- and 2.42-Mev 
resonances can only result from interference between 


the 3/2 states, which must therefore have opposite 
parity. Parity thus alternates in this group of three 
states. The dip in the magnitude of A, between th 
same two resonances can be ascribed to interference 
between the upper of the two 3/2 states and the like 
parity 1/2 state below. 

At the 2.60-Mev resonance, an unambiguous spin 
assignment could not be made. The angular distribution 
obtained on the narrow resonance at 2.69 Mev is 
shown by the experimental points in the lower left of 
along with the angular distribution expected 
Good agreement justifies the assign 


Fig. 1, 


from a 5/2 state 


KRAUS, 


AND RISSER 

ment of 5/2 to the corresponding state at 8.40 Mev in 
O', In the angular distribution on the resonance at 
2.77 Mev, interference terms are too large to permit an 
assignment. For the resonance at 2.83 Mev, correspond- 
ing to a state in O"" at 8.50 Mev, a 5/2 assignment with 
interference from a 3/2 state of like parity would 
explain the distribution (Fig. 1).° An additional state 
of opposite parity is needed to contribute the odd 
interference terms. Resonances of sufficient width to 
account for the interference are present both above and 
below this resonance, among them a fairly broad reso- 
nance believed due to a 3/2 state about three widths 
removed at 3.09 Mev. Although an assignment of spin 
3/2 with interference from a neighboring 5/2 state 
would fit the angular distribution at 2.83 Mev equally 
well, the only resonance with known 5/2 assignment is 
about ten widths removed. 

Strong interference occurs throughout the region of 
overlapping resonances between 3 and 3.5 Mev. The A, 
calculated from the angular distributions in this region 
are shown in the second part of Fig. 2. Resonances occur 
at 3.09, 3.33, and 3.42 Mev corresponding to states in 
O" at 8.70, 8.89, and 8.95 Mev. From the dependence 
of A, and Ag on energy, it follows that the 3.42-Mev 
resonance is due to a state with J equal to 7/2 or more, 
and that the 3.03- and 3.33-Mev resonances are due to 
states with J equal to 3/2 or less. The magnitude of A; 
at the lower energies rules out the possibility that J is 
1/2 for either of the lower states. Best fit is obtained 
from the combination 3/2, 3/2, and 7/2, with alter 
nating parities, for the three states in order of increasing 
energy.’ Possibly the only way to explain the anomalous 
existence of A, is to postulate a broad 1/2 state, too 
weak to be observed as a resonance, located in the 
neighborhood of the lower 3/2 state and of the same 
parity. 

The angular distribution obtained on the resonance at 
3.73 Mev is given by Pot+-0.6P24+-0.5P,. This is con- 
with a 5/2 assignment for the corresponding 
state at 9.20 Mev in O" if about half of the isotropic 
term can be ascribed to background due to distant 


sistent 


levels. The angular distribution on the resonance at 
4.12 Mev is given by Po+0.8P24+-0.7P4+0.3P¢, indi 
cating a probable spin of 7/2 for the state at 9.50 Mev 
in O', Angular distributions on the 4.42- and 4.63-Mev 
resonances taken with an anthracene counter of 2% 
angular resolution are shown by the experimental 
points on the right side of Fig. 1. They are characterized 
by sharp peaks in the forward and backward directions. 
Comparison with the theoretical distributions expected 
from 7/2 and 9/2 states shows that J is 7/2 for the 
state at 9.73 Mev in O" corresponding to the 4.42-Mey 
resonance, and that J is 9/2 for the state at 9.89 Mev 


® Becker and Barschall, in reference 3, assign J >3/2 for the 
states at 2.69 and 2.82 Mev, and J = 3/2 for the state at 3.09 Mev 
from a consideration of absolute cross sections and in agreement 
with the present measurements 
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Fic. 3. Energy level diagram 
showing the states in O!7 ob- 
served in the C!8(a,n)O"* reac- 
tion. The energies quoted are 
from reference 4, The spin 
assignments in parentheses are 
tentative or alternate assign- 
ments. Some relative parities 
for adjacent states are indicated 
by + or * signs. The 90° yield 
curve of reference 4 is shown to 
help in identifying the reson 
ances referred to in the text. 
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in O" corresponding to the 4.63-Mev resonance. The 
angular distribution on the broad resonance at 4.75 Mev 
is given by Pot+-0.5P2+0.2P4+-0.5P¢5. This distribution 
is characterized by strong interference from states of 
like parity so that a unique spin assignment cannot be 
made. A 5/2 or 7/2 assignment for the 9.97-Mev state 
in O" would not be inconsistent with the data. 

The results of the present experiment are given on 
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the energy level diagram in Fig. 3. Undoubtedly more 
work is needed before a detailed fit for all the angular 


5/2+ 


distributions can be made. The use of automatic com- 
puting techniques would greatly facilitate a more de- 
tailed solution of this problem. Assignments of partial 
widths and parities could be made only if detailed 
experimental data were available on elastic scattering 
of alpha particles on C“ and neutrons on O'* 
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n-d Scattering at 2.45 and 3.27 Mev* 


Joun D. SEAGRAVE AND LAWRENCE CRANBERG 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received December 19, 1956) 


Complete angular distributions for the elastic scattering of neutrons by deuterons have been obtained 
at 2.45 and 3.27 Mev by direct observation of the scattered neutrons using a time-of-flight technique, and 
results are given with a probable error of less than 3%. No support is found for the strong forward scattering 
indicated by a previous cloud-chamber experiment. The theoretical predictions of Buckingham, Hubbard, 
and Massey are in closer agreement with this experiment than are those of Christian and Gammel. n-d 
scattering is found to be very similar to p-d scattering at the same incident energy. 


INTRODUCTION 


IFFERENTIAL cross sections for p-d and n-d 

elastic scattering been measured at a 
number of different energies over quite a wide range, and 
extensive theoretical effort has been devoted to inter- 
preting the data. But theoretical ambiguities together 
with large experimental uncertainties have led to rather 
inconclusive results. A comprehensive review of the 
general problem of nucleon-deuteron interactions 
together with a bibliography up to 1953 will be found 
in a survey article by Massey.’ Experimentally, 
information about m-d scattering is very much less 
satisfactory than that for p-d scattering. Almost all 
n-d measurements to date have been based on observa- 
tion of recoil deuterons and most of them have been 
seriously deficient in not giving information corre- 
sponding to small-angle neutron scattering. This is the 
region of highest interest since the several theoretical 
approaches appear to diverge in that region. The bulk 
of n-d distributions have also been relative and suffi- 
ciently incomplete to make normalization to the total 
section The theoretical am- 
biguities are so serious that it is practically essential 
to have sections for meaningful 


have 


Cross unsatisfactory. 


absolute cross 
comparison. 

Absolute experimental data at 4.5 and 5.5 Mev? have 
been independently analyzed by introducing special 
theoretical assumptions,’ and by conjoint analysis with 
p-d cross sections invoking the charge-independence 
hypothesis.* In the latter case n-d cross sections were 
compared with p-d cross sections for about 0.5 Mev 
higher bombarding energy, corresponding roughly to 
the p-d Coulomb barrier. Disagreement was found in 
both cases with the phases suggested by Buckingham 
and Massey,® but no very clear suggestions for improve- 
ment resulted. The limitations of the experimental 
data precluded significant improvements in the theory. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

'H. S. W. Massey, in Progress in Nuclear Physics, edited by 
O. R. Frisch (Pergamon Press, London, 1953), Vol. 3, pp. 235-270. 

* EF. Wantuch, Phys. Rev. 84, 169 (1951). 

53M. M. Gordon and W. D. Barfield, Phys. Rev. 86, 679 (1952). 

‘A. L. Latter and R. Latter, Phys. Rev. 86, 727 (1952). 

®*R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc. 
(London) A179, 123 (1941). 


At E,=14 Mev the counter telescope measurements 
of Seagrave® very closely confirm the nuclear-plate 
measurements of Allred, Armstrong, and Rosen.’ The 
counter measurements also provided spectra of the 
protons from the neutron disintegration of the deuteron. 
The theory of Christian and Gammel® is in excellent 
agreement with the comparatively precise experimental 
data at 14 Mev for elastic scattering, and predicts 
scattering reasonably compatible with the less satis- 
factory experimental results at lower energies. The 
major physical process determining the phase shifts 
in this theory® is the pickup by one of the particles 
in the deuteron of the incident particle to form a new 
deuteron, and the scattering is apparently insensitive 
to the n-n and p-p forces. The theory predicts consider- 
ably too low a cross section, however, for the 2-10 Mev 
energy range, and plausible normalization of the 
incomplete relative data at intermediate energies 
indicates that the differential cross sections are probably 
appreciably higher at the small forward angles than 
predicted. deBorde and Massey’ have extended their 
earlier calculations to include higher order phase 
shifts with Serber exchange forces and their results are 
also in reasonable agreement with the data at 14 Mev. 

A careful p-d experiment at E,=20.6 Mev has 
recently been performed.’® It reveals very marked 
Coulomb-nuclear interference near 20° which awaits 
theoretical interpretation. Unfortunately no directly 
comparable neutron measurements are yet available. 

An isolated measurement of small-angle n-d scattering 
at E,=3.1 Mev has been reported from Japan." Ring 
scattering from D,O gave absolute cross sections for 
center-of-mass scattering angles of 25 and 35 degrees 
with a probable error of about 169%. A Swiss cloud- 
recoil experiment” in 1952, 


chamber small-angle 


6 J. D. Seagrave, Phys. Rev. 97, 757 (1955). 

7 Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 

*R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 

A. H. deBorde and H. S. W. Massey, Proc. Phys. Soc. 
(London) A68, 769 (1955). 

“TD. O. Caldwell and J. O. Richardson, Phys. Rev. 98, 28 
(1955). 

4 J. Sanada and S. Yamaba, Phys. Rev. 80, 750 (1950). 

127, Hamouda and G. de Montmollin, Helv. Phys. Acta 25, 
107 (1952). 
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n-d SCATTERING 
supplementary to an earlier measurement™ at large 
angles at the same energy, 3.27 Mev, extended measure- 
ments down to a center-of-mass angle of 18° and 
indicated extremely strong forward scattering. This is a 
result which, if normalized to the large-angle data 
at the same energy and to the total cross section, is 
irreconcilable with charge-independence of nuclear 
forces.' It should be noted that much improved measure- 
ments of the total cross section for the n-d interaction 
up to 22 Mev are now available,"* but to date no 
theoretical attempt to fit the data has been published. 

The angular distributions measured in the experiment 
to be described were obtained at 3.27 Mev for direct 
comparison with previous small-angle data":” at that 
energy, and at 2.5 Mev where comparison could be 
made with the Wisconsin recoil-counter results at 2.5 
Mev" and with the p-d results at 2.53 and 3.0 Mev." 
The actual neutron experiment was conducted at 2.45 
Mev for practical reasons. Neutron energy spread for 
both cases was +50 kev for the full width at half- 
maximum. 


EXPERIMENTAL ARRANGEMENT 


A pulsed-beam time-of-flight technique and a 
shielded scintillation detector were used to detect fast 
neutrons elastically scattered by deuterons. The time- 
of-flight installation at the large Los Alamos Van de 
Graaff accelerator has been described in detail pre- 
viously.'7~” Briefly, the dc beam from the accelerator 
is swept across slits at a repetition rate of 7.4 megacycles 
per second and the chopped beam is focused on the 
target to give bursts of about 3 millimicroseconds 
duration with an average current of about 4 micro- 
ampere. The target is a 3-cm long cell filled with 
tritium gas to a pressure of 120 cm of mercury. The 
neutrons are produced by the T(p,m)He* reaction. 
Forward neutrons from the source are scattered by a 
cylindrical sample whose axis is 10.1 cm from the 
center of the target. A set of scattering samples is 
supported on a fine vertical wire so that comparison 
samples can be moved into position by remote control. 
The mean flight path from scattering sample to shielded 
hydrogeneous scintillation detector is 115 cm. The 
detector and its collimator are mounted on a cart so that 
the entire detection system can be rotated about the 
axis of the scatterer to obtain angular distributions. 
Figure 1 shows the time-of-flight neutron spectrum 


1 Hamouda, Halter, and Scherrer, Helv. Phys. Acta 24, 217 
(1951). 

4 J. D. Seagrave and R. L. Henkel, Phys. Rev. 98, 666 (1955). 

16 Adair, Okazaki, and Walt, Phys. Rev. 89, 1165 (1953). 

16 Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 662 
(1947). 

171. Cranberg, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, Paper P/577. 

18 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 

 L., Cranberg and J. S. Levin, Phys. Rev. 100, 434 (1955). 

”L, Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 
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Fic. 1. Time-of-flight spectrum of the 3.27-Mev neutrons 
incident on the scattering sample 


incident on the scatterer as observed by the detector 
system at zero degrees with no scattering sample 
present. 

The relative sensitivity of the detector was deter- 
mined by measuring the number of counts per micro- 
coulomb on the target for some 18 energies over the 
range of interest, and dividing these numbers by the 
known forward yield of the T(p,n) reaction.” ‘The 
resulting relative sensitivity as a function of neutron 
energy is similar to Fig. 2 in reference 20. The effective 
electronic bias for the pulses to be recorded was about 
200 kev. 

The scattering samples 
symmetrically with axis normal to the plane of sym- 
metry in which the detector moved. The deuterium 


were cylinders disposed 


sample was prepared in the form of deuterated poly- 
ethylene (CD.) made by Dr. A. Ronzio of this labora- 
tory. The cylinder was 0.5 inch in diameter with 
0.031-inch central hole for the supporting wire and 
its length was 1.5 inches. Its mass was 5.3666 grams. 
A carbon sample for a difference measurement of the 
deuteron cross section was prepared with the same 
mass of carbon as was calculated to be present in the 
CD, sample, namely 4.0515 grams. Its diameter was 
0.375 inch with a 0.067-inch central hole, and its length 
was 1.375 inches. A normal polyethylene sample (CH,) 
was also used to obtain a cross section scale by com- 
parison with the n-p cross section. To minimize 
multiple-scattering uncertainties, this was prepared as a 
thin-walled cylinder 0.375 in. 0.d, by 0.250 in. i.d., of 


21 Haddad, Perry, and Smith (private communication) 
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Fic. 2. Time-of-flight spectra of neutrons scattered by CD, 


(points and solid curves) and by C (dashed curves) for lab 
angles of 40° and 100° at an incident neutron energy of 3.27 Mev. 


length 2 in., and mass 2.0168 grams. Typical time-of- 
flight spectra are shown in Fig. 2, for 100°, where the 
neutrons scattered by deuterons and by carbon are 
completely resolved, and at 40° where it is possible 
to resolve the proton and carbon groups from CH» 
but not the deuteron and carbon groups from CD». At 
progressively “group” 
contains a progressively larger contribution in excess 


smaller angles the carbon 
of the carbon scattering arising from direct penetration 


of the shield and scattering-in by the collimator. 


TREATMENT OF THE DATA 


Owing to the difficulty of obtaining precisely sym- 
metrical geometrical alignment, the time spectra from 
the two halves of the rf cycle were not identical in 
appearance. A 100-channel 
record both halves of the full cycle and the two parts 
of the data were handled separately until certain of the 
preliminary corrections had been made. Although the 
mass of the carbon sample was made identical to the 


analyzer was used to 


mass of carbon contained in the CD. sample so that 
the yield due to deuteron scattering would be just the 
difference between CD» and C data, several corrections 
were necessary before this could be done quantitatively 
to obtain differential The relative 
sensitivity of the detector as a function of energy was 


cross sections. 
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determined as discussed above and the value ap- 
propriate to the neutron energy for the angle and 
scattering materia] in question read from a smoothed 
curve. The standard error assigned to this correction 
was 2.5%, except for the most backward angle at the 
lower bombarding energy, where the neutron group 
from the deuterons fell on the steeply descending part 
of the sensitivity curve. Here it was necessary to treat 
the data channel-by-channel to obtain an effective 
sensitivity with a larger uncertainty. A mean flux 
correction factor was also computed to take into 
account the variation of flux over the dimensions of 
the samples and the self-absorption or attenuation of 
the flux by scattering in the sample itself. The geo- 
metrical factors were about 2% for all samples and the 
self-absorption factors about 12% for CD» and 5 to 
6% for C and CH». The product of both factors was 
assigned the standard error of 1% for CDs and C, 
and 4% for CHe. 

The angular distributions for carbon and deuteron 
scattering vary rapidly with energy, and the energy of 
neutrons scattered by protons and deuterons varies 
rapidly with angle. Hence a fairly detailed calculation 
of the multiple scattering to be expected had to be 
carried out. This was done on the Los Alamos MANIAC 
computer in such a manner that the uncertainties in 
the cross section input data supplied to the computer 
appeared only in second order in the corrections applied 
to the experimental data. These uncertainties were in 
general much smaller than statistical uncertainties of 
the calculation arrising from the Monte Carlo method 
of computation employed. The carbon™™ and n-p 
cross sections are adequately known for this purpose. 
The n-d cross sections, being the subject of the experi- 
ment, were somewhat less well known in advance. For 
purposes of the correction, the data supplied to the 
computer the predictions of Christian and 
Gammel® with the differential cross sections for forward 
angles increased progressively in such a manner as to 
make up the difference between the theoretical value 
and the well-known total section.’ The pre- 
liminary data indicated that this would be an excellent 
approximation at 2.45 and 3.27 Mev, and should be 
satisfactory at lower energies. 

Because of the inefficiency of the Monte Carlo 
process of computation, which must of necessity follow 


were 


cross 


individual particles through their several interactions 
in a scattering sample, an exact mock-up of the experi- 
mental geometry would lead to very poor results, if 
any, due to the small solid angle of the detector. It 
was accordingly necessary to modify the description of 
the problem for the machine calculation in such a 
manner that a statistically meaningful result could be 


% Meier, Scherrer, and Trumpy, Helv. Phys. Acta 27, 577 
(1954). 

28 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951 

* Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 
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obtained in a finite time. In the actual physical problem 
the finite size of source, scatterer, and detector led to a 
range of several degrees through which the individual 
scattering events might have taken place for a particular 
nominal angle of the detector. This finite angular 
resolution was taken advantage of in describing the 
artificial problem for the machine calculation. The 
machine could be directed to accept as relevant many 
scattering events which departed considerably from 
the nominal plane of detection. For a spread in scatter- 
ing angle of about 3° corresponding to the experimental 
angular resolution, the computer was permitted to 
accept trajectories falling within 10° of the plane of 
symmetry at a projected scattering angle of 15°, and 
progressively larger sector half-widths up to 30° near a 
scattering angle of 90°. A further simplification was 
then possible without further error in the computation 
—namely, to treat the neutrons as incident on the 
scatterer in a parallel beam. The machine was directed 
to distinguish between, and keep track of separately, 
those particles which were scattered singly and those 
that were scattered more than once. It was also per- 
mitted to drop from further consideration those particles 
whose energy had fallen below tabulated thresholds of 
interest determined from inspection of the experimental 
time-of-flight graphs. For each of the 6 MANIAC 
runs (3 samples at each of 2 energies) a total of 50 000 
neutrons which had made at least one interaction were 
followed. If we designate by S the number of neutrons 
scattered singly for a particular situation and by M 
the number of neutrons scattered more than once for 
the the energy-band 
requirements imposed by the experimental analysis, 
then the fraction of experimentally acceptable events 
detected which were singly scattered is (14+-M/S)™. 
The magnitude of the multiple scattering correction so 
calculated ranged from (3+1)% to (1142)%, being 
smallest, fortunately, at the forward angles where the 
input data were the The indicated 
uncertainties in the correction are statistical, arising 
from the Monte Carlo calculations. 

For forward angles, there was a significant contri- 
bution of background indistinguishable from the 
neutrons scattered by Although this 
background subtracts out in first order, an additional 
error would be generated if effective-flux and multiple- 
scattering corrections were applied to the forward-angle 
data without taking account of this background. The 
proportion of this type of background was not measured 
directly by an additional “background” run, since 
it could be estimated from the known carbon cross 
sections with a residual uncertainty from this effect of 
about 1%. 

The hydrogeneous content of the deuterated poly- 
ethylene is 96 atomic percent deuterium and 4% 
hydrogen, based on mass spectrometer measurements 
of the ethylene gas before polymerization and confirma- 
tory nuclear measurements using thin foils of the same 


same situation, which meet 


least certain. 


the sample. 
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TABLE I. Absolute differential cross sections for n-d 


scattering at #,=2.45 and 3.27 Mev. 


Mev 
P.1 


=2 45 Mev 


a’ (c.m 0’ > a(@ 


En #327 


a (0 


6 (lab 
degrees cost’ mb/stera 

0.908 

0.880 

0.855 

0.781 

0.702 

0.507 

0.142 

0.637 

0,889 

0.965 


16.5 
19.0 
21.0 
26.0 
30.6 
40.5 
70.1 
100.0 
130.4 
150.7 


4.7 
28.4 
31.3 
34.6 
45.4 
59.5 
98,2 
130.4 
152.8 
164.9 


material.® The effect of assuming that the hydrogen 
content was (4+-1)°% was investigated and the corre- 
sponding uncertainty in the m-d cross section was 
carried along as a random error. It never exceeded one 
fifth of the compound uncertainty from all causes. ‘The 
standard errors from the several sources discussed above 
were then combined to obtain an rms standard error. 
The numerical values for 30° at 2.45 Mev are typical: 
counting statistics, 1.79%; multiple scattering, 1.4%; 
background, 0.7% ; sample composition, 0.3°% ; detector 
sensitivity, 2.59%. These together lead to an rms value 
of 3.4%. 

Absolute cross sections from 
parison with the known n-p differential cross section 
at 40°, where the groups scattered by protons and by 
carbon could be completely resolved. It was found 


were obtained com- 


possible in the course of the experiment to obtain 
both 
energies, and the integrals of the data obtained with 
the n-p differed by (14+4)% 
(—4+4)% from the accepted values" of the total cross 


essentially complete angular distributions at 


normalization and 
sections at 2.45 and 3.27 Mev, respectively. The final 
results reported below have been renormalized to the 
total cross sections. Table I summarizes the results 
of this experiment. Though data were obtained with a 
detector at convenient laboratory angles, the values of 
the angles given in the table are mean angles of detection 
based on analysis of the finite angular resolution. The 
cross section uncertainties quoted in the table are to be 
regarded as absolute probable errors. In Fig. 3 the 
results of the present experiment are plotted as a 
function of the cosine of the center-of-mass neutron 
angle and compared with other experimental data. ‘The 
relative results of previous experiments have been 
normalized the the 
basis of the integrals over the region of overlap. Very 


to present absolute results on 
satisfactory agreement is noted with the Wisconsin 
recoil-counter experiment!® at 2.5 Mev, in which the 
angular distribution of the scattered neutrons was 
the energy of the 


deuterons in a proportional counter. Less satisfactory, 


inferred from distribution recoil 
though still reasonable agreement is found with the 
1951 ta which 


deuterons recoiling in the forward hemisphere were 


Swiss cloud-chamber experimen in 
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Fic. 3. Time-of-flight results for n-d scattering compared 
with previous experiments. 


observed. However, substantially no agreement is found 
with the 1952 Swiss cloud-chamber experiment” in 
which the very low-energy, large-angle deuteron recoils 
were We are for the 
discrepancy. The Australian cloud-chamber measure- 
ments” at 3 Mev (not shown), are also in fair agreement 
with the present results if due allowance is made for the 


observed. unable to account 


large statistical uncertainties in that work, 

A detailed comparison with the theoretical possi 
bilities will not be attempted in this paper, but in 
Fig. 4 the experimental results for 3.27 Mev are com- 
pared with the predictions of Christian and Gammel for 
that energy, and with the 1952 predictions of Bucking- 
ham, Hubbard, and Massey” for 3 Mev. It will be 
noted that the former gives very good agreement with 
the rear hemisphere and falls progressively below the 
experiment for more forward angles. ‘The latter inter- 
laces the data better but predicts somewhat 
‘shallow’ a distribution with about the right 


too 
total 


cross section. 


#® W. F. Caplehorn and G. P. Rundle, Proc. Phys. Soc. (London) 
A64, 546 (1951). 

* Buckingham, Hubbard, and 
(London) A211, 183 (1952) 


Massey, Proc Roy. Soc. 
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Fic. 4. (Above) n-d scattering at 2.45 Mev compared with p-d 
scattering at 2.53 and 3.00 Mev. (Below) n-d scattering at 3.27 
Mev compared with theoretical predictions 


™ A final comparison, also shown in Fig. 4, is of the 
present n-d scattering at E,,= 2.45 Mev with the results 
obtained at this laboratory'® in 1947 for p-d scattering 
at E,= 2.53 Mev, and E,=3.00 Mev. The situation is 
qualitatively the same at E,=3.27 Mev. These com- 
parisons are relevant for the charge-symmetry hy- 
pothesis. The n-d cross section resembles the p-d cross 
section at approximately the same energy more than 
that for 0.5 Mev higher. It appears that at this energy 
the Coulomb interaction leads only to a small inter- 
ference effect other than the usual very-small-angle 
peak. Although the difference between p-d and n-d 
scattering is comparatively small, it is hoped that the 
present refinement in the precision of n-d measurements 
is sufficient to permit resolving existing theoretical 
ambiguities by analysis of the nucleon-Coulomb 
interference. 
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Bremsstrahlung Spectra Corrected for Multiple Scattering in the Target* 
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(Received August 31, 1956) 


The spectral distribution in the forward direction of bremsstrahlung from a platinum target is evaluated 
for some typical cases, taking into account the multiple scattering of the incident electrons in the target. 
It is found that the proportion of high-energy photons is larger than in Schiff’s intrinsic integrated spectrum. 
Tables are given of the correction factors to be applied to Schiff’s spectrum for some typical target thick 
nesses and electron energies from 10-300 Mev. For incident electrons of energies 10-70 Mev it is found 
that the intrinsic differential spectrum for )=0 gives a better approximation to the spectrum corrected 
for multiple scattering than the integrated spectrum does 


1. INTRODUCTION 


HE x-ray spectrum produced by high-energy 
electrons hitting a target is of interest both 

theoretically and because of the extensive use of such 
x-rays in the investigation of photonuclear reactions. 

Bethe and Heitler' have calculated the intrinsic 
differential cross section for the production of photons 
of energy k as a function of the angles of the photon 
and scattered electron. Assuming an _ exponential 
screening law, Schiff? has integrated this formula over 
all angles of the electron, and has obtained an analytical 
expression for the intrinsic angular distribution of 
photons of energy k. Integrating again over all angles 
of the photons, he obtains the intrinsic integrated 
energy spectrum. His angular distribution is not valid 
for large angles because of the use of the Born approxi 
mation. The error which this approximation introduces 
into the spectral distributions is discussed by Bethe, 
Maximon, and Davies’ and by Olsen.° 

lor a target of finite thickness, various secondary 
effects have to be taken into account. The effect of 
energy loss and absorption in the target and the double 
radiation process have been computed by several 
authors.** These effects should, however, be negligible 
as long as the target thickness is less than 0.1 radiation 
length.!° 

Another correction comes from the multiple elastic 
scattering which the electrons undergo in the target 
before radiating. In the first place the multiple scat- 
tering will have the effect of broadening the angular 
distribution of the x-rays. Approximate expressions for 
the corrected angular distribution of the bremsstrahlung 
irrespective of the energy of the photons have been 

* This research was supported by the Royal Norwegian Council 
for Scientific and Industrial Research. 

1H. A. Bethe and W. Heitler, Proc. Roy. So 
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2L. I. Schiff, Phys. Rev. 83, 253 (1951). 
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calculated by Schiff" and Lawson.'*?"* Sirlin' has 
computed formulas for the angular distribution of the 
different spectral components. 

From the experimental point of view, the radiation 
emitted from the target in the forward direction is of 
special interest. The spectrum of this forward radiation 
corrected for multiple scattering in the target, we shall 
call the ‘corrected spectrum.”’ In order to derive an 
expression for the corrected spectrum, it is usual to 
neglect the variation of the logarithmic term in the 


intrinsic bremsstrahlung formula with angle and 
energy.?"""* It is then found that the shape of the 
corrected spectrum is the same as that of the intrinsic 
integrated spectrum. In the present article we take the 


variation of the logarithmic term into account, and 


find the corrected spectrum for some typical cases by 
numerical integration. 

The corrected spectrum computed in this paper is 
valid for experiments in which the angular aperture of 
the beam or of the x-ray detector is small (less than or 
of the order of the rest energy of the electron divided 
by the total energy of the primary electron). Several of 
the published measurements have used such small 
apertures.’:!°~*4 In the case of larger angular apertures, 
the spectrum will be more nearly equal to the intrinsic 
integrated spectrum, 


2. INTRINSIC BREMSSTRAHLUNG DISTRIBUTION 


We shall use the following notation: /y= total energy 


of the primary electron, = total energy of the electron 


after it has emitted a photon, k= ko—H= energy of 
"7. I, Schiff, Phys. Rev. 70, 87 (1946 
27. DP. Lawson, Proc. Phys. Soc. (London 
87. D. Lawson, Phil. Mag. 43, 306 (1952) 
4A. Sirlin, Phys. Rev 101, 1219 (1956 
Pp, K Wang and M. Wiener, Phys. Rev. 76, 1724 (1949 
16H. W. Koch and R. E, Carter, Phys, Rev. 77, 165 (1950) 
17K. Philips, Proc. Phys. Soc. (London) A65, 57 (1952); A67, 
669 (1954 
16V.E. Krohn and E., } 
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” R. M. Warner and E. F 
(1954 
2. V. Weinstock and J, Halpern, Phys. Rev. 100, 1293 (1955) 
2N. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956) 
% |. Hisdal and J. P. Roalsvig, Arch. Math. Naturvidenskab 
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Fic. 1. P curves—Angular 
distribution of the intrinsic 
bremsstrahlung from Pt per 
solid angle w(u/F»)? steradian 
for Eo Me 40 Mev. P; 
spectral component k/(/o—) 

0.1; P2—spectral component 
k/(Eo~p)=0.9. Both curves 
give the same flux through a 
sphere around the target. I 
effective multiple scat 
tering distributions of elec 
trons. Il; 0.5-mil Pt target; 
Il 5-mil Pt target 


curves 





photon, e= /Lo= fractional energy of scattered elec- 
tron, «=k/Ey=1—« 
pe=rest energy of electron, u/Lo 
emission of photons which is used as unit for measuring 


fractional energy of photon, 
average angle of 


bremsstrahlung angles, 0=angle between incoming 
6/(u/Eo), 
number 


electron and emitted photon in radians, J 
Z= atomic number of target material, and n 
of target atoms per cm‘, 

Considering only the intrinsic bremsstrahlung distri- 
bution, one obtains the following formula for the 
number of photons of fractional energy between « and 
x+-dx which are emitted into a solid angle r(u/Fo)? 


20% 107° 


18* 10° 


4 
14*«10 





Angle ¥ in units of w/E. 


steradian around #*: 


v(x,0)dk (1a) 


2nZ? fe \? dk 
A (so 
137 \u K 


Here we assume an incident beam of 1 electron per cm? 
and a target 1 cm thick. 

The quantity i(x,#) is proportional to the intensity 
(number of photons multiplied by their energy) per 


* We have here halved Schiff’s numerical factor to make it 
agree with the factor in Eq. (2a). Therefore we must use half the 
solid angle, i.e., r(u/Fo)* instead of 29 (u/Eo)*. 





BREMSSTRAHLUNG 


unit solid angie, and is given according to Schiff? by: 


1 | 160 
i (x) =————_ | — -(1+.e)? 
(1-492)? | (1-492)? 
4 € 
+} 1+é— (1b) 
(1-+-8*)? 


ee) teat 
” fhe 
M (3) 2Eo « 111(1+*) 


Integrating over all angles of the photons, Schiff 
obtains for the total number of photons of fractional 
energy between «x and x-+-dx from a target of thickness 


1 cm: 
2nZ? se? \2 dk 
( ) I(x), 
137 K 


2 
tan 'b 
b 


| 
InM (3) 
J 


where 


(1c) 


N(x)dk (2a) 


where 


T(x)=(1+e- 10)x{ Int (0) +I 


2 
In(1+-6*)4 
b? 
and 
b= (224/111) Eoe/k. 


I is proportional to the intensity of photons of fractional 
energy x, integrated over all angles. We shall call the 
spectrum given by Eqs. (1) the intrinsic differential 
spectrum, and the one given by Eqs. (2) the intrinsic 
integrated spectrum. 

In Fig. 1, curves P;, P2, we have plotted the angular 
distributions of the photons i(x,#) for two values of x 
according to Eq. (1b), multiplied by the normalization 
factor 1// (x); i.e., the distributions P=1/J are normal- 
ized in such a way that the photon flux through a 
sphere around the target is the same for all curves of a 
given /o. (More exactly, the ordinates of the curves 
represent the fraction of all photons of energy k which 
is radiated into a solid angle m(u//o)* steradian around 
J.) It can be seen that low-energy photons (curve P;) 
are more likely to be emitted at large angles than 
high-energy ones. Figure 1 refers to incident electrons 
of 30-Mev kinetic energy. 


3. MULTIPLE SCATTERING 


Moliére*® has calculated the angular distribution of 
electrons which are scattered by a given thickness of 
absorber. To a first approximation the distribution per 
unit solid angle is Gaussian with a width proportional 
to 1/Eo. It will therefore be convenient to measure 
angles in units of 4/2» as before. We shall use the 
notation: fo= total thickness of target in cm, t= thick- 
ness of target in cm at which electron radiates, 3 

multiple scattering angle at thickness ¢ in units of 


26 G. Moliére, Z. Naturforsch. 3a, 78 (1948), 


SPECTRA 
TABLE I. Multiple scattering values in Pt. 


Target thickness: 

to=2t in cm 0.00127 0.0127 0.127 

in mils 0.5 5 50 
0.02714 0.2714 2.714 
0.00441 0.0441 0.441 
87.306 873.06 8730.6 
6.127: 8.7908 11,3490 
2454.1 3520.9 4545.5 
1.7655 6.05890 24.0269 


in g/cm? 
in radiation lengths 


u/Eo, B=velocity of electron divided by velocity of 
light, p and A 


material; Qg is a measure of the average number of 


density and atomic weight of target 


elastic scattering collisions in thickness ¢, and is given 


by: 
l 
Vp 


.) ’ 
8?Z4(1.134-2.003 & 1074Z?/A?) 
where 


s=m(2X0.4685 & 1078/137)?nZ? 


1.4696 & 107 Z? = 8854 (p/A)Z*. 


B= greater solution of the equation 


B—|InB=|nQ,—0.1544, 

nZ’*B (p/A)Z°B 
0.9983 *% 1074 0.60014 

p’p* p' p* 


fre‘n7’?B 


With this notation, Moliére’s theory gives the follow- 
ing expression for the probability that an electron 
which passes through a foil of thickness ¢ is multiply 
scattered into an angle between J and J+dd:; 


2 J J 3 
a(edod-(2) 
CV CV/t Cl 
2 iy? 
v exo Jao (3) 
Cl C4 


The multiple scattering distribution per unit solid angle 
is thus Gaussian with a 1/e width of (C\/t)u//o radian. 
For highly relativistic electrons (4?=1) the parameters 
Qe, B, and C are independent of the energy of the 
electron, £4. 

Actually the Gaussian distribution is only the first 
term of a more exact expression given by Moliére. The 
deviation from the Gaussian curve is, however, im- 
portant only for large values of 3/(C\/t). Except for 
very thin targets the deviation is negligible in the case 
of the forward spectrum. 

In Table I we have listed Q,, B, C?, and C\/ty for 
platinum of three thicknesses. We see that C changes 
only very slowly with the thickness ¢, Moliére gives a 
table from which the values of B can be interpolated 
for all practical values of Q,. 
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Tasre Il. { P(d)0(d)dd. Values in table K 10™ are the factors 
by which the intrinsic integrated spectrum from 1l-cm Pt [Eqs. 
(2a,b), Z2=78 | must be multiplied in order to obtain the absolute 
value of the forward spectrum corrected for multiple scattering. 
Values refer to a Pt target of indicated thickness and to a solid 
angle of w(y//o)* steradian. 


kK yu 


Mev 


Target thickness 0.5 mil =0.00127 cm 
0 4.9346 3.936 3.936 
0.0983 4.014 3.989 3,959 
0.295 4.188 4.116 4.020 
0.492 4.387 4.276 4.108 
0.688 4.6000 4.446 4.253 
0.885 4.768 4.735 4.568 

Target thickness 5 mils=0.0127 cm 
0 8.105 8.105 8.105 
0.0983 8.252 8.209 8.154 
0.295 &.533 &.430 %.280 %.166 
0.492 8.823 8.686 8.455 8.250 
0.088 9.113 8.986 8.709 8.387 
().885 9.342 9.302 9.125 8.679 


Target thickness 50 mils=0.127 cm 
0 11.513 11.513 11.513 11.513 
0.0983 11.674 11.631 11.572 11.530 
0.295 11.936 11.444 11.703 11.585 
0.492 12.193 12.075 11.870 11.676 
0.688 12.442 12.336 12.104 11.815 
0.885 12.643 12.610 12.462 12.084 


3.936 
3.941 
3.957 
3.981 
4.026 
4.184 


8.105 
8.118 


9.368 


The electrons radiate with equal probability at each 
thickness of the target. (We are here neglecting energy 
loss and double radiation processes.) In order to find 
the effective angular distribution I1(@), we integrate 
the scattering distribution (3) over the whole thickness 


—f{ 1 ( ev ) 
exp dl 
_ 0 l ( 4 
23d) vy? 
| Fi( ) (4) 
C2 Clo 


I1(#)dd is the probability that the electron is scattered 
into an angle between J and J+dd (at the time it 
radiates) X thickness of target. The dotted curves of 
Fig. 1 show II(#) for a 0.5- and 5-mil Pt target respec- 
tively. For highly relativistic electrons the curves are 
independent of /o when # is measured in units of u/ Lo. 

In deriving Eq. (4) we assumed that C is constant 


fy and obtain: 


H(d)dd 


I (W)dd 


throughout the whole thickness of the target. This 


assumption does not introduce a large error, since we 


saw that when the thickness is increased by a factor 
of 100, C? is increased by a factor of 1.9 only. For each 
target we have listed in Table I average values of Qz, 
B, and C? corresponding to half the target thickness. 


**The exponential integral function Ei(—x) was used by 
Schiff in this connection. For tables of Ei(—x) see E. Jahnke 
and F. Emde, Tables of Functions (Dover Publications, New York, 
1945); also Tables of Sine Cosine and Exponential Integrals 
(Mathematical Tables Project, New York, 1940), 2 volumes 
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TaBLe III. Factors by which the intrinsic integrated spectrum 
[ Eqs. (2a,b)] must be multiplied in order to obtain the relative 
corrected spectrum in Pt. All values are normalized to unity at 
x=), 


20 30 70 


Target thickness 0.5 mil =0.00127 


0 1 1 1 1 

0.0983 1.0198 1.0135 1.0060 1.0014 

0.295 1.0640 1.0458 1.0215 1.0055 

0.492 1.1146 1.0865 1.0436 1.0114 

0.688 1.1689 1.1398 1.0806 1.0230 

0.885 1.2115 1.2030 1.1607 1.0631 
Target thickness 5 mils=0.0127 cm 


0 1 1 1 1 

0.0983 1.0181 1.0128 1.0060 1.0016 
0.295 1.0528 1.0401 1.0216 1.0075 
0.492 1.0887 1.0717 1.0432 1.0179 
0.688 1.1244 1.1087 1.0746 1.0348 
0.885 1.1526 1.1478 1.1259 1.0708 


Target thickness 50 mils=0.127 cm 


0 1 1 1 1 

0.0983 1.0140 1.0102 1.0051 1.0015 
0.295 1.0367 1.0287 1.0165 1.0063 
0.492 1.0591 1.0488 1.0310 1.0142 
0.688 1.0807 1.0715 1.0513 1.0262 
0.885 1.0982 1.0953 1.0824 1.0496 


4. COMBINED EFFECT OF THE ANGULAR 
DISTRIBUTIONS OF MULTIPLE SCATTERING 
AND BREMSSTRAHLUNG 


We want to find the spectral distribution of the 
photons emitted in the direction of the primary electron 
beam. If the electron is elastically scattered by an angle 
# before radiating, the photon will have to be emitted 
at an angle # back into the original direction. We must 
therefore consider the proportion of electrons IL(#)dd 
| Eq. (4) | which are scattered into an angle between # 
and 3+-d¥. This we have to multiply by the proportion 
of electrons which emit a photon of energy & into a 
solid angle around the direction J. In other words we 
must multiply the curve with the desired k value of 
lig. 1 by the multiple-scattering curve belonging to the 
correct target thickness (dotted curve of the same 
figure) and integrate over all 3. The result will tell us 
what fraction of all the photons of energy k which leave 
the target are emitted in the forward direction into a 
solid angle m(u/Fo)* steradians. For each value of k, 
we will thus get a number by which we have to multiply 
the intrinsic integrated spectrum [computed for a 
target thickness of 1 cm, Eqs. (2) |, in order to obtain 
the corrected spectrum for the particular target thick- 
ness. These numbers, which were obtained by numerical 
integration, are listed in Table II. In Table III these 
numbers are normalized to unity at x=0. It can be 
seen from Table III that the shape of the corrected 
spectrum may differ considerably from the shape of the 
intrinsic integrated spectrum. 

The solid curve I in Fig. 2 shows Schiff’s intrinsic 
integrated spectrum in Pt [J («), Eq. (2b) ]. The relative 
corrected spectrum for a 5-mil target is shown by the 
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dashed curve III. The curves refer to incident electrons 
of 30-Mev kinetic energy. The dotted curve II in the 
same figure is a plot of the intrinsic differential spectrum 
for }=0(1(x,0) from Eq. (1b) normalized to the inte- 
grated spectrum at x=0). In this case the corrected 
spectrum lies nearer to the intrinsic differential spec- 
trum than to the integrated one. 

We have therefore in Table IV listed the correction 
factors to be applied to the intrinsic differential spec- 
trum from a 1-cm Pt target [ Eqs. (1) ford =0] in order 


W/(E,-u) 


to get the corrected spectrum for the indicated target 
thickness. In Table V these factors are normalizedTto 
0. Except for the 300-Mev data, the 
are nearer to 1 than the corre 


unity at k 
numbers in Table V 
sponding numbers in Table III. Thus for electrons*of 
10-70 Mev, the differential spectrum for J=0 is a 
better approximation to the corrected spectrum than 
the integrated one. The formula for the differential 


spectrum is also easier to compute numerically. 
Table IV by the corresponding 


Dividing target 
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TaBie IV. Values in table X10~ are the factors by which the 
intrinsic differential spectrum from a 1-cm thick target [Eqs. 
(1a,b) for d=0] must be multiplied in order to obtain the cor 
rected spectrum in Pt for indicated target thickness. 


I 


o—h 
Mev Z 4 70 


« 


0.00127 cm 
2.232 
2.235 
2.263 
2.330 
2.431 
2.485 

0.0127 cm 
4.597 
4.602 
4.600 
4.795 
4.978 
4.963 


0.127 cm 
6.529 
6.532 
6.587 
6.733 
6.918 


6.77% 


Target thickness 0.5 mil 
0 2.232 2.232 
0.0983 2.234 2.235 
0.295 2.257 2.200 
0.492 2.304 2.317 
0.688 2.362 2.390 
0.885 2.420 2.423 

Target thickness 5 mils 
0 4.597 4.597 
0.0983 4.594 4.599 
0.295 4.59% 4.629 
0.492 4.635 4.707 
0.088 4.679 4.787 
0.885 4.741 4.761 

Target thickness 50 mils 
0 6.529 6.529 
0.0983 6.499 6.516 
0.295 6.432 6.504 
0.492 6.405 6.544 
0.688 6.389 6.571 
0.885 6417 6.454 


thickness, we get directly the reduction of the forward 
beam due to the multiple scattering, always assuming 
that our detector subtends a small angle at the target. 
lor the three thicknesses 0.5, 5, and 50 mils the reduc 
tion factors are of the order 0.18, 0.037, and 0.0052, 
respec tively. 
5. DISCUSSION 
2 and Tables II and ITI, 


the corrected spectrum contains relatively more high- 


As can be seen from lig. 


energy photons than the integrated one. This is because 


most of the photons radiated from the target in the 


forward direction come from electrons which are scat- 
tered by small angles J (smaller than the cross-over 
point of P; and P»2 in Fig. 1). Since high-energy brems- 
strahlung quanta are more likely to be emitted with 
small # than low-energy ones, the corrected spectrum 


shows a relative increase of high-energy photons. 


HISDAL 


TaBLe V. Factors by which the intrinsic differential spectrum 
[ Eqs. (la,b) for ?=0] must be multiplied in order to obtain the 
relative corrected spectrum in Pt. All values are normalized to 
unity at x=0. 


Eo- 
Mev 20 30 


r. Target thickness 0.5 mil=0.00127 cm 
0 1 1 1 1 1 
0.0983 1.0004 1.0011 1.0012 1.0013 1.0013 
0.295 1.0047 1.0110 1.0126 1.0137 1.0141 
0.492 1.0175 1.0324 1.0382 1.0437 1.0451 
0.688 1.0464 1.0583 1.0706 1.0890 1.0965 
0.885 1.1091 1.0842 1.0856 1.1131 1.1558 
Target thickness 5 mils=0.0127 cm 
0 1 1 1 1 1 
0.0983 0.9955 0.9994 1.0005 1.0013 1.0015 
0.295 0.9804 1.0004 1.0072 1.0138 1.0162 
0.492 0.9753 1.0084 1.0241 1.0433 1.0518 
0.688 0.9940 1.0180 1.0414 1.0829 1.1091 
0.885 1.0569 1.0314 1.0357 1.0797 1.1642 
Target thickness 50 mils =0.127 cm 
0 1 1 1 1 
0.0983 0.9954 0.9979 1.0004 1.0014 
0.295 0.9851 0.9961 1.0088 1.0149 
0.492 0.9810 1.0022 1.0311 1.0480 
0.688 0.9785 1.0064 1.0595 1.0999 
0.885 ().9827 0.9884 1.0380 1.1412 


The correction to the intrinsic spectrum as displayed 
by the factors in Table III, depends somewhat on the 
atomic number of the target material. It is mainly the 
different variation of M(#) [Eq. (1c) | for different « 
which determines the correction factors. For smaller Z 
the relative importance of that term in 1/M(#) which 
depends on x increases. Therefore a table equivalent to 
Table III for smaller Z may be expected to contain 
somewhat bigger correction factors. The multiple scat- 
tering works in the same direction, as smaller Z means 
narrower scattering distributions and is_ therefore 
equivalent to decreasing the target thickness. 

In the course of this work we have computed the 
intrinsic differential distribution i(x,) [ Eqs. (1b), (1c) ], 
the differential normalized distribution P(x), and the 
integral spectrum J (x) [ Eq. (2b) | for incident electrons 
of 10, 20, 30, 70, and 300 Mev. Tables of these values 
together with a more detailed discussion will be pub- 
lished in Archiv for Mathematik og Naturvidenskab. 
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Orbits for cosmic-ray particles starting from the vicinity of the sun and passing through the geomagnetic 
dipole field were integrated by using the AVIDAC computer at the Argonne National Laboratory, The 
methods for integration used in Chicago and Géttingen were compared, Counting rates at the top of the 
atmosphere were calculated from the integrated orbits in order to make possible the analysis of cosmic-ray 
intensity increases during solar flares. Different source widths and declinations were assumed, The calculated 


counting rates are based on a flat rigidity spectrum at the source 


rhis investigation shows that: (a) dis 


tinctive impact zones exist even for large source widths; (b) the position of these zones and the counting rates 
within these zones depend strongly upon the declination of the source; (c) the earth’s magnetic field produces 


a focusing effect especially at higher latitudes. 


I. INTRODUCTION 


URING the last fifteen years, five world-wide in- 
creases of cosmic-ray intensity following the oc- 
currence of a bright solar flare have been observed,! and 
there seems to be evidence that smaller flares also have 
an influence on cosmic radiation.? These observations 
show that the sun is capable of producing cosmic 
radiation on special occasions. The energy of these solar 
cosmic-ray particles is of the order of 1 to 30 Bev. 
Particles in this energy range are strongly influenced by 
the magnetic field of the earth and it is important for an 
understanding of the observations to know the orbits of 
the cosmic-ray particles in the geomagnetic field. 
There are five main questions which are to be 
answered : 


(1) Which regions on the earth are forbidden to 
particles coming from the direction of the sun? 

(2) At which locations do the particles arrive? 

(3) What are the relative magnitudes of the intensity 
increases observed in these different zones? 

(4) What are the relative counting rates observed by 
various kinds of detectors in the different impact zones? 

(5S) How strongly do the counting rates depend on 
the declination and the solid angle of the source? 


An important parameter for all these questions is of 
course the energy of the particles. We shall investigate 
these questions—especially (3), (4), and (5)—in this 
paper. 

The calculation of trajectories in the geomagnetic 
field is possible only by numerical integration of the 
equation of motion of a charged particle. In recent years 
the development of the fast electronic computers has 
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For a survey, see L. Biermann, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1953), Vol. II, p. 335; J. A. 
Simpson, Proc. Natl. Acad. Sci. (to be published). 

? J. Firor, Phys. Rev. 94, 1017 (1954). 
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made it possible to integrate such trajectories in great 
numbers. There are two methods for approaching the 
problem: either one may start the trajectory at infinity, 
and follow the motion of hypothetical cosmic ray 
particles of given charge toward the earth, or one can 
start the trajectories at the earth and can compute the 
paths of particles with opposite charge as they travel 
outward from the earth to infinity. Each method has 
advantages and disadvantages. 

The first method seems the more adequate for the 
present problem since it permits arbitrary choice to be 
made for the declination of the source and of the impact 
parameters. ‘The limits of the impact parameters have 
to be known for solving the problem of where the 
forbidden regions on the earth are located. This method 
is also better suited for obtaining the solution to the 
second problem, the problem of determining the loca- 
tions at which the particles can be expected to arrive. 
Still another advantage of this first method is that one 
integration is then sufficient for all values of the energy 
if all lengths are measured in Stérmer units. Finally, 
this way of computing should provide us with an answer 
to the fourth and fifth questions since the counting rate 
is proportional to the volume in phase space. If, there 
fore, an equal distribution of the impact parameters at 
infinity is assumed, the counting rate is proportional to 
the number of trajectories which arrive at a given region 
on the earth. 

The second method has the advantage that we may 
determine the expected counting rates in detectors deep 
within the atmosphere—the observational conditions 
which usually exist at the times of solar flares, since one 
may carry out the calculations for selected values for the 
direction of impact at the earth. But if only certain 
impact directions are of interest, then for every energy 
considered, a separate integration has to be carried out. 
This method may be used for the computation of the 
counting rate because of Liouville’s theorem. It is im 
portant for the application of this theorem, as will be 
discussed later, that the orbits that start from the earth 
be nonsingular in the sense that infinitesimal] variations 
in the initial conditions produce only infinitesimal 
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changes in the motions at infinity. This assumption is 
indeed fulfilled for most of the computed trajectories. 

In addition to the computations, model experiments 
have been carried out by several investigators in order 
to determine the orbits in the geomagnetic field. In these 
experiments negatively charged particles have been 
ejected from a model earth, and hence these experiments 
correspond to the second method. 


Il. EARLIER RESULTS 


In recent years, trajectories have been calculated by 
Stérmer,® by Dwight,* and—especially in connection 
the flare effect—by Liist, Schliiter, and 
Katterbach®® in Géttingen as well as by Firor® and 
Jory’ in Chicago. Model experiments have been pub- 
lished by Malmfors,* Brunberg, Dattner,’ and Bennett." 
Stérmer has integrated trajectories by both of the 
methods mentioned above; the Géttingen trajectories 
were started at infinity, while the trajectories computed 
by Dwight, Firor, and Jory were started at the earth. 
For all these calculations and experiments, the geo- 
magnetic field was approximated by a dipole field. 

The calculations made in Géttingen provide informa- 
tion as to the location of the regions which are inac- 
cessible to particles coming from the direction of the sun. 
The results show that there is not only a forbidden 
region around the geomagnetic equator, but that in the 


with solar 


energy range considered there also exist forbidden zones 
around the poles. Schliiter pointed out that the existence 
of forbidden zones around the poles is not supported by 
the observations.’ Further, the Géttingen trajectories 
provide an answer to the second question for different 
declinations of the sun and for different particle energies. 
The particles on the earth arrive at different impact 
zones. The first zone is at 0900 hours local solar time for 
particles of positive charge, the next one at 0300 hours, 
and further zones are located at 2000 and 1300 hours. 
There are an infinite number of such zones, but only the 
first three impact zones are of major importance. The 
other zones cause the so-called “background radiation.” 

Firor was the first to discuss the problem of the 
counting rate in the different impact zones. At that 
time, only a small number of computed trajectories 
were at his disposal, and therefore his values for the 
ratios of intensities in the different impact zones were 


approximate. It is important in the calculation of the 


counting rates! to take into account the fact that the 
observations are made inside the earth’s atmosphere. 
Because of their small energy only those particles 
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arriving nearly vertically contribute significantly to the 
counting rate deep in the atmosphere. Therefore, Jory 
has computed orbits starting nearly vertically from the 
earth in order to be able to estimate the counting rate. 
He has computed counting rates for different geo- 
magnetic latitudes under the assumption that the sun is 
in the geomagnetic equator and that the source width is 
+10° in longitude and +5° in latitude. 

Now, the sun can reach values of declination between 
+34° and — 34° with respect to the geomagnetic equa- 
tor. We know from earlier calculations that the impact 
zones for 0900 and 0300 hours merge if the sun is not in 
the same hemisphere as is the observer, and move apart 
if the sun is in the same hemisphere as is the observer. 

Further, the solid angle of the source may be of im- 
portance for the impact zones. On the sun, magnetic 
fields exist which may deflect the particles so that the 
effective source width is not necessarily the same as the 
visually observed size of the flare. Because of these 
effects, the influence of the declination of the sun and 
of the source width will be dealt with in more detail. 
Since the counting rate as a function of latitude is 
critical, additional latitudes (45°, 55°, and 65°) have 
been included which were not considered by Jory. 


TABLE I, Comparison of trajectories calculated in Géttingen and 
in Chicago.* 


Nr 4 A (Aw)a =(n—90°) (gaia (ga)Ch 


28 0.7 2 106 105.7 
68 0.7 14 86 85.7 
103 0.7 9 75 h 73.7 
128 0.7 0 71 71.4 
127 0.5 0 83 83.5 
27 0.5 -33 134 133.0 
103 0.5 > 66 66.4 
128 0.5 58 58.2 
48 OA - 39 38.0 
49 0.4 5: 35 33.8 
43 0.4 : 43 42.0 
58 0.4 : 40 41.2 
47 04 - 40 36.9 
65 0.3 143 136.0 
45 0.3 47 55.7 
46 0.3 ; 45 47.0 
47 03 5 45 44.0 
48 0.3 5 41 41.2 
58 0.3 5! 41 41.6 
99 ().2 508 350.3 
47 0.2 5 40 41.0 
46 0.2 47 
104 0.7 2 - 129 
101 0.7 7 107 
105 0.5 - 122 
102 0.5 —1! 99 
32 0.4 -15 57 
119 04 —57 -1! 34 
30 0.4 48 -15 78 
106 0.2 57 ; 111 
119 0.2 68 -1! 36 
120 0,2 68 —15 33 


Nom 


129.6 
105.9 
123.7 
99.6 
58.3 
33.0 
60.3 
103.2 
35.8 
33.4 


un S&S 


el ee ee 
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* Nr is the Gottingen number of the trajectories. A is the earth's radius in 
Stérmer units; A is proportional to WN. A is the geomagnetic latitude of 
the arrival point. (Aw)a, (Aw)cn are the declination of the source (geo- 
magnetic latitude at infinity) for the Géttingen and Chicago calculations, 


respectively; (ge)G, (ye)cn are the geomagnetic longitudes at infinity. 
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Ill. CALCULATED ORBITS 


(a) Comparison of the Chicago and 
the Gottingen Orbits 


The method of calculation followed in Chicago, both 
by Jory and in the present investigation, differs from the 
method employed at Géttingen in two ways. In the 
work carried out in Chicago, the trajectories were 
computed outward from the earth, whereas in the work 
carried out in Géttingen the trajectories were computed 
inward from infinity. Further, in the Géttingen calcula- 
tions the Stérmer method was employed for the nu- 
merical solution of the two simultaneous second order 
differential equations that describe the motion of a 
particle in the meridional plane. In Chicago, the Runge- 
Kutta method was used, because of the relatively small 
storage space that is available in the AVIDAC elec- 
tronic computer at the Argonne National Laboratory. 
Therefore it was interesting to compare the results of 
both methods. A number of the Géttingen trajectories 
were recalculated using the Géttingen arrival values as 
starting values for the outward integrations. In most 
cases, the agreement was very good (see Table 1). ‘Those 
trajectories for which the results computed in Chicago 
differ seriously from the Géttingen results are without 
exception trajectories with small energies. For some of 
these trajectories the impact directions determined in 
Géttingen are not so exact that the reverse calculations 
reproduce the original orbits. It should be mentioned 
that the time for the calculation of an orbit is about 3 
to 4 hours with the Géttingen electronic computer G1, 
about 20 minutes with the Géttingen electronic com- 
puter G2, and about 2 minutes with the AVIDAC of the 
Argonne National Laboratory. 


(b) New Orbits 


The present calculations have been carried out in a 
manner similar to that which was employed by Jory, 
and all angles, namely the impact directions, the 
asymptotic latitude A,, the asymptotic longitude ¢,,, 
and the impact latitude are defined in Figs. 1 and 2 of 
Jory’s paper. The trajectories have been calculated for 
the latitudes 45°, 55°, and 65° for vertical impact and 
for impact directions making angles of 16° and 32° with 
the vertical and coming from the north, the east, the 
south, and the west. For these additional calculations 
the energies have been taken to lie between one and 
thirty Bev. Some additional orbits of special interest 
have been determined which fill in the tables prepared 
by Jory. At several latitudes, calculations have been 
carried out for rigidities that are relatively close to the 
limiting rigidities provided the limiting rigidity ex- 
ceeds 1 By. Table II shows the limiting rigidity for the 
different latitudes. The error introduced by not ex- 
tending the calculations exactly to the limiting rigidity 
—a rigidity which is even smaller than the limiting 
rigidity for vertical arrival—is not serious for the three 
most important impact zones, but may influence the 
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TABLE II. Cutoff rigidities.* 


degree 


0 
10 
20 
30 
40 
45 
50 
55 
60 
65 
70 
80 ve 1.0 


*) is the geomagnetic latitude, Ni is the lower limit and Ne the upper 
limit of the rigidity of a vertically arriving particle [M. 5S. Vallarta, Phys 
Re 74,1837 (1948 The region of the penumbra is between Ni and Na.) 
N. is the lowest rigidity for which a calculation was 


mac 
other impact zones and the background radiation. 
Altogether, about 1500 orbits calculated. In 
Table III, the angular momentum — 2y at infinity in 
the direction of the dipole, the asymptotic latitude A,, 
and the asymptotic longitude ¢,, are given for each 
orbit. The orbits calculated by Jory are marked by 
” ee a 


were 


(c) Returning Orbits 


For reasons of economy, Jory calculated only such 
orbits as go directly outward from the earth and all 
trajectories which started to return were not continued, 
In the present study the integration of a trajectory was 
stopped only if the orbit again reached the earth. In 
this case, the orbit certainly does not go to infinity. 
Orbits of this kind were called “returning orbits” and 


‘(por 


are marked in ‘Table IIIT by an “R. 
IV. COUNTING RATES WITHIN THE IMPACT ZONES 


(a) Calculation of Counting Rates 


The method used for the calculation of the counting 
rate is the same as that which was described by Firor, 
Simpson, and ‘Treiman'' and later employed by Jory, 
but it may be useful to review it again. ‘The calculations 
are based upon the fact that Liouville’s theorem can be 
applied not only to the case in which particles approach 
the earth from all directions but also to cases in which 
the particles originate from a discrete source, provided 
that the distribution of the radiation by such a discrete 
source is isotropic. Consequently, the intensity remains 
constant along any trajectory which connects the source 
with the earth. The counting rate at the top of the 
atmosphere—but inside the earth’s magnetic field—is 
therefore proportional to the solid angle within which 
particles coming from the sun can arrive, and is given 


by: 


Niwmax 
T(A,9¢) ; V(N)Q(ON A, pd 
N 


min 


Here, j(\V) is the differential intensity near the source 
and 2(N,A,¢) is the allowed solid angle, which of course 
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TaBLe ILI, Values of —2y (in Stémer), A. (in degrees), and g» (in degrees). Orbits calculated by Jory 
are denoted by J. Returning orbits are denoted R. 


A Impact direction 
(St6rmer 2 16] 0 16W 32W 


(a) Orbits with 0° impact latitude 


0.708 1.61 1.41 1.21 1.04 


0 0 
83.7 61.4 


0.682 1.65 


) 
90.6 


0.499 


0 
42.8 


1.28 
0 
47.8 


106.0 


1.8 
0 
119.1 


1.87 
0 
140.2 


A Impact direction 


Stormer 2 0 16W 


32W 


(b) Orbits with 10° impact latitude 


0.708 1.37 1.18 
0.9 5.4 
59,7 41.9 


) 


0.682 7 1.42 
—()4 
65.1 


1.00 
9.2 
26.6 


1.07 
8.4 
31.3 


0 
26.8 


1.10 
0 
31.6 


0 
105.0 
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lase III.—Continued 


A 
Stormer 


0.546 . ‘ ; . 1.78 
4 : 14.6 
157.9 


1.83 
0.9 
190.1 


0.516 fl : 1.88 
2.8 
87.5 159.6 
0.499 E i 1.68 1.94 1.94 
7 7.4 R : 69 
100.2 R ‘ 210.0 


impact latitude 


F 
J 


J 
J 


1.85 
12.2 
176.6 


0.470 


J 
J 


5 


1.8 
14.4 
203.7 


Orbits with 30° impact latitude 


53 1.41 
0 19.3 
87.3 


1.56 
20.7 
118.9 


1.63 ; 
9.6 2 é J 
140.0 j 


Py 
1.1 


166.2 


1.81 
R 
R 


0.407 ZA). 4 1.84 
4.3 
256.9 











9.1% 


6.44 


6.12 


SOO 


1K 


16.1 


14.9 


10.8 


10.0 


8.61 


6.12 


A 


(StOrmer 


0.400 


$92 


$26 


$20 


406 


20) 


0,282 


249 


1.93 


1.96 


2.00 


2.04 


1.28 
21.9 


70.2 


16.0 
80.6 


1.56 


99 0 


279 


16] 


< 
~“ 


R 
R 


1.90 
O0 
454.0 


1.94 


654 


21.0 


S89 


1.62 
14.9 
117.2 

1.73 
19 
153.0 


1.83 
18.0 


477.4 


TABLI 


Ill 


w 


(e) Orbits with 40 


1.92 
3.8 
361.2 


(f) Orbits 


0.91 
Bue 
50.4 


0.96 
0.5 
52.7 
1.00 
4.6 
54.3 


1.05 
13.3 
56.9 


1.11 
17.3 
O00 


1.18 
20.0 
63.7 


1.22 
20.6 
66.2 

1.32 
200 
720 


1.43 
18.1 
81.2 


1.56 
17.3 
101.8 
1.67 
10.0 
129 } 


16.9 
179.6 


J 
/ 


with 45 


0.8] 
12.7 
16.9 


0.86 
5.7 


49.3 


0.90 
0.6 
51.0 


0.96 
60 


fe . 
9. 


1.02 


12.3 


150.7 


Continued 


impact latitude 


J 
J 


impact latitude 


0.70 
22.0 
45.3 
0.77 
13.6 
48.0 
O81 
7.4 
49.5 
0.87 
0.7 
51.2 


1.67 


139.2 


1.88 
R 
R 


R 
R 


63.7 


0.96 
18.4 
63.8 


1.00 
21.3 
63.9 


1.05 


63.9 


1.56 
18.8 
120.1 
1.67 
6.6 
149.9 
1.77 
15.8 


169.0 


1.88 
R 


1.91 
i 


R 


1.83 
95 


173.2 


1.92 
R 
R 


091 
04 
5&3 


0.96 
10.7 
59.4 


1.00 
60.4 
1.05 


19.0 
62.0 


1.11 
21.6 
63.9 


1.18 


21.8 
65.6 


20.8 
60.5 


1.32 


69.5 


32S 


1.88 
R 

1.91 
R 


Ww dh 
nA | 


0.96 


36.8 


1.00 


39.6 


1.56 


106.5 


1.67 


126.1 


10.9 


157.9 











14.9 


10.0 


8.61 


~ 
w 
to 


6.12 


3.50 


$01 


2.20 


0.265 


0.41 


0.38 


0.32 


0.265 


().237 


0.230 


O.177 


IMPA(C 


1.99 


16.5 


1.77 
6.6 
152.9 


1.9] 


ZONI 


0.93 


1.49 
11.9 
94 3 





S 


OR SOLA 


TABLE III 
Impac 
0 16W 
1.89 1.84 
‘4 R 
R R 
2.00 1.95 
R 3.4 
R 335.2 
(g) Orbits with 55 
0.66 0.58 
12.3 19.5 
38.4 39.7 
0.73 0.66 
6.8 10.3 
37.3 38.0 
0.80 0.74 
16 PY, 
37.0 $6.1 
O.87 ORI 
42 51 
38 6 35.6 
0.94 O88 
2.4 5.4 
$3.2 39.1 
1.03 0.98 
4.7 ().2 
0.5 17.0 
1.1 1.05 
11.7 8.0 
55.4 529 
Li? $42 
15.5 14.5 
92 57.0 
1.24 i 
15.8 15.3 
63.0 59.7 
1.32 1.28 
17.2 LD.a 
70.4 65.4 
1.36 1.32 
19.5 17.4 
77.0 112 
1.39 1.35 
20.7 19.5 
820 76.5 
1.43 1.39 
21.6 21.7 
89.0 #A 2 
1.46 1.43 
20.8 21.8 
93.3 K9 1 
1.71 1.68 
2&8 )] 
144.2 136.9 
1.86 1.43 
iz3 l 
267.4 200.6 


iN 


( 


COSMI¢ 


ontinued 


I 
15 
204 


I 
| 
140 


impact latitude 


0 

24 

11 
0 


+/ 


129 


17 


190 


9 
/ 


l 
91 


i 


51 


3 


6 


Ix 


A \ 


1.89 
& ) 
220 7 


40.4 


O80 


1.03 
12.6 
569 


094 
0 


1.03 


Ooo 
YO0.6 


O80 
6.5 
46.6 


1.03 
56 


20 
90.6 











1833 


680.9 


46.0 








1834 


14.9 


10.0 


#6] 


6.12 


1.20 


‘50 


$01 


2.20 


A 


Stormer 


045 


0.41 


0.265 


0.250 


().237 


0,225 


0.192 


0.47 
25.0 
22.0 


0.5 
40.5 
23.1 


0.53 
31.8 
29.8 


0.77 
37.0 
0.79 
7.3 
35.8 
0.81 
8.6 
46.3 
0.82 
39.1 
O84 


6.6 
41.5 


0.97 





161 


RR, LUST 


TaBLe IITI.—Continued 


Impact direction 


0 16W 32W 


(h) Orbits with 65° impact latitude 


0.36 0.3 0.25 
34.9 40.2 43.1 
30.0 34.1 37.8 
0.4 0.34 0.3 
32.2 34.0 34.9 
27.5 30.0 30.0 
0.44 0.39 0.34 
31.5 32.0 33.1 
26.6 25.8 23.1 
0.47 0.43 0.38 
$1.1 32.6 35.6 
28.1 24.9 21.2 
0.51 0.47 0.43 
28.7 32.8 37.4 
31.1 28.3 26.9 
0.56 0.52 0.49 
22.8 ry 29.5 
33.5 33.5 34.7 
0.6 0.56 0.53 
19.0 21.0 1 
32.8 33.6 

0.63 060 0.57 
17.7 18.1 19.7 
32.2 31.5 29.2 
0.67 0.64 0.61 
17.0 18.8 22. 
34.1 31.9 30.7 
0.71 0.69 0.66 
13.3 16.5 18.1 
36.8 359 36.6 
0.74 0.71 0.08 
10.5 13.0 13.0 
37.4 37.3 37.2 
0.75 0.72 0.70 
9 1 10.7 10.6 
37.3 37.4 36.3 
0.78 0.75 0.73 
8.1 7 99 
37.2 36.7 34.5 
0.79 0.77 0.74 
7.9 &.4 11.1 
37.4 36.3 


32N 


16N 


16S 


0.6 
30.8 


0.63 


32S 











IMPACT ZONES FOR 
depends on the rigidity V, the geomagnetic latitude X, 
and the geomagnetic longitude y. The integration has 
to be taken over all rigidities V which are allowed at 
this location. Outside the geomagnetic field, 2 is the 
angle which is defined by the source width. At certain 
locations and for certain rigidities the allowed angle may 
be wider than that given by the source width, so that 
the counting rate can be greater inside the geomagnetic 
field than outside. Jory has defined this as the ‘focusing 
effect.” It also depends on the range of allowed rigidities 
over which the integral is taken. 

Because most observations are made inside the earth’s 
atmosphere, only those trajectories are important which 
arrive near the vertical, as has been stated earlier. 
Therefore, the calculations can be limited to that part of 
the allowed solid angle which is near the vertical ; hence, 
only trajectories whose directions of impact make angles 
of less than 32° with the direction of the vertical were 
computed. Most of the Géttingen trajectories reach the 
earth with directions in impact that make angles greater 
than 32° with the direction of the vertical in the energy 
range considered. This is due to the fact that an equal 
distribution of impact parameters at infinity was as 
sumed. For energies of 10 Bev the total number of 
trajectories which reach the earth is about a factor 2.5 
larger than the number of those trajectories whose 
zenith angles are less than 32°. For energies of 5 and 2 
Bev this factor is about 8.t These numbers are valid for 
trajectories which start at infinity on the geomagnetic 
equator, but they do not change greatly for other 
declinations of the source. It follows from this result 
that if the distribution of the impact parameters at 
infinity is actually uniform, the trajectories which reach 
the surface of the earth nearly vertically make up only 
a small fraction of the trajectories which connect the 
sun with the earth. Consequently the major part of the 
particles coming from the sun do not contribute to the 
observed intensity increase. 

For computing the portion of the allowed solid angle 
that contributes to the counting rate at a fixed location 
on the earth for a given rigidity, the solid angle was 
assumed to be proportional to the number of trajectories 
in each energy interval that connect the source with 
this location and whose directions of impact lie within 
32° of the vertical direction. 

We shall first discuss the distribution of counting 
rates over the earth by assuming a flat spectrum for the 
intensity near the source. This source spectrum was 
chosen to extend from 1 to 10 Bv because during the 
flares which occurred between 1942 and 1949, no in 
crease was observed at the geomagnetic equator. The 
results are not significantly changed by the extension of 
the spectrum to >20 Bv for the February 1956 flare, 
except for the equator region. Particles with energies 
lower than 1 Bev should not be able to contribute to an 
increase deep within the terrestrial atmosphere. The 


t This factor corresponds approximately to an isotropic dis 
tribution at the impact point 
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assumptions are, therefore: 
i(N)=constant for 1<N<10, 

(NV in Bv). 
}(N)=0 for V<1l and NV>10 


The constant was chosen in such a way that for a given 
source width the counting rate has the value 100 outside 
the geomagnetic field. Thus, the constant is different for 
different source widths. 


(b) Counting Rates for a Source with a Flat 
Spectrum in the Plane of the 
Geomagnetic Equator 


Figure la shows the counting rates as a function o 
local time or geomagnetic longitude, for different geo 
magnetic latitudes under the assumptions that (a) the 
sun is on the geomagnetic equator (declination A, = 0") 
and (b) the solid angle of the source is A,=-+5° in 
latitude and ¢,=+10° in longitude. All figures are 
drawn for particles of positive charge. For particles with 
negative charge, the picture would change in such a way 
that the impact zones are reversed with respect to the 
noon-line (g=0°). The figure shows that the different 
impact zones depend strongly on latitude. The region 
around the equator is completely forbidden for particles 
with energies lower than 10 Bev. At lower latitudes 
there are only the impact zones for 0300 and 2000 hours, 
and at higher latitudes only the impact zone at 0900 
hours is significant. Particles starting at infinity on the 
geomagnetic equatorial plane cannot reach latitudes 
appreciably higher than 70° for the given energy range 
For the energy spectrum assumed here the largest 
counting rates occur in the zone for 0900 hours. At 
several latitudes there is a pronounced focusing effect, 
that is, where counting rates may considerably exceed 
the value 100 

The figure also shows the mean rigidities in By for the 
particles arriving at the different impact zones. These 
mean rigidities are quite different for the different 
impact zones. At a given location only particles of a 
very limited rigidity range can arrive. For protons the 
energy range is approximately +1 Bev around the mean 
value. For a given latitude the energy shifts to lower 
values with increasing longitude, and for a given impact 
zone it shifts to lower values with increasing latitude 
The background radiation is caused only by particles 
with energies very close to the cutoff energies. At higher 
latitudes the energy of these particles is less than 1 Bev 
so that the background radiation cannot be observed 
deep within the atmosphere 


(c) Counting Rates for Other Declinations 
of the Source 


Corresponding calculations were carried out for the 
cases in which the source was 20° above and 20° below 
the geomagnetic equator. Figures 2(a) and 3(a) show 
the results for the northern hemisphere. ‘These figures 
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demonstrate the effect that was mentioned earlier: 
namely, the impact zones are separated when the 
declination of the source is + 20°, while they merge 
together when the declination is — 20°. In the first case, 
the zone for 0900 hours is centered at 1000 to 1100 hours 
local time and the zone for 0300 hours at 0000 hours. 
The zone for 0900 hours has disappeared at the latitudes 
A= 50° and 55°. The reason for this is that the energy of 
the particles in the zone for 0900 hours is larger than it 
would be if the source were at a declination of 0°, while 
in the zone for 0300 hours the energy is lower than it 
would be if the source were at a declination of 0°. 
Essentially only one impact zone is present for the 
declination — 20°, and this zone shifts from 0500 to 
0800 hours with increasing geomagnetic latitude. Here 
the energy of the arriving particles lies between those of 
the 0900 and 0300 hours impact zones for the declina- 
tion 0°. 


(d) Counting Rates for Different Solid Angles 
of the Source 


So far, all computations have been based on a solid 
angle of the source +5° in latitude and +10° in longi- 
tude. In order to examine how strongly the width of the 
impact zones depends on the dimensions of the source, 
the counting rates for two further cases with larger solid 
angles of the same source were computed. It is relatively 
easy to see how a widening of the source will influence 


the size of the impact zones in longitude; it simply leads 
toa widening of the impact zone in longitude. Therefore, 
it has been necessary to consider only the effects of 
variations of the source width in latitude. A solid angle 
of the source +10° and +15° in latitude was assumed, 
while in all cases the width in longitude was held at 
+10°. Even though the assumed source width exceeds 
the size of the sun by a large amount—-the sun has a 
diameter of 2°—the results in Fig. 1(b), (c); 2(b), (c), 
and 3(b), (c) show clearly that there still exist distinct 
impact zones. 

The so-called focusing effect which results in counting 
rates larger than 100 becomes more and more pro- 
nounced as the source width decreases. For increasing 
values of the source width, the size of the impact zones 
increases. It should be noted that the existence of an 
impact zone of 0900 hours at lower latitudes is possible 
only for a very wide source. 


V. CONCLUSIONS 


The principal assumptions that have been made in 
obtaining the results presented in this paper are: The 


SOLAR 


COSMIC-RAY PARTICLES 1839 
positively charged cosmic-ray particles coming from the 
sun to the earth are deflected only by the magnetic 
dipole field of the earth. The calculations of the counting 
rates were based on a flat rigidity spectrum near the 
source extending from 1 to 10 By. These assumptions 


lead to the following consequences 


(1) There exist comparatively well defined impact 
zones on the earth which do not depend significantly on 
the assumed solid angle of the source. 

(2) At lower latitudes, only the zone for 0300 hours 
is present while at higher latitudes only the zone for 
0900 hours is present assuming particles with positive 
charge. 

(3) An experimental check on the width of the impact 
zones may be made in the region between the latitudes 
60° and 70°, since in this region the background 
radiation is produced by particles having energies less 
than 1 Bev and therefore this radiation is not observable 
deep within the atmosphere. 

(4) ‘There is a unique and specific rigidity range for 
the particles arriving in each impact zone. 

(5) ‘The location of the impact zones and the counting 
rates within these zones depend strongly upon the 
declination of the source 

(6) These results confirm the existence of a focusing 
effect found by Jory especially at higher latitudes and 
for smaller solid angles of the source 


Because of the lack of information on the rigidity 
spectrum of flare-produced particles, a flat rigidity 
spectrum near the source was assumed. During the flare 
of February 23, 1956, a rigidity spectrum of the flare 
particles was obtained for the first time at Chicago.” 
For this flare, event calculations based on the observed 
rigidity spectrum were carried out, The results obtained 
will be discussed in more detail in a forthcoming paper 

The author is deeply indebted to Dr. J. A. Simpson 
for inviting him to carry out this work at the University 
of Chicago and for stimulating discussions on the 
subject. He also wishes to thank Dr. Peter Meyer and 
Dr. Eugene Parker for helpful comments. 
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help of the staff of the AVIDAC, and thanks are due 
especially to Dr. D. Flanders and to Miss L. Kassel of 
the Argonne National Laboratory. 

The assistance of the Fulbright Commission for the 
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The Z dependence of positive photopion production has been measured with 550-Mev bremsstrahlung 


Phe data are compared with the optical model using the real and imaginary potentials given by Frank, 


Gammel, and Watson. If variations in the production cross section due to the real potential, including the 
Coulomb potential, are taken into account, the agreement for pion energies in the range 33 to 152 Mev is 


surprisingly good considering both the approximations in the model and the experimental errors, The 


observed absorption mean free path varies from ~9X10™4 cm for 33-Mev pions to ~1X10™4 cm at the 


highest energies 


I. INTRODUCTION 


HE Z dependence of positive pions produced by 

350-Mev bremsstrahlung has been studied by 
Mozley (*),' Littauer and Walker (a* and mw ),? and 
more recently by Imhof, Perez-Mendez, and Easterday 
(r*).* Neutral photomesons have been measured by 
Panofsky et al.,4 and Anderson ef al.°; and Hales® has 
studied both photoproduced and proton-produced 7’s, 
The Z dependence of pion production by protons has 
also been studied by a number of experimenters.’ * The 
results are usually interpreted as indicating that the 
reduction of pion production per nucleon in the heavy 
elements can be accounted for by absorption of mesons 
produced in the interior of the nucleus. In the first 
approximation the yield will follow an At dependence 
for nuclei whose radii are large compared to the mean 
free path of mesons in nuclear matter." Some deviations 


* The research reported here was supported by the joint 
program of the Office of Naval Research and the U.S. Atomi 
Energy Commission 

t Now with the Department of Natural Philosophy, The Uni 
versity, Glasgow, Scotland 

t Now with the University of California Radiation Laboratory, 
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§ Now with Lockheed Aircraft: Corporation 
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2k. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952 

‘WL. Imhof, University of California Radiation Laboratory 
Report UCRL-3383 (unpublished); Imhof, Perez-Mendez, and 
Easterday, Phys. Rev. 100, 1798(A) (1955 

4 Panofsky, Steinberger, and Steller, Phys. Rev. 86, 180 (1952) 

®’ Anderson, Kenny, and McDonald, Phys. Rev. 100, 1798 
1955); J. D. Anderson, University of California Radiation 
Laboratory Report UCRL-3426 (unpublished) 
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Systems 


Dudziak, Phys. Rev. 92, 212 (1953); 
W. F. Dudziak and R. Sagane, University of California Radiation 
Laboratory Report UCRL-2304 (unpublished); W. F. Dudziak, 
University of California Radiation Laboratory Report UCRL 
25064 (unpublished) 

The A dependence usually mentioned comes from assuming 
equal production from A nucleons times an absorption factor 
proportional to Agne/R, where R= RyAt. Assuming equal produc 
this A! dependence should be multiplied 
by the proton-nucleon ratio (Z/A), giving a final behavior of 
ZA‘. To smooth out the variations in the r~/m* ratios near 
threshold, Littauer and Walker (reference 2) chose to combine 


tion from protons only 


from this rule have been observed and the explanation 
may be extremely complicated; the Coulomb barrier 
corrections,'! the details of nuclear final states, varia- 
tions in nucleon momentum distributions, etc., are 
certainly involved. 

In 1952, results from the California Institute of 
Technology" indicated a resonance in pion photopro- 
duction from hydrogen. Our work was begun to see if 
there is any similar resonance behavior in complex 
nuclei. Recently, improvement in the counting appa- 
ratus has allowed us to improve the results considerably, 
and only the later results are reported here. 


II. EXPERIMENTAL EQUIPMENT 


The details of our pion-counting apparatus are given 
elsewhere." In this study, a bremsstrahlung beam was 
produced by running the 550-Mev electron beam of the 
Stanford Mark III linear accelerator through an 0.010. 
in. tantalum radiator. The electron beam current was 
integrated with a secondary-emission monitor!’ and 
subsequently bent out of the photon beam with a small 
deflecting magnet. The position of the photon beam was 
observed with a CsBr crystal visually, and was seen to 
be ~1 in. in diameter. Pion production was studied at 
an angle of 60° in the laboratory. Targets were placed 
bisecting the angle between the beam and the pion 
channel. The targets were made small to reduce corre¢ 
tions due to photon absorption and the pion energy 
loss. The characteristics of the targets used are given 
in Table I. 

Pions were selected by momentum with a crude 
analyzing magnet with large aperture and relatively 
poor resolution (AP/P~15% full width at half-maxi- 
mum). The positive pions stopped in a large plastic 
scintillator and decayed into muons. Only the delayed 
x’ with w yields. At our energies, there are no significant r~/m* 
ratio variations, so that our results would be unchanged by com 
bining the r~ and w* cross sections 

"'S. Gasiorowicz, Phys. Rev. 93, 843 (1954 

"Walker, Teasdale, Peterson, and Vette, Phys. Rev 
(1955); Tollestrup, Keck, and Worlock, Phys. Rev 
(1955) 

4S Motz, Crowe, and Friedman (to be published) 

4M. Chodorow et al., Rev. Sci. Instr. 26, 134 (1955); W. K. H. 
Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 287 (1954) 

1°G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955) 


99, 210 
99, 220 


1840 





2 DEPENDENCE OF POST 
positrons were counted after the 0.1-usec beam pulse 
was finished. Various time channels up to 20 usec and 
two pulse-height discriminator channels were recorded. 

The backgrounds in this experiment were of four 
types: (1) Pions produced in the air: ~10-20% of the 
signal due to our choice of small targets; (2) Probable 
delayed neutron activities with a long half-life, most 
of which came from the radiator and other objects in 
the electron beam, including the area in which the beam 
is absorbed; (3) The long period neutron background 
from the targets: measured to be <5% in the worst 
case; (4) Possible charged particles other than pions 
that might deflect in the field. Background (1) was 
measured by removing the target at each energy setting, 
(2) by turning the magnet off with no target in place, 
and (3) with the field off and subtracting the no-target 
from the target yields. Background (4) was probably 
due to either muons or # particles since protons would 
not satisfy the requirements of range, momentum, and 
pulse height set by the detection system. There was no 
significant long-period signal coming from the target 
and deflected with the magnet. Muons from pion decays 
in flight were counted and their effect on the wt energy 
resolution is negligible.'® The only known source of 
background 6-particles with the proper decay period is 
from u-8 decay in the target, coming from muons pro- 
duced by low-energy pions that stopped in the target. 
These events were observed for appropriately small 


fields (positive particles) in the deflecting magnet ; this 
signal cut off well below the lowest setting used. 


The net target yields were obtained by subtracting 
the backgrounds measured under various conditions 
Some of the small background corrections that are not 
measurable were obtained as upper limits in the worst 
cases and scaled to the more favorable ones 

The pion energies were varied as follows: 7,=91, 123, 
152, 185 Mev were obtained by setting the magnet at 
64 Mev and adding appropriate absorbers as close as 
possible to the target ahead of the collimating channel ; 
T, = 33, 64, 91 Mev were obtained with different magnet 
settings. The 91-Mev results obtained by both methods 
agree within the errors. The spectrum of pions from 


TABLE I. Target characteristics 


Th 

Radiation loss (Al 
Material length 185 Me 
1.42 
0.96 
0.84 
0.43 
0.61 
0.52 


Li 0.058 
Cc 0.020 
4] 0.035 
0.075 
0.132 
0.145 


‘6 This effect was largest at the lowest analyzing magnet setting 
(T,=33 Mev). In this case, we estimate approximately 6% of the 
signal was from muons arising from the decay in flight of ~100 
Mev pions. For higher energy settings, the effect was smaller 
See reference 13 for a more detailed discussion 
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carbon was measured; we are not directly concerned 
here with either measurements of carbon absolute cross 
sections or carbon excitations, and the results of these 


measurements are reported elsewhere." 


Ill. ERRORS 


The results will be quoted with their statistical errors 
The main source of systematic error is, we believe, the 
variations in over-all gain which cause the counting 
efficiency to vary. There are both short- and long-period 
variations in efficiency: the long-time variation arising 
from temperature variation or component fatigue can 
be eliminated by cycling any measurement several times 
rapidly enough to cancel out the drift; the effects of 
short-time fluctuations are also minimized by keeping 
the net weight of a single run small. Data were obtained 
from a combination of several separate cycles, and the 
decide if 
In practice, it was not possible 


reproducibility was used to any obvious 
instability was present 
for us to detect definitely any small efficiency variations 
of, for example, less than 10°, with the present ele 
tron By analyzing the internal and 


external errors of a number of runs, 


instrumentation 
we believe that the 
estimate of the standard deviation derived from statis 
tics alone is probably not in error by more than 50%, 


and certainly a factor of two would be extremely 
pessimistic 


IV. RESULTS 


The results for five shown in 
Figs. 1-5. We have plotted the yield divided by A! on 
The presentation allows the 
curves to be shifted 
The data 


to the measured copper point (with the exception of 


| 


Gao 
| 


plon energies are 


a logarithmic scale vs Z 


theoretical vertically without 


altering their shape have been normalized 


x 


$ EXPERIMENTAL RESULT 


0 CALCULATED RESULT 
S-WAVE MESONS ONLY 


x CALCULATED RESULT 
EXCLUDING COULOMB 
POTENTIAL 


Aeui7 2 10°" cM 


z 


ic. 1. The w* yield obtained from 550-Meyv bremsstrahlung on 
targets of Li, C, Al, Cu, Ta, and U. The yield divided by A§ is 
plotted for pions of 33 Mev. The curve shown using an absorption 
mean free path of 11.7K10" em is 
point. The crosses are the neglecting the 
Coulomb effects. The nuclear radius was taken to be 1.44510! 
cm. Our choice for mean free path is (94+2)K10 "em 


normalized to the copper 


theoretical value 


7K. M. Crowe and R. M. Friedman (to be published 
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T+" 64 MEY 


T 
EXPERIMENTAL RESULT 
CALCULATED RESULT 


CALCULATED RESULT 
EXCLUDING COULOMB POTENTIAL 


*35 210°" om 


hic. 2. The 64-Mevy * yields normalized to copper. The mean 
free path used in the calculation was taken to be 3.510" cm, 
and the estimated mean free path was (4_,°4) 10°" cm 


Fig. 3). The results show that there is considerable 
variation in this normalized yield relative to copper in 
the lithium and carbon measurements. Table II shows 
the observed cross sections obtained by normalizing 
these data to the carbon absolute cross-section meas- 
urements.!/ 

We have calculated the relative at 
optical model'* using various mean free paths and 
assuming uniform production throughout the nucleus. 
lor simplicity we have also assumed that the neutrons 
a sphere of radius 


yields with the 


and protons uniformly occupy 
1.44'!X10 "cm. The theoretical curves are also plotted 
in Figs. 1-5. For the low-energy pions the Coulomb 
potential due to the nuclear charge density must be 
taken into account. The nuclear charge has the follow 
ing effects: (1) The distortion of the meson wave func 

tion by the Coulomb potential suppresses the positive 
meson production, (2) The Coulomb potential energy 


1.20--— 


140} Ty* * 9! MEV 


— — —— 
| i 


ie 
0.90} r 


(0 CALCULATED RESULT 


1,00} 


EXPERIMENTAL RESULT 


| 
} x CALCULATED RESULT 
| EXCLUDING COULOMB POTENTIAL 


h* 182 x 10°" om 


Fic. 3. The 91-Mev w* yields normalized to the aluminum point; 
the choice of normalization indicates that the copper point is 
For the curves the mean free path was taken 


probably in error : 
Our estimate from the data is (140.5) 


to be 1.8210" cm 
«x10°" cm 

18 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949); 
Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951); 
K. M. Watson, Phys. Rev. 89, 575 (1953); N. C. Francis and 
K. M. Watson, Phys. Rev. 89, 328 (1953) 
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for the pion in the nucleus alters the depth of the real 
potential, which in turn alters the cross section for the 
pion production. Calculations of these corrections (out- 
lined in the Appendix) are complicated by our ignorance 
of the meson wave functions in nuclear matter; for 
example, the real and imaginary potentials for mesons 
in a nucleus are velocity-dependent, and have been 
estimated by Frank, Gammel, and Watson.” For the 
large nuclei the angular momentum meson states, other 
than s-states, must be considered even though the pions 
are of relatively low energy. An indication of the size 
of these effects is given for the worst case, 7,= 33 Mev 
for uranium. For s-wave mesons, the barrier penetration 
factor relative to copper is 0.983 and the cross section 
is reduced by a factor 0.830. The theoretical curves in 
the figures indicate the yield corrected for absorption, 
with and without the Coulomb effect. The potentials 
and mean free paths used in the calculations are taken 
from Frank et al.,!* and are shown in Table IIT. 

The results for 33-Mev pion energy (Fig. 1) show that 
the Coulomb correction brings the data into fair agree- 
ment with a mean free path of 11.7%10~" cm. The 
correction was calculated assuming only s-wave mesons. 
If a small amount of p-wave mesons is included or if 
the nuclear radius is reduced, the data and theory can 
be brought into coincidence. We estimate that the mean 
free path to get the best fit would be (9+ 2) 10~" cm. 
The results for 64-Mev are shown in Fig. 2. The 
rectangles for the theory represent the uncertainty in 
the Coulomb corrections. The largest correction (meas- 
ured from the uncorrected crosses) is an overestimate of 
the correction assuming all p-wave pions and a mo- 
mentum-cubed variation in the production cross section. 
The other extreme of the band is that obtained assuming 
pure s-wave pion production. The agreement does not 
improve significantly by including the correction, The 
aluminum point is two standard deviations off and the 
deviation may represent a fluctuation in the detection 
efficiency discussed in the previous section. In Fig. 3 


Tye” 123 MEV 


$ EXPERIMENTAL RESULT 
(0 CALCULATED RESULT 


* CALCULATED RESULT 
EXCLUDING COULOMB POTENTIAL 


d#1.23.x10° om 


+ 
| 
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Fic. 4. The 123-Mev r* yields normalized to copper. The 
theoretical curve assumes \ = 1.27 10~" cm. Because the lithium 
point is high, we choose (0.5_» »*°4)10~" cm for the best fit. 


® Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
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TABLE II. Observed r* photoproduction cross sections for 550-Mev bremsstrahlung at a laboratory angle of 60 
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rhe cross sections 


were obtained by normalizing the data of this experiment to the carbon measurements described in reference 17. Only the statistical 
errors of each measurement are shown. The normalization error is 8%. The values are quoted in units of 10 cm?/sterad-Mev-Q 


Ty (Mev He Li ( 


21.4+0.5 
30.0+0.4 
37.8+0.7 
15.2+0.8 

9.3+0.2 


10.3 +0.2 
15.9 +0.3 
21.3 +1.7 
10.0 +0.4 
6.63+0.15 
2.42+0.13 


33 6.15+0.5 
64 8.33+40.5 
91 9. 35+0.4 
123 9.45+0.4 
152 8.01+0.3 
185 5.56+0.2 


® The average hydrogen cross sections reported by Walker e/ al 


the 91-Mev results are given. The normalization was 
shifted to the aluminum point since the fit indicates 
that the copper point was ~2-3 standard deviations 
away from the best fit. The 123-Mev results shown in 
Fig. 4 show an appreciable decrease from the A! law 
for the heavy elements U and Ta, in agreement with 
the very short mean free path and the surface proton- 
to-neutron ratio, which has already been included in 
the calculations."” The Li point being high indicated a 
shorter mean free path ~(0.5_9..°°*)K 10°" cm. It is 
not expected that the optical model will predict the 
yield for the small nuclei, especially when the mean free 
path is comparable with the nucleon spacing; therefore 
we do not attach any significance to this apparently 
very short mean free path. Figure 5 indicates the 152 
Mev results. If one takes the discrepancy with the 
high-Z elements seriously, this indicates that the 152- 
Mev pions have already passed the resonance in the 
absorption mean free path. 

In Table III the values for the absorption mean free 
paths, which we have picked to give a best fit,” are 
shown along with the estimated uncertainty of this 
measurement. 


1.20¢ 
| Tys# 152 MEV 


EXPERIMENTAL RESULT 
0 CALCULATED RESULT 
* CALCULATED RESULT 
EXCLUDING COULOMB 
POTENTIAL 
h#1.202107'9CM 





4 
100 


Fic. 5. The 152-Mev r* yields normalized to copper. The 
theoretical curve was made assuming 1.20 10~“ cm for the mean 
free path. Our estimate from the data is \= (241) X10 cm 


* Tf the choice of mean free path is based on the heavy-element 
results alone [ignoring the results for elements lighter than copper 
and neglecting the Coulomb potential energy correction to the 
cross section (see Appendix) ], the result is ~1-2 10°" cm. This 
type of analysis is used by Imhof et al. (reference 3). The data 
probably are not sufficiently accurate to show internal incon 
sistencies with their mean free path assignments 


reference 12) have bee 


Cu Ta 
76.8+1.6 138 4 156 +5 
187 4 228 +7 
207 tO 248 t 
68.7+2.8 84.9445 


28.0+0 53.9419 64.9+42.5 


) 
11.741.2 


1 included here for compariso 

The results clearly indicate a large variation of the 
mean free path in nuclear matter with pion energy 
Since the fit in some cases is only fair, the errors assigned 
to the mean free paths are a combination of the sta 
tistical uncertainties in the data and a crude estimate 
of the quality of the fit. 


V. DISCUSSION 


A number of other points relate these data to work 
(1) We suspect that by 
using lower-energy bremsstrahlung a number of effects 


already done on the subject 


can influence the Z dependence so as to obscure the 
absorption effect. For example, it has been observed"? 
that for carbon the yield of pions per proton, as com 
pared to hydrogen, varies from ~1/3 at 300 Mev to 
~2/3 at 600 Mev. 
primary energy to the energeti 


The sensitivity of this yield vs 
threshold for 
production or to possible differences in momentum dis 


pion 


tribution in different elements can scarcely be ignored,”! 
and it is not clear that even at 550 Mev we are justified 
in neglecting such effects. 

(2) The neutron-proton ratio correction!’ is clearly 
sensitive to nucleon densities at the shell, which we 
have assumed is equal to the average neutron-proton 
ratio; this assumption is based on a study of the 
variation in neutron-proton ratio made by measuring 


the photoproduced mw /m* ratio. The results indicate 


TABLe III, Parameters used in the calculation of the theoretical 
curves. 7, (lab) is the energy of the pion measured by the detec 
tion system; 7, (eff) is the pion kinetic energy in the nucleus 
(Z=0); Va is the real potential and V; the imaginary potential, 
taken from Frank et al. (reference 19); d is the absorption mean 
free path; A (est) is the mean free path obtained from the data 
with its uncertainties 


o4 
106 
1) 
L$ 


* The high error associated with the alut 
disregarded, the result is A (est 441) x10 


71 Wattenberg, Odian, Stein, Wilson, and Weinstein, Phy 
Rev. 104, 1710 (1956). Their results indicate Li to have an internal 
momentum distribution corresponding to a Gaussian with a 1/e 
value of 8 Mev compared with carbon and oxygen of 18 and 19 
Mev, respectively 
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no deviations in the w /mr* ratio from the average 


neutron-proton ratio to within 10%.” 

(3) The effects of pion-pair production on the low 
energy points must be considered.” For hydrogen the 
mw and * pair cross sections are less than 10-20%, of 
the single-production cross section with 550-Mev brems 
strahlung, and we can probably assume the Z de 
pendence of the pair processes will not be substantially 
different from that of the single-pion process. 

(4) The mean free path derived from this work is 
about equal to that obtained from the total cross 
section for pions of the same kinetic energy in nuclear 
matter. The absorption clearly eliminates pions whereas 
the 
situation is more complicated. A pion produced at a 


for the scattering of a quasi-elastic character 
given energy scatters to a lower energy band. The pions 
that scatter inelastically lose sufficient energy to con 
tribute to the lower energy pion bands only. Inelastic 
pions that scatter off of moving nucleons tend to lose a 
large fraction of their energy since pions up to 200 
Mev prefer to scatter in the backwards direction.” In 
addition, the scattering of pions in the nuclear medium 
which degrades the pion energy results in a much larger 
change in energy measured outside the nucleus as a 
result of the rapid variation of the real potential.” 
The experimental results on the inelastic scattering of 
100-Mev pions obtained by Bernardini et al.*® show 
this behavior. The inelastic scattering is important in 
connection with the energy spectrum!’ where it has a 
greater effect. The low-energy pions that arise from 
the 
pions will be indistinguishable from the directly pro 


inelastic scattering of very strongly interacting 


duced pions in nuclei which are large, that is R> Arota 
This condition is satisfied for most of the pions pro 
duced by the bremsstrahlung beam. 

(5) The absorption mean free path is calculated by 
using a quasi-deuteron model in which there is a 
parameter for the relative number of deuterons in the 
nucleus. The large size of this parameter required to fit 
other pion-nucleus interactions has been interpreted as 
indicating strong nucleon-nucleon correlations in nuclear 
matter.*’ The (wt —d) interaction changes rapidly with 
pion energy, and multiple elastic scattering which is 


also strongly energy-dependent increases the path 

* Evidence for approximately equal proton and neutron radii 
was reported by Abashian, Cool, and Cronin, Phys. Rev. 104, 
R55 (1956) 

*R. M 
(1957) 

*M.H. Johnson, Phys Rev. 83, 510 (1951); K. W. McVoy, Jr 
Cornell University doctoral dissertation (1956) (unpublished) 

*© Professor K. M. Watson has indicated the connection between 
the variation of the real potential and the inelastic pion scattering 
(private communication) 

© Bernardini, Booth, and Lederman, Phys. Rev. 83, 1075, 1277 
(1951); Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951) 

7 Brueckner, Eden, and Francis, Phys. Rev 


Friedman and K. M. Crowe, Phys. Rev. 105, 1369 


98, 1445 (1955 
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length of the outgoing pion. One would expect to 
observe a somewhat shorter absorption mean free path 
than predicted on the quasi-deuteron model for the 
high-energy pions. 

(6) Mean free paths obtained directly from pion 
scattering from nuclei** do not differ significantly from 
these results. 
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APPENDIX 


The Z-dependent corrections will be calculated in 
three parts: (A) Pions are reflected at the surface, and 
the transmission coefficient due to the change in poten- 
tial energy is calculated. (B) The real potential due to 
the pion-nucleon interaction and the nuclear Coulomb 
potential alters the kinetic energy of pions inside nuclear 
matter. The fundamental production cross section, 
being a steep function of pion energy, will thus vary 
with number. (C) The imaginary potential 
causes pions to be attenuated as they cross the nucleus 


atomi 


from the point of production to the surface. 


(A) The usual Sommerfield factor for the Coulomb 


correction” is 
2rn 
Cr(0) (Al) 


exp(+27n) 


where n equals Ze’/hv. The Sommerfield factor must be 
the 
origin for the heavy elements. The barrier factor 


evaluated at the nuclear surface rather than at 


when the nuclear absorption is very strong is usually 
written as 


(A2), 


where F';(n,p), Gxi(y,p) are the Coulomb wave func- 


tions,” where p equals kR, k equals p/h, and R is the 
nuclear radius. Blatt and Weisskopf*! give the trans- 
mission coefficient for charged particles for the other 


** FH. Tenny and J. Tinlot, Phys. Rev. 92, 974 (1953); A. M° 
Shapiro, Phys. Rev. 84, 1063 (1951); Byfield, Kessler, and 
Lederman, Phys. Rev. 86, 17 (1952); J. F. Tracy, Phys. Rev. 91, 
9600 (1953); G. Bernardini and F. Levy, Phys. Rev. 84, 610 
(1951); D. Stork, Phys. Rev. 93, 868 (1954 

” R. E. Marshak, Meson Physics (McGraw-Hill Book Com 
pany, Inc., New York, 1952), p. 97 

” Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951). 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VII 
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extreme when the absorption can be neglected: 


dG dF 
{ ; (AS) 
k*| dr dr 


lor energies large compared with the Coulomb barrier, 
f approaches unity. 

(B) The potential for pions in the nucleus is the sum 
of the real potential arising from the pion-nucleon 
interaction and the Coulomb energy. The Z-dependent 
effect due to the Coulomb energy can be estimated 
from the known behavior of the photomeson cross 


sections.*? Considering s- and p-wave mesons only, 


0@=A+t+B cosé+C (A6) 


COS ‘d, 


where @ is the pion angle in the center-of-mass system. 
For a lab angle of 60°, the c.m. angle is near 90° so that 
for estimates we shall use the following expression for A : 


A=pg,t+pp*Zp, (A7) 


where p is the c.m, pion momentum (in units we) and 
p 


p , 
vl 1+ (vp/M) | 1+ (p?+-1)?(u/M) | 


t 


(A8) 


where v is the photon momentum (in units wo), wand M 
are the pion and nucleon masses, respectively. Therefore 


we have the approximate expression 


am (A9) 


p+C yp’ 


In the production in a nucleus one must average over 


the pion momenta involved in the production 
Considering the s-state term only and replacing the 
average pion momentum by the momentum of the pion 
in the nuclear potential, we obtain an approximate 
expression 
p(Z dir le 
az(rt)~Zay Love 


Pout de 


k-V-—V.\3 
~ton\ ) nm 
I 


where / is the kinetic energy outside the nucleus, V is 


(A10) 


the real part of the optical potential of the pion in 


% Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 

1956). However, see M. J. Moravecsik, Phys. Rev. 104, 1451 

(1956), for a discussion of additional terms in Eq. (A6) for small 
angles. 
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nuclear matter, and V, is the Coulomb energy. For 
pion energies less than 60 Mev the real potential can 
be approximately expressed in terms of the kinetic 
energy K.E. as” 

| 0.40(K.E.) (All) 


O.40(4 
The final factor becomes 


° (kh "| , 
3L Ci 


For high-energy pions, V must be found as a solution 
of the equation V(K.E.)=V(k—V—V,) by using the 
potential variation given by Frank et al." The p-state 
pions will be high enough in energy so that (A10) is 


(A12) 


not expected to be appropriate. We can base a crude 

estimate on (A9), however, which should be an upper 

limit to the Coulomb correction. The correction is small 

enough so that a more realistic estimate is not required 
(C) The absorption factor f(x) is given by 


J(%) D Aydt 


exp 


phere 


(A13) 


(e~*)(1-+x) I, 


2a 
and is the absorption average over the sphere of 
radius Kk; 
absorption mean free path; and D is the distance from 


vr equals 2R/A, where \, 1s the effective 
the point of production to the surface 

When / is less than unity, the pion energies are small, 
and the absorption is not strong, and the approxima 
tions made for calculating ¢ are good. The absorption 
factor has neglected the reflections from the boundaries 
so f(x) will become less accurate for very low pion ener 
gies. In fact, as the pion energy drops below the Cou 
lomb barrier energy, the pions arise from the surface 
layer corresponding to the tail of the smoothed or 
rounded-off charge distribution, a result which appears 
experimentally indistinguishable from an absorption 
mean free path of ~1 10~" cm for the heavy elements 

Combining the expressions for the transmission and 


absorption, we obtain (for s-wave mesons only), 


4670; 


a~Zo56 (A14) 


By normalizing to one element (copper), ao 1s elimi 
nated. The expression (A14) should be appropriate for 


pions in the range under consideration 
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The differential cross section for the production of gamma rays from the bremsstrahlung of protons of 


30- to 140-Mev kinetic 


energy in the center-of-mass system is calculated. 


An_ energy-dependent 


complex square well is used to represent the nuclear interaction. The complexity of the potential enhances 
gamma-ray production. Furthermore, the theory predicts a low intensity for high-energy gamma rays. It 
is also found that the continuous spectrum of radiation is closed between very low-frequency and high 
energy gamma rays of energy just below the incident proton kinetic energy. By using the experimental 
information, a qualitative result about the energy dependence of the imaginary part of the potential is 


obtained in comparable form with those used by other people 


I, INTRODUCTION 


IGH energy nucleon-nucleus collisions are, usually, 
accompanied by a continuous gamma-ray emis- 

sion. An interesting gamma-ray source arises from the 
bombardment of nuclei by high-energy protons with 
energies below the threshold mo-production energy. In 
this paper we are interested in the gamma-ray pro- 
duction through the nuclear interaction only. However, 
for low-energy protons, about 2 Mev, the Coulomb 
field is, effectively, the only force available to cause a 
proton bremsstrahlung and the cross section for this 
process has been calculated by Drell and Huang.' In 
an exact calculation the Coulomb interaction must also 
be included. But with energies much higher than 4 Mev 
and for low Z the Coulomb effect is negligible. The 
Coulomb effect for incident proton energies as low as 
3 Mev can be disregarded since at this energy the 
distance of approach, ro= (Ze?/mc*)(mc?/) 
(Ze*/mce*) XK (1/60), is much less than the range of 
nuclear forces. However, the Coulomb interaction, in 
this problem, can be an important effect in the case of 


closest 


high-energy gamma rays. 

The available data on gamma rays from high-energy 
inelastic proton scattering consist of the experimental 
results of Wilson’ and Cohen.’ Besides these two experi- 
ments, the Coulomb excitation experiment by Stelson 
and McGowan yielded gamma rays of discrete energy 
from excitation of nuclear states superimposed over a 
continuum of bremsstrahlung gamma rays. The charac- 
teristic of the latter radiation lies in its high yield of 
very low-energy gamma rays and in an increase of the 
yield with energy from 2- to 5-Mev incident proton 
energy. In this energy range the experiment on Bi, Th, 
and Sn targets did not show a particular Z dependence 


* Reported at International Conference on Nuclear Reactions, 
Amsterdam, July 2-7, 1956 

t Part of this work was completed while the author was a 
visiting professor of physics at the University of Miami, Coral 
Gables, Florida 

'S. D. Drell and K 

*R. Wilson, Phys. Rev 

*D. Cohen, Phys. Rev 
formia Radiation Laboratory 
published) 

‘P. H. Stelson and F 


Huang, Phys. Rev. 99, 686 (1955) 

85, 563 (1950 

95, 664 (1954) and University of Cali 
Report UCRL-3230, 1955 (un 


K. McGowan, Phys. Rev. 99, 112 (1955). 


of the radiation, but only a difference in the intensity 
of the radiation, 

For proton energies above 15 Mev, however, Cohen’s 
experiment contains quite different results than that of 
Stelson and McGowan. In the neighborhood of 8 Mev 
there is a sudden increase of yield of gamma rays. It 
was also observed that the yield for gamma rays 
produced from 100-Mev proton bombardment on Cu, 
Al, C, and Be increases with A. At 15-Mev gamma-ray 
energy there is a distinct divergence of the spectral 
curves corresponding to the gamma rays arising from 
the bombardment of Cu, Al, C, and Be. The spectral 
curves come together just above the high end of the 
energy axis, beyond 35 Mev. The primary energy de- 
pendence of the spectrum from Be® bombarded by 38-, 
100-, and 140-Mev protons show a similar behavior of 
divergence near 15-Mev photons and a convergence at 
the high end of the energy axis. The yield increases with 
decreasing proton energy. 

No data were shown below about & Mev. The present 
theory does, however, predict the continuation of the 
spectrum down to zero-energy radiation. The latter part 
of the spectrum may, inter alia, arise from the multiple 
scattering of high-energy protons in the nuclear matter. 
By multiple scattering the protons will lose energy and 
eventually Coulomb interaction will set in to produce 
the low-energy bremsstrahlung gamma-rays. ‘This 
mechanism is not, of course, contained in our theory 
where the Coulomb interaction is ignored from the 
start. At any rate, the spectrum below 8 Mev can be 
looked nuclear part of the Coulomb 
bremsstrahlung, i.e., as a correction to it plus purely 


upon as the 


nuclear bremsstrahlung gamma rays. 

In this problem we shall use an energy-dependent 
complex square-well potential to describe the proton- 
nucleus interaction. Because of the energy dependence 
of the interaction we actually have two complex fields 
corresponding to initial and final states. A complex well 
replaces all the possible reaction channels by an average 
one and inelastic processes like (p,d) reactions are 
already included in a complex representation. The main 
inelastic process of interest is the interaction of the 
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incident protons with the radiation field after being 
processed by the complex nucleus. 

An undesirable feature of a complex well lies in its 
sharp discontinuity at the nuclear surface which may 
give rise to too much reflection and to less penetration 
(very small mean free path in nuclear matter) for all 
angular momentum states of the protons. This would 
greatly inhibit the yield of gamma radiation from the 
inelastic proton scattering. But the energy dependence 
of the well can partly remove this difficulty. 

The above-mentioned drawback, among others, of a 
complex well should be disregarded in the light of the 
many successes obtained by the use of an optical model 
of the nucleus. One of the latest of these is the ‘cloudy 
crystal ball model’’® used for the description of the 
low-energy neuton elastic scattering. The motivation 
behind the present attempt comes from considering an 
optical model of the nucleus in the light of a different 
problem’ from that of mere elastic scattering of nuclear 
particles. In this paper we would like to study the 
optical model by calculating transition probabilities 
with it, using the existing experimental data on photon 
production from high-energy proton scattering. In par 
ticular, an investigation of the effect of an energy 
dependent complex potential on the gamma-ray pro- 
duction is another interesting aspect of the problem. 


II. KINEMATICS OF THE GAMMA-RAY 
PRODUCTION 


The maximum energy /, of the photon produced in 
the collision of two particles with masses Mp and M4, 
in the center-of-mass system, is given by 

Fy= MpM a(q—-1)e?/(Mr?+M4?+2M pM aq)', (11.1) 


where 


If we put 
(q 1 \M po - 


Mp\? 2k 7} 

Hy | (1 { ) {- ‘ 
M4 Mac? 

If M yc? is the rest energy of the nucleus, we can neglect 
2K o/M ac? and, neglecting binding energy, we write 


A 
E, ( ie 
A+1 


For a nucleon-nucleon collision the maximum energy 
of the gamma ray produced is one half of the incident 
kinetic energy. We see that the yield is higher in the 
case of nucleon-nucleus collisions. Thus not all the 
kinetic energy of the proton can be used for photon 


we obtain 


(11.2) 


(11.3) 


5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 
*B. Kursunoglu, Phys. Rev. 98, 1156 (1955). 
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production. At the maximum energy of gamma-ray 
production, with high-energy protons bombarding light 
nuclei, enough kinetic energy will be left after photon 
production for the proton to get out of the nucleus. 
The minimum kinetic energy of the protons in the final 
state is 

(11.4) 


ko I ko/(A + 1) 


J 


In order that the nuclear force (of range e?/mc*) be 


large compared to the Coulomb force, we must have 


ko>(A+1)mce?. (11.5) 


Thus the Coulomb interaction in the final state for Be® 
will be negligible if the primary energy /y is much 
larger than 5 Mev. For Cu and heavier nuclei the 
Coulomb interaction is a nonnegligible effect for low 
incident proton energies. Since the experiment has 
mainly concentrated on gamma rays from Be*, our 
neglect of the Coulomb effect is a good approximation 

The fact that the spectral curves in Cohen’s experi 
ment do not touch the energy axis at the high end but 
come together just above the axis may be taken as a 
kinematic effect. 


Ill. FORMULATION OF THE PROBLEM 


Since the kinetic energy of the protons are small 
compared to their rest energy, the use of nonrelativistic 
theory is a sufficiently good approximation. For a first 
orientation we shall neglect the magnetic moment of 
the proton. The Hamiltonian of the system is given by 


H=Hot+H,+Hpyt+ ll, (111.1) 


where //)= kinetic energy of the protons, H/, 
of the field, Hpy energy of 
protons and the nucleus, /’ energy of 
protons and radiation field. The interaction H/’ will be 


energy 
radiation interaction 


interaction 


treated only in the first order. 
The Schrédinger’s equation defining the initial and 
final states for the Hamiltonian [o+H/,4-Hpy, in the 


center-of-mass system, is 
(111.2) 


where W is /¢y in the initial state and / in the final state 
of the proton, H= Kk» A/(A+1)|M, kx 
[A/(A+1) JE,, and FE, energy of the emitted 
photon 
The nuclear potential V is defined by 


E, ’ Me I 
he k 


Vo [Vrl(Eo)+iVi( Fo) ), r<R 
(101.3) 
0) r>R 


’ 


The final state potential V is defined by replacing /, 
in (111.3) by the final energy / of the proton. The 
nuclear radius R is given as 


R=99A'=1.3310~%4A4 cm. (111.4) 
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The initial and final states are 


(111.2) in the form 


lefined by solving 


an 
¥i=>. (n+4)i"a,P,,(cosa;) 


nd) 


X[¢n(kir) +h, (kir) |, 1: 


4)i"P,, (cosas) 


’ 
2 (n-+ 
, 4) 


X[¢n(korr)+n7"h, (Ror r>R 


Linh, pP 


» (COSap) 


XL en(ker) +h, (ker) | 
(111.6) 


5)i"P, (cosas ) 


«| ne"£n(Rorr) +h, (Rorr) |, r>R 


where 


y 
CV p( Eo) +iV (Ey) 
hi? 


k;* ko 


) 


7) 
ky, kop? (Valk) +iV(E) 


) 
and where 


ny’ exp(216;"), ne" = exp! 216," 


Phe functions g, and h, are detined by 
Nn=Jntinn, £n=]a—in, 


where ;, and , are spherical Bessel functions 

The choice of the reaction coefficients n;" and n, 
hifts in the form (IIL.8 
from the fact that the final state in a scattering problem 


related to the phase follows 
of this kind consists of a plane wave propagating in the 
positive Roy direction plus a spherical wave which is 
ingoing rather than outgoing. This fact has recently 
been pointed out by Breit and Bethe’ and by Bethe and 
Maximon® in connection with general scattering 
problems and electron bremsstrahlung. 

It is easily seen that the asymptotic form of the 
tinal state for r>R is 
l 

fvlap) exp! 
r 


vy expliky, r)-t thor), (111.9) 
where 

> (2n+1)(—1)" 
Jikop 


Iwlap) 


x Lexp( 216 p") | |P,,(cosap) 
7G. Breit and H. A 
°H.A 


Rey 
Phys 


Phys 
Maximon 


Bethe, 
Bethe and L. ¢ 


93, 888 (1955 


Rev. 93, 768 (1955 


K U 
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The asymptotic form of the initial state for r>R is 


l 
1 =exp(iko,-r)+—fr(ar) exp(ikor), 
r 


(111.10) 
where 


> (2n+1)Lexp(2i6;") —1 | P,,(cosay). 
2ikor n=l) 


fr(az) 


The coefficients a,, 6, and the complex phase shifts 
6,", 6p" are to be determined by fitting the internal and 
R. The finiteness of the 
wave functions at the origin and their normalization 
imply that we may conveniently fit the functions 
[rk;Ryr"(r), rkor exp(—ibr")Ror"(r) | and [rkpRp"(r), 
rkop exp(ibp")Roe"(r) | their derivatives at r=R. 
\fter some manipulations with the various properties 


external wave functions at 7 


and 


of the Bessel functions, we obtain the results 


Zor Jn(Z1)Mn—1* (Zor) — 21 J n—1 (21) An* (Zor) 


’ 


51 jn—1(21) Mn (Zor) — Zor jn(Z1) Ans (Zor) 


Zor Jn(Zr)An—1 (Zor) — Zr Jn—1(Zr)An (Zor) 


(111.12) 


+ 


aK J n—1( 2s )hn* (Zor )— Zor dal Si )h, 1 (Zor) 


1 exp(—16,") 
: (111.13) 
or ZorJn(Z1)An—1( Zor) — 27 Jn—1(Z1) An (Zor) 
Lexp(i6p") 
(111.14) 
Sr Zor] n(Zr)h, i* (Zor) — 21 In—1\ 25 )h,* (zor) 
In order that the ordinary reaction cross sections be 
positive, we must have 


wil? <1, nr"|\" <1, 


which mean that 6;" and 6p" must have the forms 


6," 67" 4-107", bp" Up’ 1Up’ (111.15) 


where v;" and vp" are positive numbers. In the above 
relations the dimensionless numbers are obtained as 
201 ko R, ZI kk, ZR kpR, Z0F korR, z=kR., 

From the above phase shift relations it is easy to 
deduce that if all the kinetic energy of the proton is 


transformed into a photon, i.e., if zor=0, then 


Op’ _ +b (). (111.16) 


In this case the final state reaction and scattering cross 
This result confirms the kinemati 
relation that the maximum energy of the photon must 
be less than the primary energy. From the first relation 
of (111.16), we get 


sections vanish. 


Up"=nTr, ve"=(. 


The vanishing of vp" implies that V;(/)=0 for h,= Eo. 
Although kinematically the emission of a gamma ray of 
energy equal! to Eo is not possible, it would not be un- 
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reasonable if we were to assume the energy dependence 
of V; in the final state to have the form 


| 1 af’, 


(111.17) 


where a and 6 are numerical constants. 
Two other useful relations are obtained by putting 
Q in (111.12) and (111.14), giving 
(111.18) 


6," j . b a 


The 


function 


the final state 
the 


0 in the final state, since the 


that 
reduce to 
function by putting /, 


last relations show wave 


does not initial state wave 
production of a zero-energy radiation is also a transition. 
If, however, the final state wave function in the asymp- 
totic limit was chosen to contain outgoing spherical 
waves instead of ingoing ones, then /,=0 would not be 
a transition and the final state wave function would 
automatically reduce to the initial state wave function.® 

The 


internal and external transition amplitudes given by 


matrix element to be calculated consists of 


M=M+M, (111.19) 


where 


(11.20) 


M« fvernvay, f < R, 


2rh?c?\ + h 


H' exp(tk- res. (111.21) 


Mu 


The external transition amplitude M‘ follows from 
integrating over the domain r>R. 

The above formulation of the problem can also be 
applied to the radiative capture problems but this 
aspect of the inelastic reaction is not included in our 


initial conditions. 


ar hy? 

£mil¢ t 

ty | de (9? (In ; 
(2s+1)(2m+1)(2n+1)1 


o| 


i(Rir) 


2rh ‘C* 


forh s 
) : 1) ky 
where 


— 


> fexpli(m 


xX la, Bumn 


*Ingoing wave condition in the final state 


energy of the gamma ray 
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rhe 


between 


ric. 1. Angles required in the 
polarization angle (not shown in the figure 
the planes k,k,) and (k,e), where e€ i 
of the photon and lies 


gamma-ray production 
is the angle 
the unit polarization vector 
in a plane perpendicular to k 


IV. DIFFERENTIAL CROSS SECTION 


Since quite a number of angles are involved in the 


calculation, it will be found convenient if we represent 
them in Fig. 1. The angles a; and ap are related to 6,, 


#, and YI by 


COSQ] COSO;, COSE+ Sint; COSY, sing, 


COSOp COSA-+ Sindy sind cos(¢ 


COSA} 


The volume element dV and the angle between e and 


the unit vector along the r-direction are given by 


dV =r? sinddgdr, sind cos(4 


T 
respectively, and 


e-k=0. 


We can now record the matrix element M 


1) kyb ris | 


K 


drvr* ).* (Rp) Jm(kr) 


n+1 | 
jn(Rir) der | d6 sin’6P cosap) P,,(cos8) P,, (cosay) COSY YY) (I\ 1) 
kir « 


We use the addition theorem for Legendre polynomials and carry out the 


"h ‘anf drv® }.* (Rex) jm (Rr) 


yg, and @-integrations to yet 


Mi ds 


)@,,” 


m 


provides the continuit 
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The functions ©,™ are defined by’® 

5 
) - +-m,,)! 
Other constants are given by 


1)}) 
Pt 
2m—1 


A am+2 nms f dp sinbOn4 1! (« os8) 


0 


2n+1 (n 


m,)! 43 
© ,,""(cos) = ( 1y—( | P.m-(cost, 


2 


2m(m 


x ©," (cos) ©,,""""'(cos8), 
with the conditions 


s+m-+n=an odd number, 


m,+n=an odd number, 


m—s+1|)SnSm+s+1, m2O for A, 


’ 
and 


m~n+1\SsSm+n+1, m2Ofor B (IVA) 


By noting that Awmnm, and Bemnm, are obtained from 
2 
respectively, we can further simplify the expression 
(IV.3) to 


Aum+2nm, and Bsm+2nm, by replacing m by m 


’ 


(—1)*-™— "1 (2h—2s5) th! 

{ (2m+-3) 
m—1)!(h—s)\(h—n)!(2h+1)! 
1)!(m+2)!(m,+s)!(s—m,)!}3 

1)4 
2(n+-m,+1)'m! 


s+m+n-+1 and the number B follows from 
A by replacing s and n by and s, respectively, and m, 
by m 


where 2h 


1. The summation in (IV.7) is to be understood 
as g taking on all integral values consistent with the 
factorial notation, the factorial of a negative number 
being meaningless. 

From the form of M“ given by (IV.5) and from the 
definition of the wave functions, we can easily infer 
the external matrix element MM“ to be 


, AcR 
M ie( ) ( ) Zo! 
iD 


uv 
x = (—1)i*t™+"(2m-4 Hames f duu 
1 


amined) 
ne" h, (zor) +h,* (ort) | jm41 (206) 


Irh’?e wh 


Eo Me 


| 


x h,, 1* (cori) t ni"hn 1( 2974) 


n+1 | 
(hy* (297) +97"h, (Z01t)) | Vomny (IV.8) 


Zou 


” &. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), p. 176 


) 


URSUNOGLI 


Ge) 


1 
xistmtnb tay(2m+3)ams | duu) ,* (zp) 


Qrh?c?\ 4 4arh hcR 


21 


E, 


> | 


amn=() | 


M“=ie (—1)° 


E, uc 


x jmes(o| 1 (zu) 


n+1- 
Jn(Zu) 
2ju 


Pn , (IV.5) 
where 


2nms 


> [exp(i(m,gt+y))Asm4 


m8 


x ,,”™* (cosby) texp(i(m.¢g —7))Bs m+2nm, 
x0," (cosbr) ]O,™(cosby), (1V.6) 
and 


u=r/R, 


In recording the relation (1V.5), we made use of 


2m+3_ 
] m+ 1( v) 


’ 


Jm(X) t dons »( vr). 
x 


> 


The number As m+42nm, is given by 


(2s+1)(2n+1) }! 


(n+m,+q+1)!(m+s—m,—q)! 
y MTV 
(n—m,— q—1)!(m+-m,—s+q4+2)!(s q)!q! 


mM, 

The cross section for the emission of a gamma ray 
of polarization e in the energy interval (/,, k,+dk,) 
into a solid angle dQ, with the proton recoiling into the 
solid angle dQ» is given by 


dn 
da(y,¢,91,9r) |M“ + M® 
h 


9 ad 
| PF , 


por 


(IV.9) 


where py is the number of final states defined by 


(Gyo 
( 


AN, AN, 1 
prdkor . 
V, 


Tv 


2 


) Por 
h' 


uO por led Eh dQydQr 


dpordQy | 


Tv 


pr (1V.10) 


(2arhc)® 
where 
dQp=sinOrdOrdy, Eop= E=Fo— Fy. 
Integrating over the recoil proton solid angle dQr 
and summing over photon polarization, we obtain the 


differential cross section for gamma-ray emission in the 
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energy interval (£,, £,+d£,) in the form 


Rey (E\ dE, 
( )( ) dQ, 
Xr he Fo E, 


£ 


Q= Z 


smn=0 


da (61) (IV.11) 


K smntoomns (1V.12) 


K smn = 16|27|?| b,|?| Gn |21my27| Damn |?(2m+3)? 
+2017(2m+3)*am42 
+829, Re[z7b,*an(2mM4+3)*Fymn*T smnQm42 |, 


(1V.13) 


fF 2 
aemn| 


aaa z. [A sm+2 nmg" ( ),"*! (cos0,))? 


mae 


+ Bs m+2 nme" | ),,™ '(cos6,))* l, (1V.14) 


1 
Tona™ f dul m.4(or) nse 
n+1 
x(i. 1(27U) jor) ) (IV.15) 
2yu 


Zz 


ar f in| ul h,*(zoru)+ne’h,(Zortt) | jmyi(2t) 
1 


x! 1* (zor) + 97"Nn_1 (Zo) 


n+1 
(hy* (zor) +7 "h,(Zo1)) | } (1V.16) 


Zou 


The angular distribution of the radiation is contained 
in the functions Lsm,. We shall be interested in the 
experimentally measured quantities 


d’a(0;) Re EN? 1 
of EYE) 
ANdE, 84 Nhe Ko7 I 


“7 


(1V.17) 


and the total cross section o, for the emission of a 


quantum /, in the range dy, 
yf as, 


R? fe’ \ dy 
sa 
8r\hc} y 
oy] 
) (1—y)'O,, 
y 


} K eiinhioin’ 


smn=( 


0 dy 


where 


(1V.19) 
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A suitable unit in which to measure the cross section 
for proton bremsstrahlung is to take 


oo= R®(e/he)= 1.282 10°*8A! cm’, 
and write 
i 4 
a Oo 
8x LE, 


(1—y)!0, (IV.20) 


1 1 
Ot 0g ( 1 
y 


y)'Ou. (1V.21) 


The experimentally measured total cross section for 
the production of gamma rays with greater than 20-Mev 
energy by 140-Mev protons on Be? is (1.3+-0.5) 10°*° 
cm’, so that neglecting center-of-mass corrections, we 
must have 


9/10 1 
f | (1 04] dy=0.047+0.018. (1V.22) 
1/7 Vy Fy =140 Mev 


This result together with the experimentally determined 
values of @(90°) for various /, and /y can be used in 
a numerical analysis of the cross section to find the 
complex potential V. 


V. DISCUSSION 


A machine analysis of this calculation is needed to 
define the shape of the spectral curves and the energy 
dependence of the complex potential. Owing to difh 
culties in obtaining the services of a machine we were 
unable to perform the required numerical analysis of 
the cross section. An analytic approach by expansion 
in powers of y for low energies is a hopeless task and 
no such attempt will be made. However, a few quali 
tative features of the cross section can be seen without 
much complication. 

We first consider the low-frequency radiation, For 
very small /, the quantity z is small compared to 1, 
and in this case the effective dependence on z of Jsmn 
defined by (IV.15) has the form z”*! since, for OSuS1, 
we can write 


om m+i 


sr"46 
Jm+1\ ZU) — 
z=) (2m-+-3)! 


When 1<u<%, as in Fyn, defined by (IV.16), 
special care is needed to find the behavior of jm,i(2u) 
for z=0. We use the multiplication theorem" for 


spherical Bessel functions 


1)*(u*—1)¢4 


29 Ja+m+i(Z), 


7 ( 
ji (2s) = 44! > (V.1) 


a0 2%! 
where u is unrestricted, so that we can determine the 


"G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, Cambridge, 1944), p. 142 
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asymptotic form of jm,:(2u) for z—+0 in the form 


a (—1)*(u?—1)*2%4 


> gmtlymtl 


-_ a0 24q!(2m+-2q+3)! 


u’ 
Jm4i(2u) —> 
sm) u? 1 


Regardless of what « may be, the effective dependence 
Of Pym, on 2, for small enough z, has again the form 
z™*'. Thus for the production of very low-energy 
gamma rays the quantities @ and o; vary according to 
k,. It is, of course, obvious that the integrands in Iymn 
and Fymn,, for any value of z, behave well at the limits 
of integration, 

At the high-frequency limit, however, we only need 
to consider the quantities /,,,. If we use the result 
(111.16), which holds approximately for very small zor, 
then we get 


Jn (zu) 
or 


4(m+2) 
) jmyiLz(w?—1)#]. (V.2) 


h,* (zor) +ne"h, (tort) —> 27,(zoru)— 0, s>0. 


ore 


Hence for high frequencies the quantities @ and o, are 
very small. Actually, at the extreme limit of = /o, 
(tf and a, both vanish. In this way it is seen that the 
result is a closed spectrum of radiation. 

In order to see the effect of the complex potential on 
the gamma-ray production, as a good approximation 
we consider the upper limit of a typical factor 7,(zpu) 


in the cross section. From the well-known Bessel 
inequality, we can write 
(3) | ze" a! 
j,(zeu)| S exp(m Vr), (V.3) 
2+! T'(s+-#) 
where 
pR?y! Vil) 
oy Xe tive ( ) (ot ), 
h® qr 
(V.4) 
gr=LEol—y)+-Ve( EL) +(e — y)+-Vel(bL)P 
H(ViAAE)Y |], 
and 


wR? y! Ate 1 
rs a se 
h A+1 1.8 Mev! 


Let us now consider the contribution to /,,, arising 
from the initial state .S and final state P waves: 


1 
I s00 i) duu j\*(2pu) j\(2u) 7, (2;). 


By using (V.3), we obtain 


| 100 '< x [ e*(24- v4 
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where 
x= yit ye. 
In the absence of V;, we have x=0 and 
I oo|? S (zp)? (21)?(2)*/[ (27)?25 J. (V.6) 
We shall also need the inequality 
j(xeutiyen) | 2 | 7j,(xeu) (V.7) 


The latter follows from 


1 
Lexp(izeu)M ,(zeu) 
2zru 


].(Zpu) = 


+exp(—izeu)N,(zpu) |, 
where 
:. £7? OF7)! 


M (zen) =>- 


ret r!(s—r)!(2zpu)’ 


a (—1)""*"(s+r)! 


V.(zeu)=>- 


r= r!{s—r)!(2zpu)’ 


It follows from (V.5), (V.6), and (V.7) that the yield 
of radiation for a given primary energy /» is higher 
with a complex potential than with a real one. It is 
also evident from (V.5) and from R-dependence of y; 
and yy that for a fixed Ho the yield is increasing with 
mass number A. This result is in qualitative agreement 
with experiment. 

The primary energy dependence of the experimental 
spectral curves implies the inequality 


dQ/dko <0, (V.8) 


which can also be regarded as a restriction on Vr. The 
inequality (V.8) in itself is not enough to define the 
possible form of Vr, but it means that Vx is also a 
function of V;. However, the form 


Vy ak? 


obtained for the imaginary part seems to reproduce the 
qualitative features of the ones discussed by others.” 

In a numerical analysis of the series Y or Q;, the 
number of waves required to be included can, ap- 
proximately, be estimated from 


l= R/Xp, 
where 


2.1K10°4"AMC 
le f 


2Mc°A | y 


+ 
(A + 1) ko (A t 1) ko 


For 100-Mev primary energy, in the center-of-mass 
systems, in a collision with Be’, we need to include 
about 6 waves to get an approximate numerical value 
for the series. The required number of waves does not 
decrease very fast with decreasing energy ; for example, 
at 50-Mev incident energy one needs at least 4 waves 


2A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955); 
W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 (1956). 
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to include in the analysis. There is, however, a possible 
simplification of the series for small final energies of 
the protons. In this case the wavelength in the final 
state is large enough to allow a further reduction in the 
number of the final-state angular momentum states. 
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This paper is a result of several discussions with Dr. 
D. Cohen on his experiment carried out at Berkeley. It 
is a pleasure to acknowledge several fruitful conver 
sations with Dr. Cohen on the experimental details of 
high-energy proton bremsstrahlung. 
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Scattering of K* Particles from Protons and Deuterons 


JEREMY BERNSTEIN 
Nuclear Laboratory, Harvard University, Cambridge, Massachusetts 
(Received December 3, 1956) 


The direct coupling between K particles and # mesons, proposed by Schwinger, has been used to calculate 
the scattering of A* particles from nucleons and deuterium. It is shown that this interaction gives a reason 
able explanation of the observed forward peaking in the angular distribution of K* particles scattered from 
protons. The theory predicts an inhibition of elastic scattering from the deuteron. The energy spectrum 
for K* particles inelastically scattered from deuterium has been calculated assuming a simple model for 
the deuteron. There are no experiments presently available for deuterium 


I. INTRODUCTION 


ECENTLY! Schwinger has proposed a dynamical 
theory of mesons, nucleons, and hyperons in 
interaction. He has shown that one can obtain a 
qualitative understanding of phenomena involving 
production and decay of the new particles in terms of 
three basic strong couplings in addition to the weak 
interactions which are responsible for their instability. 
The three strong interactions are the well known pion- 
nucleon coupling characterized by a coupling constant 
£vx, a direct coupling between AK and m mesons, £x-, 
and a coupling between nucleons, hyperons, and K 
mesons, gx. It is argued that in the absence of all 
couplings the hyperons and nucleons form a degenerate 
mass multiplet and hence the direct interaction of a K 
particle with any pair of members of this multiplet is 
characterized by the single coupling parameter gr. 
Some of the most interesting aspects of Schwinger’s 
proposals arise because of the direct K—a coupling. 
Since the K particle has, in all probability, an isotopic 
spin of } and an ordinary spin of zero, there is no way 
of coupling a K field of definite parity bilinearly to the 
pseudoscalar m field and still preserving the invariant 
scalar nature of the interaction. That the coupling must 
be bilinear in the K field is a consequence of the 
multiple-valuedness of a single field of half-integral 
spin (isotopic or ordinary) under rotations through 27. 
The fact that the A field has spin zero makes it im- 
possible to construct pseudoscalar matrices like the 
familiar ys of the spin } theory which can be balanced 
against the pseudoscalar meson field. On the other 
hand, the occurrence of both 24 and 3m decay modes of 


1 J. Schwinger, lectures at Harvard University, Spring, 1956 
and Stanford University, Summer, 1956 (unpublished) ; also Phys 


Rev. 104, 1164 (1956) 


the A particle would seem to imply that its intrinsic 
parity is not a constant of the motion in the usual 
sense. In fact, if one introduces parity degrees of 
freedom for the K fields, making the intrinsic parity a 
dynamical 
Schwinger,! one can construct a K 
is properly invariant; see Eq. (1) 

This interaction will manifest itself in the production 
of K particles in a reaction like m~+p-+K°+A°. One 
mechanism contributing to this process will be the 
following: first p-+A + +-A° by means of the gx coupling, 
whence the At absorbs the mw directly leaving a residual 
A’. The K® produced in this way will tend to move in 
the direction of the incident m~ with relatively high 
A competing mode of production is the so 
“shaking off” transition in which the proton 


variable, then, as has been shown by 


m interaction which 


energy 
called 

first absorbs the mw, becoming a neutron, whereupon 
the neutron dissociates into a A° and a K°. This mode 
will yield an angular distribution which tends to be 
symmetric in the center-of-mass system. The fact that 
the K's produced in association with A®’s have been 
observed to peak in the forward direction in the 
barycentric system’ may indicate that the first produc 

tion process dominates the second. 

It is supposed that the relevant interactions effective 
in the associated production of A particles conserve 
parity symmetry. If @x* and @« are the K 
definite parity, then the parity-symmetric fields can be 
written as Ox;= (okt +x” )/V2 and dxa= (bxt — ok) 
v2. To conserve over-all parity symmetry, the A and 2 
must also be created in states of definite parity sym 


fields of 


metry. A K, is created in association with a A, or a 2, 
while a Ky» is created with a Ay or a Dy. As Schwinger 
has observed, the fact that A’s and 2’s are created in 


* J. Steinberger et al., Phys. Rev. 103, 1827 (1956) 
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hic. 1. The angular distribution for K*-proton scattering in 
the center-of-mass system. The Rutherford cross section is 
included and the coupling constants and incident K* energies, 
in the lab system, are indicated on the graph. The broken-line 
curve represents the experimental points as compiled at Bologna. 


mixed-parity states entails interesting consequences 
about them. In particular the charged 2’s may exhibit 
electric dipole moments as well as magnetic moments. 

The K, and K, particles have the same mass and spin. 
However, in the decay of K particles, new interactions 
which conserve intrinsic parity serve to break down 
the phase relations which characterize the parity- 
symmetric A fields. Since the even- and odd-parity 
modes may have different decay characteristics, a beam 
of K, and Ky particles will, in general, show compound 
lifetimes in decay. This has been discussed in detail by 
Schwinger' elsewhere. 

In this note we shall be concerned with the conse- 
quences of the theory for the scattering of positively 
charged K particles from protons and deuterons. 

Unlike the scattering of negative K’s by protons in 
which new particles may be produced, for example 
K +p--X'+mr , the strong interaction selection rules 
forbid any reaction except Kt+p-At+p, while for 
K*t-neutron scattering both Kt+-n—-At-+n and the 
charge exchange reaction K*t+n-—+K°+ p are possible. 
On this theory two basic mechanisms are responsible 
for K*-nucleon scattering. First there may be a virtual 
exchange of hyperons through the A-nucleon-hyperon 
interaction gx. That is 


gk pA°+ AT) gx 
K++ p—> K++ > P+K*. 
espe 


(mn the other hand, the K and nucleon may exchange 
n’s directly by the gy,s and gx, couplings. In what 
follows, we shall calculate the scattering under two 
very stringent assumptions. First, we shall assume that 
we can neglect the contribution to the scattering arising 
from hyperon exchange. Second, we shall suppose that 
in the energy region of interest, 50- to 150-Mev K 
energy in the laboratory system, the dominant force 
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which scatters the K’s is that due to one exchange of 
virtual m’s. 

Our motivations for these hypotheses are as follows: 

The experimental evidence’ indicates an angular 
distribution in the center-of-mass system which tends 
to peak, apart from Coulomb scattering, in the forward 
direction. A simple perturbation theory calculation of 
the hyperon exchange interaction shows, at least to 
this approximation (one exchange of hyperons), only 
isotropic scattering; see Appendix. To the same order 
(one w exchange), the direct K— scattering gives a 
peaked angular distribution; see Fig. 1. Furthermore 
the measured total cross sections, which are roughly 
constant in energy above 50 Mev, are about 15—20 
10°27 cm? which is, in order of magnitude, about the 
square of the pion Compton wavelength. Squares of 
lengths associated with A’s, hyperons, or nucleons are 
considerably smaller. In addition, as we shall show, 
the asymptotic potential, given by a single w exchange, 
is less singular by one power of r than the asymptotic 
nucleon-nucleon potential. Thus one may hope to 
elucidate the general features of the low-energy scat- 
tering without introducing the complications of higher 
order calculations which are no less profound here than 
in the nuclear force problem. 

Of course none of these arguments is conclusive and 
it will be of great interest to see to what extent improved 
experiments bear them out. In this connection we may 
note that the scattering computed with the one-meson 
potential goes to zero in the forward direction. Coulomb 
effects mask this but, as one can see from Fig. 1, our 
theory predicts a small-angle ‘‘Coulomb valley.” This 
structure in the angular distribution invites experi- 
mental testing. 

We have also computed the scattering from the free 
neutron. This is identical to the proton scattering, 
apart from Coulomb effects and charge exchange. In 
fact the isotopic spin dependence of the lowest order 
K*-nucleon potential via w exchange is seen to be 
(tx:tv). The AK* and proton combine only in the 
isotopic triplet state, where (t«-ty)=1. On the other 
hand, the A* and neutron combine in both the isotopic 
singlet and triplet states. In the former, (tx-tv)=—3 
and a consideration of the relevant wave functions 
shows that for the neutron there is four times as much 
charge-exchange scattering as no-charge-exchange scat- 
tering. Needless to observe, there exist no experiments 
on free neutrons. On the other hand, if we consider 


4S. Goldhaber, Proceedings of the Sixth Annual Rochester 
Conference on High Energy Physics (Interscience Publishers, Inc., 
New York, 1956), p. 1, Sec. VI and K. Gottstein, Proceedings of 
the Sixth Annual Rochester Conference on High Energy Physics 
(Interscience Publishers, Inc., New York, 1956), p. 13, Sec. VI; 
also J. E. Lanutti e¢ al., Phys. Rev. 101, 1617 (1956) and K. 
Gottstein et al., Nuovo cimento 3, 1481 (1956). The most recent 
compilation of the AK* scattering data is given in an unpublished 
report from the University of Bologna: Cocconi, Puppi, Quareni, 
and Stanghellini, Progress Report No. 3 (September, 1956), 
Institute of Physics, University of Bolonga, Nuovo cimento (to 
be published). 
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K*-deuteron scattering assuming that the A* scatters 
from the neutron and proton under the same restrictive 
assumptions upon which the A*-proton calculation is 
based, then it can be shown that the theory predicts 
twice as much charge-exchange scattering as no-charge- 
exchange scattering for deuterium. Again the techniques 
made available with deuterium bubble chambers should 
provide a test of these ideas. 

In addition to the large amount of charge-exchange 
scattering, the theory as applied above predicts no 
elastic scattering at all from the deuteron. We have 
computed the angular distribution and energy spectrum 
of the scattered K’s. The angular distribution was 
obtained by using a closure approximation in summing 
over final states. It is quite similar to the proton scat- 
tering curve in that it shows a peak in the forward 
direction and a tendency toward isotropy at large 
angles. The energy spectrum for inelastically scattered 
K’s at a given angle and incident kinetic energy was 
computed by a straightforward evaluation of the matrix 
elements. In this work we use plane waves for the K 
particle and final nucleons and a much oversimplified 
model for the deuteron. More realistic wave functions 
can be used when experimental data become available. 

The details of the proton calculation are given in 
Sec. Il along with the appropriate curves, and the 
deuteron work is discussed in Sec. III. 

II. Kt-PROTON SCATTERING 

In terms of the non-Hermitian fields ¢x; and xo, 
the direct K —m coupling may be written 
BKel (OK: tKOK1' Ge — OK2' TKOK2' Gr) 

+Hermitian conjugate |. (1) 


. : f 
If one re-expresses $x; and $x» in terms of fields o 


definite parity, it is easy to see that this interaction 
involves only odd-parity combinations of the K fields 
and hence is an over-all scalar. However K,; and Ky, 
particles retain their identity under emission and 
absorption of ’s, and when we speak of the scattering 
of a K particle we shall always mean the scattering of 
a K, or a Ky particle. One also sees from Eq. (1) that 
K, and Ky particles interact with m mesons with 
coupling constants of opposite sign. In the sequel we 
shall describe an idealized experiment based on this 
fact which in principle could be used to distinguish 
K,’s from Ky’s. 

In the nonrelativistic limit the nucleon regarded as 
the point source of a pseudoscalar meson field of 
isotopic index i takes the form 

on’'V 
gvetw'——8(r—ty), (2) 
N 


py'(f) 


where ry‘ is the isotopic spin matrix of the nucleon, 
oy the ordinary Pauli spin matrix, and My the nucleon 
mass. gv» is the meson-nucleon coupling constant and 
is chosen in these calculations so that gy,’/4r= 10. 


Gr £* 
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On the other hand, the K-meson regarded as a source 
of the w field will have the form 


px'(r)=+¢eKe7Kk'd(t—rx). (3) 


The + indicates that A,’s and K»’s interact with m’s 
with coupling constants of differing sign. We can fit 
the known data on the total cross sections for A*t-p 
scattering if we choose gx ,.’/4r= 4. This is the renormal 
ized coupling constant as defined by the asymptotic 
potential. 

The static A-nucleon potential is derived from these 
source functions by superposing them with the Green’s 
function of the m-meson field, 


exp( wy|r—r’|) 
V(\r—r'!) (4) 
4 |r—r'| 


in a way familiar from the classical theory of electro 
static potentials: i.e., 


RNe ‘ 
£LKs (ex-tnon:'OnLV(lre—ew!)]. (5) 
2Mwn 


Vn 


The differential and total cross sections which result 
from using Eq. (5) in Born approximation are easily 
obtained. Noting again that A* and proton combine 
only in the isotopic triplet state, so that (*#«-*y) can 
be set equal to unity, we have 


) ) 


da 8kr' £Nw q’ (“"") 
dQ) 4m Aw (p?+y,’)?\My 

LK ‘. a ( I ) 

4dr An Ny, 

2(P/u,)*(1—cos8) Mroa\’* 
x ) ~ 
[2(P/u,)?(1—cos) +1 PX My 

with h=c=1. Here, and elsewhere, g is the momentum 
transferred to the A-particle, ? is the incident A 
momentum, yu, the meson mass and pyoq the reduced 
K-nucleon mass. The cross sections are given in the 


barycentric 
Coulomb scattering, and Fig. 1 shows a plot of Eq. (6) 


system. To Eq. (6) we must add the 
at various energies with the Rutherford cross section 
added on. The broken line graph represents a compila 
tion of the experimental data made at Bologna.‘ The 
K mesons have an incident energy ranging from 50 to 
150 Mev in the laboratory system, but the small number 
of events thus far studied have not been separated 
into energy groups in this graph. The Coulomb scat 
tering has been subtracted and the experimental curve 
represents the A scattering alone. It is clear from 
Puppi, Quareni, and Stanghellini, reference 3. We 


are grateful to Dr. J. J. Sakurai of Cornell University for supplying 
us with a copy of this work 
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Vic. 2. The total cross section for K*-proton scattering as a 
function of the incident K* energy in the lab system 


Fig. 1 that the simple model proposed here is adequate 
for the existing experimental results 

We may remark that in deriving Eq. (7) we have 
assumed that the initial protons are unpolarized and 
have averaged over initial and final spins. This spin 
summation eliminates the interference term between 
the Coulomb and A-nucleon scattering which would be 
linear in +gx,. Now we may imagine an experiment 
in which the spin of the target protons is tied down by 
an ideally strong magnetic field, for example. A, and 
AK,» scattering from such a target would be differentiated 
analyzed by 
rescattering from a second target in which the proton 


in angular distribution and could be 


spins were also polarized. For in the double scattering 
from polarized targets the Coulomb interference terms 
which are linear in +¢x, would not average out and 
would produce an effect which could in principle be 
measured 

The total cross section which is obtained by inte 
grating Eq. (6) over all angles is given in Eq. (7): 


I ’ kK eine Mred : 
eS 
My dn 4n \My/J (4P*/u,’) 


4p" 
x os( 1 { ) oe 
by (py?/4P*)+1 


Figure 2 shows a plot of or as a function of the 
incident (lab) kinetic energy in the range from 0 to 
200 Mev. The maximum in Fig. 2 corresponds to a 
wavelength of the incident A of the order of 1/p, 
There is no clear-cut experimental evidence as yet 
which bears on this energy dependence. 

We turn next to a discussion of deuterium scattering. 


Ill. K'-DEUTERIUM SCATTERING 


In computing the scattering of A* particles from 
deuterium we shall take as our interaction simply the 
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sum of nucleon potentials, 


bs ) | 
Kr {(exn-2:)01° ViLY( ¢ daead S| )] 


N 


Vk D 


+ (2K 22)00° Vol V( rK—To ) J}. (8) 


The first remark is that Vx—p has no diagonal matrix 
elements between nucleon isotopic singlet states. For 
in the isotopic singlet state «;=— ‘2, so that (*#«-) is 
effectively tx-4}(*;—*2) and this operator has no 
diagonal matrix elements. Hence, if V xp is the domi- 
nant force in At-deuteron scattering, there should be 
little elastic scattering apart from Coulomb effects. 
If experiments reveal additional elastic scattering, it 
would be an indication of the importance of higher 
order terms in virtual pion exchange scattering or of 
the importance of the other modes of A* scattering 
discussed in the introduction. Experiments will soon be 
available. 

We now turn to the inelastic scattering. 

For the deuteron two kinds of inelastic reactions are 
possible ; ‘“charge-elastic” scattering K*+d—Kt+n-+ p 
and charge-exchange scattering K++d—K°+ p+ p. If 
we are interested in estimating the differential cross 
section for K particles, charged and neutral, a simple 
approximation is to use the completeness of the final 
states to replace the sum over squares of matrix ele- 
ments by the matrix element of the square of Vx—p 
between the deuteron ground state wave functions and 
plane waves representing the K particle. A calculation 
then shows that 


da do 
o( ) l- § feesivol dr}. (9) 
AQMD dQ proton 


Here (do/dQ) proton 18 the differential cross section for 
free-proton scattering and gq is the momentum trans- 
ferred to the K particle. In deriving Eq. (9) one adopts 
the physical picture in which a single nucleon in the 
deuteron scatters the incident K as if it were not bound. 
Thus the momentum transferred to the A particle, q, 
is fixed by the kinematics of a free-particle collision in 
the lab system. The g dependence of the form factor 
in Eq. (9), which represents the interference between 
the two nucleons, results if the momentum of the 
second nucleon is integrated over. This form factor is a 
monotonically decreasing function of g, indicating that 
the two-nucleon binding becomes less effective in 
inelastic scattering as the momentum transfers become 
larger. The factor of six in Eq. (9) comes from the 
isotopic spin dependence of V xp and indicates that 
for deuterium this potential predicts twice as much 
charge-exchange scattering as no-charge-exchange scat- 
tering. 

In Fig. 3 we have plotted Eq. (9). In this calculation 
we have taken Wp to be a wave function of Hulthén 
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) 1 yar Br) 
ar,/ (4)! 


where a and # are chosen to give the correct deuteron 
binding and triplet effective range. We have included 
the Coulomb scattering which adds to the sharp forward 
peak in the angular distribution in the lab system. It 
3 is actually a plot of the 
“charge-elastic”’ K*-+-d—K*-+-n-+ p, 
which differs from the total differential cross section 
by a factor of three. 

It is interesting to find the cross sections for indi- 


TERING 


should be noted that Fig 


cross section, 


vidual processes by a straightforward evaluation of the 
matrix elements of Vx_p 
We begin by considering the charge-elastic reaction. 
As we have noted previously, the isotopic singlet 
nature of the deuteron implies that the isotopic spin 
operators in Vx-p may be written as tx-}(*; 
Hence the only transitions are to isotopic triplet nucleon 


2) 
states. For charge-elastic scattering, tx-}(*;—,) is 
effectively unity and we shall write our matrix elements 
with the isotopic spin dependence taken out. 

The two nucleons in the final state may combine into 
an ordinary spin triplet or singlet. Hence there are 
two relevant matrix elements, My; and M 


RNe 
Mr=4 


taf dradede e'PL Ky * (41,82) x1™ 
2M y 


xin (nr roe? h(ritre ePi “| (10) 


Here x," is a triplet spin function and P7(r,r2) is the 
final triplet spatial wave function for the nucleons, ? 
and P, are the initial and final K momenta and P is 
the the deuteron center of 
similar expression can be written down for scattering 


momentum of mass. A 
into the spin singlet state 


If we introduce the customary notation, 


SUP), fe P Wr*(r)Wp(r)dr, 


then in the lab system 
F gNr q 
day 3 LK - [S4(qg 2)7 
(2M)? (Gris) 
dP, 
dP 6(k, T ky t ky 


(29)* (27)! 


2ruK dP, 
x iit) 
P 


«6(P,+P.,+P,—P,). 


OF 


PR 





Fic. 3 
reaction A‘ 
the deuteron 


The angular distribution for A‘’s scattered in the 
td+K*+n+p. A Hulthén function is assumed for 
rhe angles and energies are in the lab system 


The factor 4 represents the spin average and the 6 
the energy and 
momentum; ¢€ is the deuteron binding energy. lor the 
may define a quantity S'(?) 
similar to S#(P)7 and derive a quantity do 


functions express conservation of 


singlet scattering we 
, where 


PNe y’ 
da 8 H UL K 


g [LS4(q/2)s 
(2M)? da 


(Q?+ur’) 


2ruK dP, dP, 
x dP b( E+ het hy — ky +6) 
3 


P,). 


(2r)* (27) 


«6(Pi+P.+P, (12) 


As always, qg is the momentum transferred to the A 
particle 

For simplicity, we shall replace wr and Wy by plane 
waves and shall take for Pp an exponential with a 
normalization corrected by the triplet effective range, 
” ies ( 2a ) 
(4r)'r\1—ar 


¥p 


Since we are interested in the energy spectrum of the 
K’s 
integrate over all final nucleon momenta consistent 
the We take the 
nucleons to be nonrelativistic and neglect the binding 
energy of the with to the 
energies involved in the problem. The integrations can 


scattered through some given angle, we must 


with conservation equations may 


deuteron respect kinetic 


be done in closed form and the energy spectrum reads 


da YN 


2a UK 


ar,) Vf 


9 Oxy 2 y 


dhdQ lr 4n (Pris)? (1 
P,{1 1 
vee 
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hic. 4. The energy spectrum for K*’s inelastically scattered in 
the reaction K*+d-—-K*+n-+ p. The deuteron wave function is 
taken to be an exponential with the effective-range normalization 
The incident K* energy is chosen to be 80 Mev in the lab system 
and the scattering angle is 80°. 


rom the kinematics, we have 


K=((P?—P/)(Mw/2ux)—-4¢ }. 

If the neutron and proton in the deuteron were to 
serve as free-particle scattering centers initially at rest 
in the lab system, then the final At energy at a given 
angle would be fixed by the kinematics. In fact, the 
actual theoretical energy spectrum, which is plotted in 
lig. 4 for an incident A* energy of 80 Mev and a 
scattering angle of 80°, is peaked about the energy 
given by the free-particle kinematics. The shape of the 
peak, however, reflects the shape of the momentum 
distribution of the nucleons in the deuteron. If a more 


realistic deuteron wave function were to be used, then 


the shape of the peak would be changed somewhat but 


the general features of the energy spectrum, which are 
largely given by the 1/[a*®+(K 
as indicated in Fig. 4. It is also possible to take into 


4q)* | term, would be 


account, theoretically, interactions between final nu 
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cleons. Jankus® has done this for inelastic electron- 
deuteron scattering and similar methods are applicable 
to this problem. 

In Born approximation the energy spectrum for 
neutral K’s produced in the charge-exchange reaction 
K++d—K'+ p+ will have the same shape as Fig. 4. 
We note again that the isotopic spin dependence of 
Vx—p implies that there is twice as much charge- 
exchange scattering as no-charge-exchange scattering. 

It is our hope that the relatively simple considerations 
of this paper will serve to stimulate further experiments 
on K* scattering. 
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APPENDIX 


In this Appendix we wish to record the potential 
between AK* particles and protons which results if the 
virtual hyperon exchange interaction is calculated in 
lowest order perturbation theory : 

gr’ 1 1 

Vr + fons Ix). 
MK Kx +Ma— My Ex + M:- M N 

It is clear that this potential gives isotropic K+ proton 
scattering. Furthermore this scattering will not interfere 
with the lowest order virtual m exchange scattering 
since such interference terms involve the nucleon spins 
linearly and hence vanish in the spin summation. 


*V. Z. Jankus, Phys. Rev. 102, 1586 (1956) 
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Z Dependence of Positive Pion Production by 340-Mev Protons* 


WiciiAM Imuor,t Harry T. EAsterpay,f AND Victor Perez~MENDEZ 
Radiation Laboratory, University of California, Berkeley, California 


(Received December 13, 1956 


The relative yield of positive pions produced in various elements by the 340-Mev external beam of protons 


from the 184-in. Berkeley cyclotron was measured using a counter telescope to identify the mesons. The 


target materials used were Li (normal), Be, BY, B", C, 
with energies 36+4 Mev and 63+4 Mev were observed at an angle of 135 


Mesons from these elements 


Al, Cu, Ag, and Pb 


relative to the proton beam 


The effect of the penetration of the protons into the heavier nuclei on the resultant yield of pions was 
observed and the result compared with Gasiorowicz’s theory. In the lighter nuclei, the effects of the increasing 
momentum-density distribution from Li to C were noted and approximate 1/e values were obtained for 


assumed Gaussian momentum distributions 


I. INTRODUCTION 


HE production of pions from complex nuclei, as 

contrasted with the production process 
from a free nucleon, is complicated by the effects of 
binding energy, internal momentum, the exclusion 
principle, the Coulomb barrier, and meson reabsorp 
tion.! Some experimental evidence for these modifi- 
cations lies in the observation that the efficiency of 


basi 


photoproduction of pions exhibits approximately an 
A~! dependence.?* The production of pions by proton 
bombardment is complicated further by the interaction 
of the incident protons in nuclear matter,‘ resulting in a 
more complicated A dependence for the production 
efficiency. In order to learn more about such processes, 
we bombarded Li, Be, B"’, B", C, Al, Cu, Ag, and Pb 
targets at the Berkeley 184-inch cyclotron, and counted 
positive pions emitted at 135° to the beam line. 


II. EXPERIMENTAL METHOD 


The experiment was done by using the scattered 
external beam of 340-Mev protons produced by the 
184-inch Berkeley cyclotron. The experimental arrange- 
ment is shown in Fig. 1. The proton beam current was 
monitored by a parallel-plate ionization chamber filled 
with argon. The positive pions emitted from the target 
at 135° to the incident proton beam were counted by a 


telescope consisting of three plastic scintillators in 


which identification of the pions was made by their 
characteristic r to uw decay.’ The scintillators were 3 
in. by 3 in. by 4 in. in size and were each viewed by a 
matched pair of 1/21 photomultipliers, thus insuring 
a fairly uniform pulse-height response over the area of 
the scintillator. The operation of the counter telescope 

* This work \tomic Energy 
Commission. 

t Present address 
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t Present address: Department of 
Oregon, Eugene, Oregon 

'R. E, Marshak, Meson Physics (McGraw-Hill Book Company, 
Inc., New York, 1952 »p 72 

2 RK. F. Mozley, Phys. Rev. 80, 493 (1950) 

*R. M. Littauer and D. Walker, Phys. Rev. $6, 838 

4S. Gasiorowicz, Phys. Rev. 93, 843 (1954). 

§ Jakobson, Schulz, and Steinberger, Phys. Rev. 81, 894 (1951). 


was supported by the U. S 
Lockheed Aircraft Corporation, Palo Alto, 


Physics, University of 


(1952) 


is as follows: Output pulses due to the passage of 
charged particles through the first two plastic scintil 
lators were selected at a sufficiently high bias to 
The 
output pulses of the first two scintillators were fed to a 
diode-coincidence oxI0° and the 
output was amplified and used to trigger a fast uni 
vibrator circuit which produced a gate pulse 6X10 
sec wide. This gate pulse was delayed by 3X10°* 
and put in coincidence with pulses obtained from the 
third scintillator. In order for a positive pion to be 
counted, it had to pass through the first two scintil 
lators with sufficient d//dx, then stop, and decay into 
aw meson in the third scintillator within a time interval 
of 3 to 9X10°* sec. Thus, by requiring the pions to 
stop in the third scintillator, the energy band accepted 
by the telescope is determined by the amount of 
absorber placed in front of the telescope. Figure 2 
shows a block diagram of the electronic circuitry. 

The accidental counts in the telescope were deter 


minimize the response to low d#/dx particles 


circuit. (7 sec) 


% 


SCC 


mined by use of a duplicate coincidence circuit in which 
the gate pulse was delayed by 1210-8 sec and which, 
because of the long delay, counted mostly accidental 
counts. The tracking of the two circuits was checked 
periodically by triggering the gate generator with an 
auxiliary 1-Mc pulser while the telescope was in its 
normal counting position in the cyclotron beam. As 
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lic. 2. Block diagram of electronic detecting apparatus 


there is no time correlation between the megacycle 
pulses and the detector pulses, both circuits should 
have statistically equal counting rates under these 
conditions, and their counting efficiencies were adjusted 


The tracking stability of the circuits 
ms 


accordingly 


deviated less than 5% during the entire experiment 
Because the background counting rates were always 
maintained at less than 30%, of the meson count, these 
fluctuations could, at most, contribute a 2%, error 

The targets were all considerably larger in cross 
than the 


thicknesses ranging from 1 g/cm?* to 1.75 g/cm’. The 


sectional area proton beam and were of 


boron targets were in the form of compressed powder 
thick. A 


similar container was necessary to protect the lithium 


held in place by aluminum foils 0.002 in 


from the air. Identical empty containers were used to 


obtain the background counting rates for these elements. 
III. RESULTS 


Corrections were made for the nuclear absorption 
of the proton beam and the nuclear interactions of the 
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ELATIV 


yields per proton in the nucleus at 
135° produced by 340-Mev protons and by 335-Mey 
strahlung. Both sets of data have been normalized to a carbon 
value of 1.00. Curve A describes the photomeson yields predicted 
by Brueckner, Serber, and Watson on the basis of the optical 
model for a meson mean free path of 2ro. Curve B represents the 
pion production efficiency for 340-Mev proton bombardment 
predicted by Gasiorowicz for a meson mean free path of 2ro 


brems 


{AND PEREZ-MENDEZ 
emitted pions in each target, and for the variation 
between various targets of the energy resolution of the 
detector. None of these corrections amounted to more 
than 4%. Corrections that would merely change the 
detection efficiency by the same factor for all targets 
were not considered because only the Z dependence at 
each meson energy was of interest 

Table I gives the final data after the corrections were 
applied to the raw data. The errors shown are the 
standard deviations due to the counting statistics. 


IV. INTERPRETATION OF DATA 
A. Interaction of Incident Protons 


Figure 3 shows the Z dependence for the production 
of 36-Mev pions at 135°47° to the incident beam by 
340-Mev protons and by 335-Mev_ bremsstrahlung.® 
A comparison of the two sets of data for target nucle! 
heavier than aluminum indicates that the pion- 
production efficiency drops off faster with increasing A 


Pase I, Relative positive-pion yields per proton in the nucleus 
at 135° to the incident beam produced by 340-Mevy protons. At 
each pion energy the relative yields have been normalized to a 
carbon value of 1.00 


energ 


4 Mey 


Pion energy, Pion 
3644 Mey 634 


0.569+4-0.272 
0.568-+-0.089 


0.858+-0.077 
0.892+-0.039 


0.971 +-0.048 
1.034+0.051 
1.000+0.031 


0.826+0.112 
1.061 +40.118 
1.000-4-0.104 


0.9504-0.054 
0.745 4-0.043 
0.453 40.033 
0.321 40.027 


under proton bombardment than under gamma bom- 
bardment. It has been pointed out by Gasiorowicz‘ that 
in the former case meson production is possible only in 
the “front” of the struck nucleus due to the energy 
degradation of the incident protons in nuclear matter. 
Figure 3 shows the A dependence for the production 
efficiency predicted by Gasiorowicz for a proton mean 
free path in nuclear matter of about 4.3K10°" cm 
and for a meson mean free path of 21, where 
r= (nuclear radius) 
the photomeson yield curve predicted by Brueckner, 
Serber, and Watson’ on the basis of the optical model 


Because internal 


A‘, On the same graph is shown 


for a meson mean free path of 27 
momentum, discussed in the next paragraph, has a 
dominant effect for elements lighter than aluminum, 
these theoretical curves have not been extended into 


i) 


this region.** 


‘Imhof, Perez-Mendez, and Easterday, Phys. Rev. 100, 
1798(A) (1955); W. Imhof, thesis, University of California Radia 
tion Laboratory Report UCRL-3383, April, 1956 (unpublished 

7 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951 

*M. Lax and H. Feshbach, Phys. Rev. 81, 189 (1951) 

*E. M. Henley, Phys. Rev. 85, 204 (1952) 
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B. Internal Momentum 


The increase in meson yield in the light elements 
from lithium to carbon can be explained in terms of the 
internal-momentum distribution of protons in these 
nuclei, for, under the conditions of this experiment, the 
yield of 36- and 63-Mev mesons from a proton at rest 
is kinematica!ly impossible. 

The Z dependence for the production of 36-Mev and 
63-Mev pions at 135° by 340-Mev protons as well as 
Clark’s data” on the production of 40-Mev pions at 
140° by 240-Mev protons is shown in Fig. 4. For each 
of these experimental conditions Table II lists the 
minimum momentum, /o, that the struck nucleon has 
to have in order to make the reaction possible. For the 


purpose of calculating P?) it was assumed that in the 
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Fic. 4. Relative yields per proton in the nucleus of 36-Mev and 
63-Mev pions at 135° produced by 340-Meyv protons and of 
40-Mev pions at 140° produced by 240-Mev protons. Each set 
of data has been normalized to a carbon value of 1.00, carbon 
being the most accurately measured element common to all three 
experiments, 


proton-proton collision the final nucleons form a 
deuteron. Such a deuteron-forming reaction accounts 
for about 70% of the w*’s produced in p-p collisions." 
It was also assumed, as proposed by Neher," that 20 
Mev must be supplied to cover 8-Mev binding energy 
for the removed proton and approximately 12 Mev 
for the excitation and recoil of the residual nucleus 
As the value 20 Mev is somewhat arbitrary, Py) was 
also calculated on the assumption that 30 Mev must 
are 10% to 


14% higher. In applying these values of Po to estimate 


be supplied. The resulting values of ); 


 T). L. Clark, Phys. Rev. 87, 157 (1952 

MM. Gell-Mann and K. Watson, Annual Review 
Science (Annual Reviews, Inc., Stanford University, 1954), 
p 219 

2... K. Neher, thesis, 
Laboratory Report UCRL-2191 


of Nuclear 
Vol. 4 


University of California Radiation 
April, 1953 (unpublished) 
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TABLE II. Minimum momentum, Po, that the struck nucleon 
must have in order to make the reaction possible given as a 
function of meson angle, pion energy, and proton energy 


Meson angle Pion energy Proton energy 
Me M 


¢ 


x6 $40 
63 340 
410 240 


internal-momentum distributions, as discussed later, 
the resulting differences in the 1/e energy values are 
about 5%. Such differences are smaller than the errors 
introduced by the counting statistics in cases I and 
II, so only results based on the supplying of 20 Mey 
to the residual nucleus will be given 

It is seen that the higher the value of Po, the greater 
is the variation of meson yield with atomic number for 
elements lighter than carbon. This suggests an increase 
with atomic number of the occurrence of high 
momentum components in the momentum distribution 
The data indicate that the protons in B" have a larger 
mean momentum than in B", although, because of the 
statistical error, the difference of the two cross sections 
is not very significant. 

The apparent difference in average internal mo 
mentum between the light nuclei can be expressed 
quantitatively in terms of the change in 1/e value for 
assumed gaussian momentum distributions. The experi 
mental ratios were first corrected for meson and proton 
absorption as discussed above. Assuming the 1/e value 
for carbon, E, to be 19.3 Mev, the 1/e 
and Be, £y; and Eye, respectively, were adjusted to 


values for Li 


predict the corrected experimental pion production 
from Li and Be the 
assumption that all the protons in a nucleus with an 
than 1 

effective in producing the mesons observed 
of Ey; and Ey, so obtained are given in Table II] 


This calculation was made on 


internal momentum greater are equally 
The value 
The 
errors indicated are due solely to the counting statistics 
of the experimental data 

In view of the simplified nature of these calculations 
one should probably take the absolute values le 
seriously than the relative values 

Wattenberg ef al. have obtained internal-momentum 


distributions from studies of the high-energy photo 


rasie III. Relative 1/e values for Gaussian distribution 


Ey! ! te Ky 
Me Me Me 


14.141.4 
14.643.0 


19.94+2.0 
19.44-1.5 


4 Wattenberg Wilson 


Rev. 104, 1710 


Odian, Stein 
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IMHOF, 
ejection of neutrons and protons. They obtained 1/e 
values of 9.04+1.0 Mev and 19.74+1.5 Mev for Li and 
C respectively, indicating the same general trend among 
the light nuclei as observed in this experiment. 

Wilcox and Moyer" find by bombarding light nuclei 
with 340-Mev protons and detecting two emerging 
protons in coincidence, that the protons in beryllium 
have a larger momentum than the protons in lithium 
Beryllium and boron were seen to be rather similar. 


“4 J, M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
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Cloud Chamber Investigation of Anomalous 06’ Particles* 


J. A. Kapyx, G. H. Tritiinc,t R. B. Lercuton, anp C. D. ANDERSON 
California Institute of Technology, Pasadena, California 
(Received December 14, 1956) 


Fighteen anomalous , ( xn0m), decay events observed in the California Institute of Technology magnet 
cloud chambers have been analyzed. Many of these decays are dynamically inconsistent with the r°—>7* 
+a +7” scheme, but most are consistent with the decay processes: Panom a’ +m ty, T* +n’ +v, and 
w'-+e'+yv. However, at least one event is inconsistent with each decay scheme. From the locations of the 
decays in the cloud chamber, the lifetime is found to be significantly longer than that of the normal # 
particle, called here the ®,2 particle. Other differences in the behavior of the ®anom and 0,2 particles were 
also observed in the (a) momentum distributions, (b) origin locations, (c) relative numbers of @’4nom and 
2 particles traveling upward, and (d) the types of V particles produced in association with the @anom and 
#2. tis concluded that not all the ®xnom decays can result from alternate decay modes of the #2. Moreover, 
many decays can be neither r° decays nor alternate decays of the 2 

The characteristics of the @, particle proposed by Gell-Mann and Pais are consistent with those of the 
? seom particle, with the possible exception of the observed types of associations. An estimate was made of the 
relative number of ®auom LO x2 particles observed to decay in the cloud chamber. If all ®xuom decays are 
assumed to arise from decays of the @, particle, then a lower limit for the , lifetime is found to be about 
10 * sec 


I. INTRODUCTION the mass of either secondary required to be greater 


than that of a m meson. 

2. The Q values calculated on the basis of mt+7 
secondaries are incompatible with the accepted #2 
Q-value of 214 Mev,® and as a group are inconsistent 


I'THIN the past few years, several groups have 
reported neutral V-particle decay events in 
compatible with either the A° or the @,. decay! 
schemes.’ ® The general characteristics of these events 


, , a ‘ , j Ov: > 
which will be referred to as anomalous @ decays with any unique () value. 


3. For many of the events, particularly those having 
the lowest ( values, the line of flight of the primary as 
by the vector sum of the secondary 


(OP snom) are as follows 


determined 


1. The positive secondaries of most of the events are 
momenta does not pass through any of the visible 


observed to be lighter than a proton, and in no case is 
interactions above the cloud chamber. 
* Assisted by the joint program of the Office of Naval Research 
and the U.S. Atomic Energy Commission 
t Now at the Ecole Polytechnique, Paris, France 
‘The term @,2 will be used to describe either the observed 
decay or the neutral A particle from which this decay 


The characteristics listed in the foregoing strongly 
suggest that the @anom decays involve at least one neu- 
tral secondary. A variety of decay schemes which have 
been suggested to account for these observations will 


nr’ tn 
arises 
* Van Lint, Anderson, Cowan, Leighton, and York, Phys. Rev 
94, 1732 (1954) 
‘RK. W. Thompson ef al., Phys 


be discussed later. 


Rev. 90, 329 (1953); Huggett, The events discussed in the present paper were 


Burwell, and Thompson, Phys. Rev. 98, 248 (1955); Fourth 
{nnual Rochester Conference on High-Energy Physics, 1954 
(University of Rochester Press, Rochester, 1954). 

‘Arnold, Martin, and Wyld, Phys. Rev. 100, 1545 (1955); 
Ballam, Grisaru, and Treiman, Phys. Rev. 101, 1438 (1956). 

® See Vol. 3 of Progress in Cosmic-Ray Physics (North Holland 
Publishing Company, Amsterdam, 1956) 


obtained with the California Institute of Technology 
21-in. and 48-in. magnetic cloud chambers triggered 
by cosmic-ray penetrating showers. The apparatus® 


®V_A. J. van Lint, Ph.D. thesis, California Institute of Tech 
nology. 1954 (unpublished) 
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and measuring techniques’ have been described 
previously. Over a period of 3} years, about 80000 
photographs have been taken which have yielded 
18 Panom decay events. These events have been analyzed 
to determine whether or not they exhibit the charac- 
teristics described above. The properties of the nom 
particle itself were investigated as well as its possible 
decay schemes, and we find® that the @anom is not the 
same particle as that which gives rise to the @,2 decays. 


List of Symbols 
In the discussion of the data, the following symbols 


are used: 


> 

P., I., My 
respectively, of the positive or negative secondary, 

P=the vector sum of the momenta of the charged 


the momentum, ionization, and mass, 


secondaries, 

P,=the component of P perpendicular to the line of 
flight of the @xnom particle. P, is also equal to the 
component of momentum transverse to this line of 
flight of any neutral secondary or secondaries and is the 
same in both the laboratory and the center-of-mass 
systems, 

Po, Mo 
particle, 

QO(1,2) 
two-body decay into the charged secondaries 1 and 2, 

6=the included angle between the V° secondaries, 

6=the angle between the assumed line of flight of the 
P anom particle and the plane determined by the tracks 
of the charged secondaries, 

a= (P,?— P_*)/P*, 

7B = Po/ Mo. 


Momenta and mass are expressed in energy units of 
Mev/c and Mev, respectively. 


the momentum and mass of the primary 


the 0 value computed on the assumption of a 


II. DATA 


A group of neutral V events were selected from all 
observed decay events using one or more of the following 


criteria : 


1. The ionization and momentum of the positive 
secondary restricted its mass to be less than the proton 
mass, 

2. The quantity P_ sin? exceeded 118 Mev/c by an 
amount outside experimental error.’ 

3. a<0 for an event for which P>300 Mev/c.” 


No ordinary A°® decay event can satisfy any of these 
criteria. In addition, it was required that no event 
could be interpreted as a charged V, r—y, or pe 


7 Leighton, Wanlass, and Anderson, Phys. Rev. 89, 148 (1953) 

8 Kadyk, Trilling, Leighton, and Anderson, Bull. Am. Phys 
Soc. Ser. IT, i, 251 (1956) 

9J. P. Astbury, Nuovo cimento 12, 387 (1954), 

 Armenteros, Barker, Butler, and Cachon, Phil 


1113 (1951). 
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INVESTIGATION 


Fic. 1. Event No. 31855. The @,.,om event occurs in the midst 
of a shower, and is visibly out of line with the origin, indicating 
a relatively large momentum of the neutral secondary. Coming 
from the same origin is a probable A* meson, identified by its 
life in the chamber, 5.5 10~" sec, which is much longer than the 
y* lifetime. The K* and @anom are probably associated 


decay," or a scattering. There are 256 events satisfying 
these criteria. 

The group of @xnom particles which are described 
in this paper were selected from the above 256 events 
on the basis of the calculated O(at,r~) value of the 
decay. A Panom decay was required to have a O(mt,r ) 
value differing by at least two standard deviations from 
the Q value (214 Mev) of the @,, decay. Eighteen 
P snom decays were identified in this way. Some of the 
more striking examples of these events are shown in 
Fig. 1 through Fig. 4. 

The results of measurements made upon the tracks 
Table I, and Table II 


gives some of the principal features of the events 


of the secondaries are listed in : 
Values of 6 and Py were obtained only for those events 
in which the existence of a clearly defined interaction 
above the chamber permitted an unambiguous choice 
of origin. 

It is clear from examination of these tables that the 
present sample of events exhibit the same chara 
set forth in the In 


particular, the existence of a decay scheme in which two 


teristics as those introduction 


4 One event (69328) could be a decay in flight of a w* meson 
traveling upwards, but this interpretation seems very unlikely 
on the basis of the long lifetime of the u* meson 
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Fic. 2. Drawing of Event No. 31855. The origin of the ®snom 
and K* particles are indicated by point 0. The line of flight of the 
P nom particle is indicated by the dashed line. 


charged secondaries no heavier than a w meson and at 
least one neutral secondary are produced appears to 
be strongly indicated. 


. Origin 


Fic. 3. Event No. 47202. This event is the only known example 
Of a Pxnom decay wherein both secondaries can be identified with 
certaintyjas mesons. Unfortunately, neither secondary can be 
identified’as a w or « meson, This is one of the few ®xnom events 
which could be a r°->r*t +> + 7° decay. Also, this event is one of 
four Pxnom events in which the primary travels upward 


LEIGHTON, 


AND ANDERSON 


III. DECAY SCHEMES 


In order to discuss the compatibility of the data 
with certain specific decay schemes, a mass for the 
primary particle must be assumed. In the following 
analysis, the primary mass has been chosen to be equal 
to the mass of all currently known K particles, 965m, ;” 
a justification of this choice will be made later. Four 
specific decay schemes will now be discussed in detail. 


(1) @ nom =v >2t + x°+80 Mev 


Scheme (1) was an early suggestion to account for 
the ®anom decay mode as the neutral counterpart of the 
decays. Event 47202 may be 
decay, since this event is best 


well-known 7r* and +r 
evidence for the r° 

interpreted as an example of decay (1) on the basis of 
dynamics and the identification of both secondaries 


as L mesons. However, evidence that not all of the 


e~ 


Fic. 4. Event No. 45766. In this unusual @ynom event the 
negative secondary which is identified as an 1 meson is emitted 
very slowly and appears to stop in the front glass. An electron of 
momentum 49+-6 Mev/c appears to come from the end of the 
negative secondary track indicating that a ~~—e~ decay occurs 
in the front glass. Since a x~ would almost certainly be absorbed 
in glass, this suggests that the ® nom negative secondary is a uo. 
Unfortunately, it is impossible to prove that the secondary could 
not have undergone a ~—y™ decay inside the poorly illuminated 
region of about 1 cm width near the front glass; it is even possible 
for the secondary to have stopped in this region. Although no 
origin is present for this event, a lower limit on its life in the 
chamber was found to be 4.3 10~" sec 


2 A.M. Shapiro, Revs. Modern Phys. 28, 164 (1956). 
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TABLE I. Main features of ®.nom secondaries. 


Event P, I, M, 
No. (Mev/c) (1 min) (ms) 


\ 


—, 
Oo 


<320 
<500 
<400 
<330 


04480 105_.,+# 
19143" 250 +23 
31855 156 +6 
35045 132_22.+% 
36537 * 
36894 
37663 


A 
\ 


wn 


A 
\ 


/N 


‘\ 


RNR OWEN NEK RENNES 


<310 
<1800 
<1800 
<350 
185-350 
150-340 
<800 
<300 
<550 
<12 


\ 


233 +19 
655 1007 48 
39522 562_150*3° 
457066 192 +12 
47202 101 +6 
56500 51_,+” 
56791 355 ss”? 
57680 107 +11 
60134 226 +9 
69328 11.9+.9 


A 


moeobunr 


Via 


w= 
~ 


A 
Mn 


\ 


no 


A 


P 
(Mev/¢ 


48-in. chamber 
120_,,*1 <1. 


<280 
170-320 


88+5 3 
mea 160-200 
2. 
5. 


1.6 
88+-5 1.5 
330_1107™ < 
206+ 12 < 
75 14t? 1.5-3.0 
360435 <2.0 
547 -1107!™ <2.0 
30+4 6.5-10.0 150-250 
94+6 1.5-3.0 170-320 
89_,,*20 <2.6 < 380 
120_s9*™ 2.0-4.0 150-500 
610 sot Z 5 1000 
389_5,+78 <1,5 <900 
200_+7*% 5 <380 


( <1500 
: <400 
110-330 

<900 
<1700 


21-in. chamber 


594 +57 <2.0 
5951107! <20 


+34 <2.0 


<1500 
<1500 
<1400 


10475 
12590* 
20923 554 


12473307” 3000 10.0 
243 6° © “ < 600 44 2 
198_3,;+™ <400 §2.2 


® Given are the results of remeasurement of Events 19143 and 12590 which were published in reference 2. Event 15329 upon remeasurement seems to be 


somewhat dubious and has been omitted from this sample, 


P anom decay events could be accounted for in this way 
has already been reported,?* and further evidence on 
this point can be obtained from the present data.® 
One event, 69328, has an electron secondary, and 
cannot be a r° decay. Four of the events listed in Table 
II have O(x+,r~) values greater than 100 Mev, and are 
quite unlikely to be 7° decays. 

Additional proof that not all @anom decays are of the 
7° decay scheme can be obtained from a study of Fig. 5. 
Curve A shows the relationship between Q(a+,w~) and 
the momentum, P?*(Q), of the neutral secondary in the 
c.m. system of the ®anom particle, calculated for the 7° 
decay scheme. P* is the upper limit to P,; but, since 
in the center-of-mass system the neutral secondary 
is most likely to be emitted nearly at right angles to 
the line of flight, the measured values of P, should cluster 
close to the values of /*. Out of the 10 points plotted, 
which represent the 10 ®xnom decay events having an 
origin and a measurable Q value, 9 fall outside curve A, 
and 4 lie outside by 2 or more standard deviations. In 
summary, we find 8 events clearly inconsistent with 
scheme (1), which may be taken as strong evidence 
that most of the nom decay events are not of this type. 


(2) Osnom—>2t + 27> +7+214 Mev 


This decay scheme suggests a radiative decay of the 
2 particle. However, it has been shown" that it is 
exceedingly unlikely that a radiative correction to the 
#2 decay could give rise to the low QO(at,w~) values 
observed. Perhaps, however, the y ray may play a more 
fundamental role in this decay process and may be on 
an equal status with the other secondary particles. 


43S. B. Treiman, Phys. Rev. 95, 1360 (1954). 


Curve B in Fig. 5 shows P* as a function of O(4t,r~) 
as calculated for the decay scheme (2). Although there 
are three points outside the curve B, none of these lies 
as much as two standard deviations from the curve. 
Except for event identified electron 
secondary, the @nom decay events could all be of the 
decay scheme (2). 


one with an 


(3) Osnom—>p* + 2* + v+238 Mev 


forth 
+ 


Recent work 
evidence’ for the K,st decay scheme as: 


with emulsions has brought 
Kya’ da 


TABLE IT. Decay dynamics of ®xnom events 


O(nt wo) Py, 


(Mev/c) 


Event 
N Comments 


No. (Mev) 


chamber 


04480 
19143 
31855 
35045 
36537 
36894 
37663 
39522 
45766 
47202 
56500 
56791 
57680 
60134 
69328 


60_19°! vee 
141430 
175418 
107 94°! 
~150 


Probable 6 association 
Probable K* association 


Travels upward 
- Travels upward 
464° Probable V* association 
904°” 
108 +5 lravela upward 
89 4° 
730° 


Travela upward 


21414 A® decay also present; 


probably not associated 


21-in. chamber 
10475 98 +5 49 
12590 92 3.544 58 +50 
20923 147 . 


® The value given is O(r~,e*), 


as an electron 


since the positive secondary is identified 


4 Yekutieli, Kaplon, and Hoang, Phys. Kev, 101, 506 (1956); 
101, 1834 (1956). 
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Fic. 5. Pa and Q(rt,x~) plotted for 10 ®gnom events. Each 
plotted point is shown as a small circle, and the errors in Q value 
and P, are indicated by horizontal and vertical lines, respectively, 
passing through the circle. Curve A shows the relationship 
between P* and Q(*t,r~) for the r° decay scheme (1). Curve B 
is a similar curve for the decay scheme (2). Curve £ is calculated 
for decay scheme (1), but assuming a primary mass of 1400m, 
instead of 965m,. 





+w’+-v. The scheme (3) is the neutral counterpart of 
this decay scheme. 

The graph in Fig. 6 is similar to that of Fig. 5, 
except that the decay scheme (3) has been assumed. 
Since Q(w,4) depends only slightly on which charged 
secondary is the w and which is the uw, the average of the 
two possible values of O(r,u) was plotted in Fig. 6. 
The agreement between the experimental points and 
the curve C is entirely satisfactory, and somewhat 
better than for scheme (2). 


(4) Pun” ont +-eF + v } 354 Mev 


This decay scheme may be the neutral counterpart 
of the well-known K,3* decay scheme. Event No. 
69328, which has an identified electron secondary, 
may be an example of scheme (4). There is also recent 
evidence"® from work at Brookhaven for the existence 
of a V® particle decaying in this way. However, it 
appears that not all of the events presented here can 
be explained in this way, since in one event, 47202, 
both secondaries are clearly L mesons from momentum 
and ionization. 


‘Lande, Booth, Impeduglia, and Lederman, Brookhaven 
National Laboratory Report, BNL 2857 (unpublished). 
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Figure 7 shows a graph similar to the previous ones, 
constructed by assuming scheme (4). For the five 
events in which either secondary could have been an 
electron, the O(7,e) value lying closest to the P* curve 
was chosen. Again, the events are evidently compatible 
with scheme (4) on a dynamical basis. 

The conclusion which is drawn from the foregoing 
analysis is that most of the present events cannot be 
explained by the r° decay scheme (1), but that most, 
but not all, of the data are consistent with each of the 
decay schemes (2), (3), and (4). 

If the ®anom particle is assumed to be a K meson, the 
choice of its mass as 965m, is reasonable in view of the 
close agreement between al! currently established 
K-particle masses. However, some additional justifi- 
cation of this mass for the @xnom particle can be made 
on the basis of the previously discussed graphs. The 
curves A through D in the graphs are rather sensitive 
to the value assumed for the primary mass. Further- 
more, as previously noted, most of the experimental 


points should cluster close to but below these curves. 


Thus, if the mass is assumed too small or too large, the 
data become incompatible with the curves. For example, 
curve £ in Fig. 5 based upon decay scheme (1) with an 
assumed primary mass of 1400m, is clearly incompatible 
with the experimental points. 















































i i 
80 120. 160 
QT, #), Mev 


1 i 1 j 


200 240 280 





Fic, 6. Ps and Q(2,u) plotted for 10 ®anom events. The points 
are plotted as described for Fig. 5. P* as a function of Q(7,u) is 
given by curve C. 
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The interpretation of the ®snom decays as some form 
of hyperon decay into a neutron secondary is a possi- 
bility that should not be overlooked. However, if the 
present data are to be explained in this way, one would 
expect to find a comparable number of corresponding 
events with a proton secondary, which would be 
observed as anomalous A° decays. Few if any such 
anomalous A’ events have ever been detected. 

A 7° internal conversion into a wide-angle electron 
pair may have the general appearance of a anom decay 
if both electrons are too fast to be identified. The x’ 
might, for example, be produced in the neutral decay 
mode of a A°. However, it is found that 4 of the present 
events cannot have originated from 7° conversion, 
by an argument based upon the 


decay dynamics and 


mass estimates of the secondaries. 


IV. ®xn0m PARTICLE 


In the previous discussion, it was shown that the 
P snom decay dynamics are consistent with a primary 
mass equal to the usual A-particle mass of 965m,, 
which suggests that @ nom decays may arise from 
alternate decay modes of @,» particles. This possibility 
has been investigated in a number of ways. 


A. Lifetime Analysis 


Fifteen of the ®snom decay events were found to be 
suitable for a lifetime analysis, which was made 
according to the maximum likelihood procedure of 


Bartlett..6 In making the lifetime calculations it was 


necessary (a) to assume a particular decay scheme 
for each event, and (b) to calculate a value of yf for 


each Panom particle : 


(a) The decay scheme (3) was assumed as the basis 
for the lifetime calculations. Although none of the 
schemes (2), (3), and (4) has been firmly established, 
it was found that the result of the lifetime calculation 
would not have differed significantly if either scheme 
(2) or (4) had been assumed instead. 

(b) Since the momentum of the neutral secondary is 
unknown, 78 cannot be determined directly. For each 
event, y8 can have any value within certain limits, or 
if an origin is present so that ?, can be found, 7A is 
double-valued. This difficulty was resolved by perform- 
ing two lifetime assuming first the 
maximum 7f for each event, giving the smaller lifetime 
value, and then the minimum 7 for each particle, 
which yields a somewhat larger value for the lifetime. 


calculations 


The Pxnom decay events were selected not by requiring 
a specific decay scheme, but rather by requiring them 
to be incompatible with the #2 and A® decay schemes. 
For this reason, it is quite possible that the present 
data represent a mixture of different particles having 


different lifetimes (see Sec. VI). Accordingly, the 


1° M.S. Bartlett, Phil. Mag. 44, 249 (1953). 


INVESTIGATION 
































al A 


40 =680 





1 rn 1 n rn 1 
120 160 200 240 260 320 360 
Tr,e), Mev 
Nic. 7. Py and Q(m,e) plotted for 10 Panom events, The points 
are plotted as described for Fig. 5. P* as a function of Q(m,e) is 
given by curve D 


calculated mean lifetime value is called 7,4, and is some 
“average” of the lifetimes of the particles present. If a 
mixture of particles is involved, not all lifetimes can 
be greater than the upper limit on 7}, and not all 
lifetimes can be smaller than the lower limit on 7, 
Figure 8 shows the resulting likelihood and SS functions'® 
The 


plotted against reciprocal mean lifetime result 


obtained is: 


(4.4, 6°°*)K10 1) sey 


(min yf) 


(2.9 107°") X10 10 sey \ Tay “ 
(max yf) 


Standard deviations reflecting the statistical un 
certainty are quoted on each lifetime limit. It should be 
emphasized that the above result does not necessarily 
preclude the presence of long-lived particles, because 
(a) this sample probably does contain a mixture of 
particles of different lifetimes, and (b) even if the sample 
consists of particles of a unique lifetime, the statistics 
are insufficient to rule out a relatively long lifetime. 
The curves G and J in Fig. & provide a quantitative 
measure of the agreement of the data with any assumed 
value for the lifetime. When the Caltech value for the 
P52 1.3X10-" then 
curve G for yB max gives S=2.5 standard deviations 
the 


compatible with the hypothesis that this lifetime sample 


mean lifetime, sec, 1s chosen, 


Consequently, observed lifetime data are in 


consist entirely of particles having the #,, lifetime, to a 
98% significance level. Moreover, this significance level 
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Fic. 8. Likelihood functions and S functions for 15 ®anom 
events. Curves / and G are calculated assuming ymax for each 
event, while curves HW and J are based on yBmiy for each event 


is raised if the ,» lifetime is actually less than 1.3 10~” 
sec; this is likely to be the case if the sample of #,» 
decays previously used for the lifetime determination 
was contaminated with a number of high-O ®xnom 
decays, which are experimentally indistinguishable. The 
above results are taken as evidence for the existence 
of a Pxnom particle having a lifetime substantially 
greater than the @,» lifetime and for the conclusion 
that not all @anom decays can be alternate decays of 
the #,» particle. 


B. Other Evidence 


The conclusion drawn from the lifetime analysis is 
. - 
also supported by a comparison of_other features of 
the #2 and @xnom decays. 


1. Momentum Distributions of ® 2 08 Panom Particles 


In order to test the hypothesis that the #,, and 
# snom decays arise from the same particle, a comparison 
was made of the momentum distributions in the two 
cases. Care was taken to avoid bias due to the three- 
body nature of the @,nom decay. The resulting distri- 
butions are shown in Fig. 9 from which it is clear that 
the @xnom particles possess a lower average momentum 
than do the @,» particles. A statistical test based on the 
numbers of primary particles of each type having Po 
above and below 800 Mev/c shows with 99% confidence 
that the data are inconsistent with the assumption 
that the momentum distributions are actually the same. 
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2. Origin Distributions 


A comparison of the origin locations for #,2 and 
P nom decay events was also made. The origins of 
low-momenta @xnom particles were situated, on the 
average, higher up in the producing layer of lead above 
the cloud chamber than were the origins of #,2 particles 
in the same momentum range. Again, care was taken in 
making the comparison to allow for the three-body 
nature of the decay, and to be sure of correct origin 
identification. Assuming the @,, lifetime, a calculation 
was made of 1(@,2) for each event found to be suitable 
for the analysis, where (,.) is the probability of 
decay within the chamber. For nine out of the ten 
#,. events, r(@,.) was greater than 30 percent, while 
in only three out of the eight @.nom events was 1(@,2) 
greater than 30 percent. There is less than one chance 
in fifty that the values of r(#,2) should be divided as 
asymmetrically as this if the ®,, and Panom decays arise 
from the same parent particle. 


3. Upward Moving ®anom Particles 


One interesting feature of the ®anom decays is that 
the nom particle is often found to be traveling upward, 
while #,2 particles do not appear to share this feature. 
These upward-moving particles are readily detected 
with the three cloud chambers in the 48-in. magnet, 
since interactions frequently occur in the lead plates 
which separate the chambers. Particles resulting from 
such an interaction may therefore be seen in the 
chambers above and below the interaction. To deter- 
mine the direction of travel of the ®,nom particle, it is, 
of course, necessary to make allowance for the neutral 
secondary in the three-body décay process. Of the 
18 Panom decays, 4 travel upward, while out of 238 @,» 
decays, only one appears to be going upward, and it is 
possible that this one event is really a high-O ®anom 
decay. If the ®xnom decay were merely an alternate 
decay of the #,2, then the direction of travel should be 
the same for both types of decay, and it is exceedingly 
unlikely that in such a great fraction of the events the 
P .nom particle should go upward. In view of the fact 
that upward-moving particles would be expected to 
move relatively slowly, the absence of #,. can be 
attributed to decay before entering the chamber 
because of their short lifetime, while if the ®anom 


TABLE ITI. Associations of and ®anom- 


o 


Group A 


Group B 
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lifetime were relatively long, the upward moving ones 
would have a large probability of decaying within the 
chamber. 


4. Associated Decay Events 


If the @,2. and @xnom decays arise from the same 
particle, then they should be associated with the same 
types of V-particle decays. Among the 18 @xnom events, 
there are 3 in which another V-particle decay is seen 
in the same photograph. Although the nature of the 
three-body decay makes more uncertain the assign- 
ment of the correct origin for a @,nom particle, each of 
these ®xnom events is consistent dynamically with the 
origin from which the other V particle comes. An 
investigation was made to determine the probability 
that the ®anom and V particles in each of these events 
might not actually have been produced in association, 
but might have arisen instead from different origins 
which happened to be closely spaced. For this purpose, 
an examination was made of all other events where 
two or more V-particle decays are seen together. Only a 
small fraction of such events was found in which the 
particles were not actually associated, and from this it 
was deduced that probably all 3 of the ®anom—V 
events are cases of genuine associated production. 

Table IIIT summarizes the observed types of associa- 
tions for the ®,2 and @anom particles. Even though the 
statistics are somewhat limited, the differences in the 
associations are rather striking. 

In order to express in more quantitative terms the 
apparent difference between the 
statistical test was made in the following way. Two 
groups of associated events were formed: group A 
consisted of the most prevalent associations of the 
#2, viz., the A°®, V°, and the V~, while group B consisted 
of the remaining associations in Table III. While 23 
out of the 26 #,,. associated decay events occur in group 
A, none of the 3 @xnom associations falls in group A. 
If we assume that the types of associations should be 
the same for the ®,. and @xnom events, then the proba- 
bility that a disparity as great as this should exist 
between the observed associations is only 0.005. 
However, a preliminary study has shown that biases 
resulting from a large difference in lifetime of the 
P anom and 2 particles may account for the observed 
differences in the associations. Further experimental 
results on associations are required to clarify this 
situation, 

In summary, from the foregoing analysis it is con- 
cluded that the @anom decays and #,, decays are not 


associations, a 


alternate decay modes of the same particle. 


C. Mixture of +’ Decays and 
Alternate Decays of 6°,» 


The previous discussion does not rule out the possi 
bility that the data may be explained partly by the r° 
decay scheme, and partly as an alternate decay mode 
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Fic. 9. Momentum distributions for 26 ® and 15 @xnom events. 
yBmax Was assumed for each @anom event. The contrast between 
the distributions would be even more pronounced if yBmin is 
assumed for each event 


of the #,.. However, some of the previous arguments 
may also be used to show that this explanation is not 
adequate, since a number of @nom decays do not fit 
either interpretation : 

(1) The lifetime has been calculated from 10 @xnom 


events which are inconsistent with the r° decay scheme 
by at least one standard deviation in VQ and P, from 
the values appropriate to the 


resulting likelihood function and S function are shown 


0 


r” dec ay scheme. ‘The 


in Fig. 10. Even though the statistics are limited, it 
was found that with 94% significance, the lifetime data 
are inconsistent with the @,4 lifetime of 1.310” 
second. 

(2) As was pointed out in Sec. [V.3.3, the four 
events in which the @anom 1S traveling upward are quite 
unlikely to be alternate decays of a #’,». However, two 
of these events are also dynamically inconsistent with 
the 7’ 
deviations, and a third has a O(qt,r) value greater 
than 80 Mev by more than one standard deviation 


decay scheme by more than two. standard 


(3) In the previous section, it was shown that the 
observed associations are very unlikely if the ®anom 
events with associations were alternate decays of the 
2. Moreover, the decay dynamics are such that all 
three Panom events with associated decays are in 
consistent with the r° decay scheme by at least two 
standard deviations. 


From these arguments, one concludes that all Panom 
events cannot be explained as simply a combination 
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Fic. 10. Likelihood and S functions for 10 events which cannot 
be 7° decays of scheme (1). For curves J and K, yBmax was assumed 
for each event, while for curves L and M, yBmin was assumed for 
each event 


if) 


of the r° decay scheme and the alternate decay modes 


of the normal @,». 


V. INTERPRETATION AS 6, PARTICLES 


Previous experiments performed on associated pro 
duction'” have suggested that the @ is distinct from 
its antiparticle, #, in the production process. Gell-Mann 
and Pais'* have shown that if this is so, there may 
result some important consequences concerning the 
nature of the @. One consequence is the prediction of a 
neutral A particle (called @, here) having the same 
mass, spin, and parity as the #,, but with a lifetime 
longer than that of the @,». 

According to this theory, in the decay process the 
#® is regarded as a particle “mixture,” consisting half 
of one type of particle called @;, whose predominant 
decay mode is into r*+-m-, and half of another particle 
type called @», for which the r*+-~ is forbidden. The 
#. probably undergoes a three-body decay and has a 
lifetime much longer than that of the @;, whose lifetime 
is, of course, just that deduced from the observed 
@,., decays. Except for the difference in decay modes 
and lifetimes, the @, and @, particles are supposed to be 


17 Walker, Preston, Fowler, and Kraybill, Phys. Rev. 97, 1086 
(1955). The absence of the reaction n+n—+A°+-A°, together with 
the observation of the reaction r~+ p-+A°+®, indicates that the 
@ and @ are distinct 

‘6M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
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identical in mass, momentum distribution, angular 
distribution, and in all other such features not related 
to the dec ay process. 

It is apparent that most of the features of the ®anom 
events can be readily explained by interpreting the 
P inom a8 the #2, and the ®,, as @;: the Panom decays 
clearly have three or more secondary particles, and the 
lifetime is longer, perhaps much longer, than that of the 
#,.. Furthermore, a pronounced lifetime difference 
between the #2 and @xgnom might well be sufficient to 
account for the observed differences in the momentum 
distributions and origin locations, the comparatively 
large fraction of @anom particles traveling upward, 
and perhaps even for the apparent differences in 
associations of the #2 and ®anom.- 

Special attention should be given to the data on 
associated decays, for there should be no difference 
between the associations for the @, and @,. The con- 
siderable difference between the observed types of 
associations shown in Table III appears to be in- 
consistent with the assumption that the @, is to be 
identified with the @,. and the @» with the ®xnom. 
As pointed out earlier, such a difference in associations 
may be the effect of a lifetime bias. Further experi- 
mental work is required to elucidate this matter. 


VI. RELATIVE NUMBER OF ® non, 


The 18 @xnom particles which have so far been 
discussed presumably constitute only a part—perhaps 
a small part—of the @xnom Which actually decayed 
inside the chamber. This is partly because @anom 
decays cannot be distinguished from ordinary ,2 
decays unless their 0 value, coplanarity, or momentum 
balance deviate markedly from the values expected 
for #2 decay. Accordingly, it is of great interest to try 
to estimate the relative number of @ nom and O°, 
decays which actually occurred within the cloud 
chamber. Since certain decay modes are much more 
readily identified than others, it was necessary to 
consider the effects of various biases arising from such 
characteristics as lifetime and the three-body nature of 
the ®anom decay. Because of the relatively short and 
long lifetimes of the 2 and Panom, respectively, most 
of the @,» particles tend to decay near the top of the 
chamber, whereas @anom decays are distributed more or 
less uniformly throughout the chamber. However, a 
particle which decays near the bottom of the chamber 
can seldom be classified because of the short secondary 
track lengths. Therefore, only particles which decayed 
in the upper half of the chamber were used for this 
analysis. The separation into @xnom and @,, decays 
was then made on the basis of the apparent Q value of 
each given event, using where necessary a statistical 
relationship between the momentum of the particle 
and the angle between the secondary tracks for ,» 
decay. Correction for Panom decays whose Q value are 
indistinguishable from @,» decays was made assuming 
that statistical factors alone determined the @xnom 
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Q-value distribution. (With this assumption, one expects 
most Panom to exhibit a O(at,r~) value of about 80 Mev, 
which is easily distinguished from that of the ,».) 

#2 and O.nom events were therefore selected according 
to criteria which eliminated most of the principal 
biases due to these effects. The result of this analysis 
is given below, 


NIG )/ N (052) 0.1 0.04°° : 


where NV represents the true number of decays of each 
type within the cloud chamber. Estimated probable 
errors are assigned to the result. 

A lower limit on the @, lifetime can now be found if it 
is assumed that (1) the &, and @; occur in equal numbers 
at production, (2) the lifetime of the @, is at least 
somewhat longer than the average gate time of the @, 
particles, and (3) all #, decay by the r++ mode. The 
value obtained was 


(2) = (0.6_0.3) K 10-8 sec, 


where a probable error has been assigned. This value 
has not been given an upper limit as this would require 
knowledge of how many @ nom decays arise from 
particles other than the #,. If it is assumed that all 
Panom decays are #, decays, an upper limit on 7(@,) is 
~1077 sec. 

Because of the large statistical uncertainty, the 
lower limit on 7(@2) is not completely inconsistent with 
tw, but is sufficiently greater than 7, to indicate that 
some short-lived events may be present in our ®anom 
lifetime sample. It is quite possible that the @; may 
occasionally decay by a three-body mode (e.g., m+-y+v 
or m+e+v). Such decays would be observed as Oanom 
events and would tend to make the measured lifetime 
shorter than the lifetime of the @, 


SUMMARY 


The above analysis of 18 @ynom decay events indicates 
that these involve 3 or more secondary particles, and 
probably arise from a K° meson having approximately 
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the mass of presently established A particles. Most 


of the decays cannot be explained by the scheme 
+a. However, all are consistent with the 
mt tar +y and Panom 


the exception of one decay having an identified electron 


‘eames ilies a 
schemes xno mrt +ul+yp, with 
secondary. All the decays are also consistent with the 
scheme @gnom—mwt+et+y, with the exception of one 
which identified The 
P inom events cannot be entirely explained by merely 
a combination of r° decays and alternate decay modes 
of the @,» partic le. 

The lifetime of the @,nom particle is longer than that 


has two L-meson secondaries 


of the @,» particle. There are also observed differences 
in momentum distributions and origin locations for 
the ®inom and @,, particles, and a large disparity 
exists in the fraction of each type of particle found 
traveling upward in the cloud chamber. However, a 
P snom-particle lifetime much longer than the lifetime of 
the @,» particle can readily explain all these differences 
The existence of the @; and @", partic les proposed by 
Gell-Mann and Pais is in accord with these observed 
results. However, there is also found to be a consider 
able difference between the types of particles observed 
in association with the @xnom and @,» particles. This 
difference may be partly the effect of a lifetime bias 
Since the validity of the theory of the #, and @, 
particles bears crucially upon the observed associations, 
it is important that further experimental work be done 
to clarify this matter. 

The ratio of the numbers of @,j6, 
observed in the cloud chamber is 0.1- 9.4 


to &,. decays 
+). 


, and is used 
to set a lower limit on the lifetime of the @» as (0.6_ 9 3) 
xX10° sec. 
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The masses of slow charged cosmic-ray particles (except those of protonic mass) in the soft and hard 
components were separately determined by measuring momentum, momentum loss, and ionization with a 
magnetic cloud chamber at sea level. With respect to meson masses, however, we could not find any appreci- 
able difference between the two components. Eighty out of 87 observed particles were interpreted as 4 mesons, 


leaving 7 anomalous ones 


INTRODUCTION 


HIS study was carried out to re-examine the 
results of our previous mass measurements’ for 
slow charged cosmic-ray particles at sea level. In the 
study, a new magnetic cloud chamber was used to 
avoid the various possible errors’ inherent in the 


apparatus used previously. 


EXPERIMENTAL METHOD 


The cloud chamber has a 300 mm X 300 mm X 30 mm 
effective volume which is divided into two parts, with 
a plate of aluminum or carbon horizontally set inside it. 
By using the cloud chamber, the momentum 7? and 
ionization 7, were measured for each slow particle and, 
in addition, ?, and J, were determined for each particle 
penetrating the plate, where the indices 1 and 2 refer 
to the top and bottom parts of the cloud chamber, 
respectively. In the study, the observations were 
limited to particles for which approximately 2</,<6 
(except those of protonic mass). 

The study was carried out with three runs. The 
experimental conditions and the number of observed 
particles in each run are listed in Table I and the 


Fic. 1. Schematic 
arrangement of the ap 
paratus in the first, 
second, and third runs, 
showing the magnetic 
cloud chamber, Ch, the 
G-M counters, G,, Go, 
and Gy, the proportional 
counters, P; and P», and 
the plate, S. 
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1 Inoki, Yasaki, and Matsukawa, Phys. Rev. 95, 1565 (1954), 
4 See reference 1, p. 1569. 


arrangement of apparatus in each run is shown in 
Fig. 1. 
mesons, of masses lying approximately between 200 


Bias against the observation of slow lighter 


and 20 in electron mass units, is almost eliminated in 
the second and third runs. Bias should be caused by 
the leakage magnetic flux and thick wall of the counters 
P,, P2, and G2, and also of the top of the cloud chamber. 

The cloud chamber was triggered by G,P,:PG» 
coincidences in the first run, by Gi’ P\PG2', GP PG", 
and Gi" P, P42" coincidences in the second run, and 
by GiP,P. coincidences in the third. During these 
operations, a fast particle penetrating 15 cm of Pb 
was observed with no magnetic field once every hour 
by a G,G; coincidence. By measuring these fast particle 
tracks, errors in P; and P», due to gas distortion and also 
errors in J; were estimated. 
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F1G. 2. Mass measurements of slow mesons. Each observation is 
plotted as a function of momentum, P;, in Mev/c and ionization, 
T,, in units of minimum ienization. The points labeled A, B, C, a, 
8, y, and 6 are considered not to correspond to u-meson mass. 
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TABLE I. Experimental conditions and number of observed particles in each run, 


No. and label of 


unidentified particles 


No. of 


@ mesons 


No. of ob 
served particles 


Run 


First 34 32 IS 
Second 29 26 , B, a, B 
Third 24 22 , 7,6 


RESULTS 


The slow particles in the soft and hard components 
were separately observed by setting and removing 25 
cm of Pb above the apparatus alternately on every day. 
Concerning mass spectrum of the slow meson, however, 
we could not find any appreciable difference between 
both the components. Thus, in the study, the results of 
both components have been combined. 

The observed values of P?; and /, for each of 87 
particles are plotted in Fig. 2. The mass was computed 
with the relation,’ 


M (P,,1;) for 10. 


1.79/;' 3P,, 
The mass was also computed with the relation,’ 
M (P,,P2)??" = (0.63/AR)[ P3377— P2*?7), 


where AR is the thickness of the aluminum plate in 
grams. ‘The latter method is useful in practice only for 
particles with P2/P?,\<1; for other particles, the error 
in the mass is too large as shown in the fcllowing 


1.44 2 AP, ; AP» 2 
( ; re ) 
1 ~—G P, P, 


a (P2/P)**". 


relation: 
—) 
M 


Among 68 particles penetrating the plate, the masses 
were determined for only 9, selected by the condition, 
P2/P\<0.7. 

For the purpose of searching for lighter mesons, the 
upper limit of the mass, M(P,,R), was computed for 
each particle penetrating the plate, using momentum- 
range relations. 

Upon examining M(P,,/;), M(P1,P2),and <<M(P,,R), 
80 particles were interpreted as yp their 
average value of M(P,,/;) was (210.54+3.8)m,. 


mesons ; 


Thickness in g/cm* and 
material of the plate 


0.54, Al 
0.92, C 
0.14, Al 


Average magnetic 
field in gauss 


Momentum region 
in Mev /< 


29 <P; <91 
18<P,<77 
10<P, <62 


3520 
1950 
1510 


For three particles labeled A, B, and C in Table II, 
the values of either M(P,,/,) or M(P,P2) are too large 
to be the u-meson mass, even taking the errors into 
consideration. If they are known mesons, they may be 
m mesons but not K mesons. 

Four particles labeled a, 8, y, and 6 in Table IIT are 
found to penetrate the plate in spite of the fact that the 
momentum of each of them is smaller than the threshold 
momentum for a m# meson to penetrate the plate 
The deviation of each inverse momentum from the 
inverse threshold momentum ranges from 3.2 to 19.5 
times the probable error of each as given in ‘Table III. 
In addition to that, P2/P,;>0.9 for each of them, 
whereas for ~ mesons one expects P?:/P?,<1, if one 
assumes that 7; is underestimated by error. ‘Thus these 
four particles, which are described as “lighter mesons,”’ 
can hardly be considered as « mesons. The distinction 
between the lighter mesons and electrons was examined 
by comparing the ionizations. Firstly measurements 
were made of the ionization of 109 electrons selecting 
from a total of 324 electrons those lying in the same 
momentum region as the lighter mesons. ‘The average 
ionization was 11.9 ions/em (including both positive 
and negative ions), and the probable error of a single 
observation was 1.9 ions/cm, in a mixed gas of 96% 
helium plus 4% butane at N'TP. Relativistic corrections 
for the average jonization give the value 9.9 ions/cm 
as the minimum ionization. The smaller value of the 


minimum ionization compared with the value 16.3 


ions/cm should be caused by an average underexpansion 
of our cloud chamber. The ionization of each lighter 
meson is larger than the average ionization by as much 
as from 4.0 to 6.5 times the probable error of the 
average, as given in Table III. By statistical analysis 
based on the foregoing data, the identification of 
the lighter mesons is at a critical point of statisti 
cal significance; therefore, they can not be safely 


TABLE IT, Data for particles heavier than a wu meson. 


lonization in the minimum 
lonization unit 


Momentum in Mev/¢ 
charge P\+AP, PirAP. 


/ + 91.04+7.5 (4.14+3.8 
B + 77.346.3 40.542.5 
c + 88.3+5.7 


Label in Sign of 


Fig. 1 IptAly 


Thickness in 
g/cm? and 

material of 
the plate 


0.55, Al 
0.91, C 


Mass in the electron mass 
M(Pili)+A4M M(P\P1) 44M 


2804 30 
3234-40 
473449 


unit 


JatAls 


2.6+0.3 
4.0+04 


§354-96 
4304-60 


3 These are based on the curves of D. J. X. Montgomery, Cosmic Ray Physics (Princeton University Press, Princeton, 1949 


Appendix E. 
‘RH. Frost and C. E. Nielsen, Phys. Rev. 91, 864 (1953). 
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TABLE ITI. Data for particles lighter than a ~ meson. 


Mean Thicknes 
magnet in g/cm momentum 
field in and material in ¢ ev 
A gau f plate @ =1/P 
Him Dv 9 + 4%) X100 


5240.14 
59+0.14 
4.14+0.19 
10.31+40.33 


Inverse 


Sign « 
charge 


2050 
2100 
1510 
1490 


0.92, ¢ 
0.93, ( 
0.35, Al 
0.14, Al 


* The average ionization of the electron j 
0.2 in the same unit 


identified as lighter mesons, unless they are more 
densely ionizing ones. Thus they may be electrons, but 
the possibility that some of them are lighter mesons 
is not excluded. 

When one compares this result with that previously 
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taken to be 1.2 times the minimum 
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Deviation De 
of inverse 
Threshold momentum lonization 
inverse in un,ts in units of 
momentum of & minimum Al mass in units of 
in c/ Me &; —% ionization electron mass 
% X100 ot TI i144], <M (P:R) 


2.07 3.2 2.0+0 172+-14 
2.04 4.6 2.2+0. 166+13 
2 0. 
2 


lation 

c f 1oniza 

tion® in 

units of Upper limit of 


2.94 6.3 13149 


3.86 19.5 0.3 4. 5142 


The probable error of a single observation of the ionization is taken to be 


described, the relative intensity of unidentified particles 
to u mesons is exceedingly reduced in this study. 

The authors wish to thank Mr. Tsushima and Mr. 
OQnuma for their collaboration in constructing and 
operating the apparatus. 
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Isobaric Nucleon Model for Pion Production in Nucleon-Nucleon Collisions* 


S. J. LINDENBAUM AND R. M, STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 


(Received December 13, 1956) 


A detailed quantitative model for pion production via excitation of one or both nucleons to an isobaric 


state with subsequent decay via pion emission 1s presented The mode! is applied to the 0.8- to 3.0-Bey 


incident nucleon energy range and its predictions are compared to various experiments in this energy range 


performed at the Brookhaven Cosmotron, The isobaric state with isotopic spin and angular momentum = $ 


observed in the pion-nucleon scattering was assumed to be predominantly responsible for pion production 


in this energy range 


total energy or mass in the isobar rest system were phenomenologically related to the m* 


section 


The relative probability for isobar formation and subsequent decay with a variable 


p interaction cross 


Ihe energy or momentum spectra of pions, and nucleons, the variation of the ratio of double to 


single production, the angular correlation, and the Y value distribution for pion-nucleon pairs have been 
calculated at various energies from 0.8- to 3.0-Bevy and generally agree with the experimental results 


I. INTRODUCTION 


HE early cosmic-ray studies! of pion production 

by incoming nucleons with energies ranging from 
1 to ~100 Bev had been found generally consistent with 
the statistical theory which was proposed by Fermi’ to 
explain them. The essential features of this theory were 
that a thermodynamic equilibrium was assumed to be 
established inside a collision volume of radius equal to 
to the pion Compton wavelength and then the relative 
probability of a final state 
(pi,po°** pn) and 2 nucleons (Pyry1,Pny2), Was ¢ onsidered 
to be proportional to the phase space available for this 


with » pions of momenta 


state. Hence it was assumed that the matrix elements 


for all final states were essentially the same. The only 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), Chap. VIII 

2. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950); Phys 
Rev. 92, 452 (1953); 93, 1435 (1954). 


final states which were applicable were, of course, those 
which conserved charge, energy, momentum, angular 
momentum, heavy particles, and isotopic spin. 


The energy spectra and other characteristics of pion 
production in Be and hydrogen by 1.0- to 3.0-Bev 


protons were observed by Lindenbaum and Yuan? 
using the Brookhaven Cosmotron. These results did 
not agree with the predictions of the Fermi statistical 
theory which were calculated by Yang and Christian.‘ 
Over the incident proton energy range of 1.0-2.3 Bev, 
the observed experimental pion energy spectra in the 


3S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 93, 917 and 
1431 (1954); 103, 404 (1956); Proceedings of the Fourth Annual 
Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1954), p. 140; Proceedings of the Fifth 
{nnual Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1955), p. 531; Proceedings of the Sixth 
{nmnual Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1956), Chap. IV, p. 37 

‘C. N. Yang and R. S. Christian, Brookhaven 
Laboratory Internal Report (1953) (unpublished) 


National 
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nucleon-nucleon center-of-mass system (hereafter ab- 
breviated to c.m.s.) were all similar in shape to the 
r*+p scattering cross section as a function of energy 
with a characteristic low-energy peak at ~100-200 
Mev. Furthermore the multiplicity was deduced from 
the w*t/m~ ratios and conservation of energy require- 
ment to change from essentially single production 
below 1 Bev to predominantly double production at 
2.3 Bev, while the energy spectrum remained essentially 
similar in shape. 

The Fermi statistical theory predicted much less 
double production and a great change in energy 
spectrum shape from single to double production. The 
greater multiplicity observed at 2.3 Bev could have 
been obtained in the Fermi theory by increasing the 
interaction radius sufficiently. This would also have 
led to a change in the right direction for the energy 
spectrum, since the double production spectrum is 
closer in shape to the experimental one. However, the 
result is still quite different from the experimental 
energy spectra. Furthermore this yields a total cross 
section or interaction range estimate which is much 
greater than that observed. Another major difficulty 
was that especially at 1.0 Bev where double production 
is negligible there were too many low-energy pions 
in the experimental results when compared to the 
Fermi theory. 

This observation led Lindenbaum and Yuan’ to 
conclude that the strong pion-nucleon interaction 
previously observed in the pion nucleon scattering 
completely dominates the production process, and 
suggests that the pion production proceeds predomi- 
nantly via the excitation of one or both nucleons to the 
isobaric state with isotopic spin (7) and angular 
momentum (J) =. 

Peaslee® then deduced the ratios mt, mw, and 7° 
mesons expected for either single or double production 
via this isobar by applying conservation of isotopic 
spin. Peaslee’s ratios have been compared with the 
above and various other experiments,””* and agree 
much better than the corresponding values deduced 
from the Fermi theory. Several cloud chamber experi 
ments by Brookhaven groups®” have also revealed much 
better agreement with the isobar model than with the 
Fermi statistical theory. 

A modified statistical theory calculation by Kovacs‘ 
in which the final state pion-nucleon interaction was 
taken into account has also yielded reasonable branch- 


4‘ 


ing ratios for various charge states, r*/m~ ratios, and 


predictions for the behavior of the multiplicity as a 


5D. C. Peaslee, Phys. Rev. 94, 1085 (1954); 95, 1580 (1954). 

6 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

7 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956); 
Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 103, 1479 


(1956); M. M. Block et al., Phys. Rev. 103, 1484 (1956); W. B. 
Fowler et al., Phys. Rev. 103, 1489 (1956), These papers will be 
referred to as 7(I), 7(II), 7(III), and 7(IV), respectively. 
§ Cester, Hoang, and Kernan, Phys. Rev. 103, 1443 (1956). 
§J.S. Kovacs, Phys. Rev. 101, 397 (1956). 
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function of energy. This procedure, of course, tends to 
improve considerably the statistical theory predictions 
since it essentially includes the resonance interaction in 
the final state. 

Lepore and Neuman" have proposed a statistical 
theory in which the phase space volume accessible to a 
particle decreases with increasing energy. This energy 
dependence of the volume was introduced to conserve 
the relativistic center of energy (relativistic analog of 
center of mass). The resultant discrimination against 
high-energy pions tends to provide momentum spectra 
with a much lower energy peak than the Fermi theory 
especially for single production, and hence tends to 
agree with the experimentally observed spectra. 

In the present paper a detailed quantitative model 
for the calculation of the production of one or two 
nucleon isobars in a nucleon-nucleon collision is pre- 
sented. The relative probability for a final state is taken 
to be proportional to the final two-body phase space 
factor multiplied by the relative probability for forma- 
tion of one or two T= 3 isobars. The mass of each isobar 
was considered variable and equal to the total energy 
in the center-of-mass system of the pion and nucleon 
resulting from the isobar decay. The probability for 
isobar formation has previously been related to the 
observed total (wt+p) scattering cross section and 
this expression" is employed. 

The angular distribution of the isobars produced was 
considered for two cases: isotropic, and only forward 
and backward in the c.m.s. The decay pions were 
assumed to be isotropically emitted in the rest system 
of the decaying isobar in both cases. Although more 
detailed assumptions can be made for the angular dis- 
tributions, mixtures of the present ones are entirely 
adequate to fit the observed experimental data. The 
ratio of double production to the sum of single and 
double production in a single isotopic spin state 
depends in this theory on only one constant & for which 
a single value provides an adequate fit for the experi 
mental data throughout the range 1.0- to 3.0-Bev in 
p-p collisions. 

The conservation of T and 7, is assumed throughout 
the process. The decomposition of the initial two- 
nucleon state characterized by a particular JT and 7, 
into one or two isobars of 7”’= 4 and various allowed 7, 
is weighted according to the appropriate Clebsch- 
Gordan coefficients. Furthermore the proper weights 
for the decay of the isobars into wt, 2°, wm” mesons are 
included to obtain the individual properties of these 
mesons. 

The calculations were carried out for 0.8-, 1.0-, 1.5-, 
2.3 
lated results fit the data which is available at present 


and 3.0-Bev incident nucleon energy. The calcu 


quite well. 


J. V. Lepore and M. Neuman, Phys. Rev. 98, 1484 (1955) 
4 See footnote 16 on p. 409 of L. C. L. Yuan and S. J. Linden 
baum, Phys. Rev. 103, 404 (1956). 
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Il. ISOBARIC NUCLEON MODEL 


The strong-coupling theory of the meson-nucleon 
system predicts a series of nucleon isobaric levels above 
the nucleon ground state.’? In such a picture one would 
expect the pion-nucleon interaction cross section to 
exhibit a series of resonant isobaric energy levels. An 
analysis of the pion-hydrogen interaction cross sections” 
supports the view that such an isobar exists in the 
T’ = J=4 state. Furthermore it appears that for pion 
kinetic energies in the laboratory system of < 200-300 
Mev the 7” = J = } state isobar essentially predominates 
in the pion-nucleon interaction. The 7’ =} cross section 
rises from essentially zero at ~200-Mev pion kinetic 
energy in the laboratory system to a value equal to 
that of the 7’=4 cross section at ~450-Mev pion 
kinetic energy in the laboratory system. There is at 
present no evidence for a bound pion-nucleon state. 

One can now consider a series of resonant isobaric 
levels as characteristic of the internal structure of a 
nucleon. Hence one can conceive of meson production 
in a nucleon-nucleon collision as follows: 

(1) As a result of the collision there is a transfer of 
kinetic energy to the internal structure of one or both 
nucleons. This raises one or both nucleons to one of 
their set of isobaric levels. 

(2) An excited isobar does not interact with the other 
nucleon or isobar as the case may be, except for the 
initial transfer of energy and momentum. 

(3) The lifetime of the isobars is long enough to allow 
them to separate before decaying and therefore final 
state interactions between the decay products of one 
isobar and the other nucleon or isobar in the collision 
are small. 

We further propose to assume that the dominant 
isobaric level in the 1.0- to 3.0-Bev incident energy 


range is the 7”’=J =} state. This assumption has been 


previously successful in explaining many of the quali- 
tative and some quantitative features of the experi- 
mental! results.* Some further support for this assump- 
tion is derived from the work of Henley and Lee 
who have applied the symmetrical scalar meson theory 


to the production process and have found that the 
dominant contribution to the pion production in the 
Bev range is likely to come from the 7”= 4 state with 
relatively little from the 7” 
this result will also occur for the pseudoscalar case 


} state. Lee'® expects that 


which is being calculated. 

”W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942); 
R. Serber and S. M. Dancoff, Phys. Rev. 63, 143 (1943). 

% De Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954); K. A. Brueckner, Phys. Rev. 86, 106 (1952); S. J. 
Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 (1955); 
Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 1104 
(1954); Mukhin, Ozerov, Pontecorvo, Grigoryev, and Mitin, 
Proceedings of the International Conference on Peaceful Uses of 
Atomic Energy (United Nations, New York, 1956), Vol. IT. 

“FE. M. Henley and T. D. Lee, Phys. Rev. 101, 1536 (1956) 

1% T. D, Lee (private communication). 
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Assumption (3) is rather questionable since a calcu- 
lation of the order of magnitude of the lifetime of the 
7’ = J =4 state from the observed width gives ~10-* 
sec which means that the isobar could still be within 
the interaction volume (radius ~10~" cm) at the time 
of decay. Obviously the agreement or lack of agreement 
of the model with experiment will be a test of the 
usefulness of this concept. 

However, one might point out that the velocities of 
the isobars and recoil nucleons are considerable in the 
1.0- and 3.0-Bev energy region considered here. Hence 
if a pion which results from the decay of an isobar has 
the right relative energy to be strongly interacting with 
its associated nucleon (i.e., a relative energy near the 
peak of the r*+-p scattering cross section), its energy 
relative to the other recoil nucleon or decay nucleon 
from a second isobar will in general be at a much lower 
or higher energy. Therefore, its interaction with the 
second nucleon will be much smaller even if the isobar 
decays rapidly.'® Therefore even for a relatively short 
lifetime some of the dominant features of the present 
model might still be approximately justified. 

In this model single pion production occurs when one 
nucleon in a nucleon-nucleon collision is excited to the 
isobar with 7’=J=% and subsequently decays. In 
addition to 7” and 7, the isobar is further characterized 
by the total energy of its decay products in its rest 
system or equivalently a mass in its rest system denoted 
by m,. Let us assume that the m-nucleon interaction 
proceeds entirely by formation of the 7’ = J =% isobar. 
Then we can by the following arguments relate the 
cross section for isobar formation in a nucleon-nucleon 
collision to the observed #++-p total interaction cross 
section which is the 7’= 4 state cross section. 

We can write the general relation between cross 
sections and matrix elements as follows: 


Ox*yp(m,) =const X | Migobar|mZo(m,)=a1(m,), (1) 


where m, is the total energy in the isobar c.m.s. or 
equivalently the isobar mass; | Migopar|m;s is the 
matrix element for isobar formation; p(m,) is the 
density of final isobar states per unit energy as a func- 
tion of m,;;a(m,) is the cross section for isobar formation 
as a function of m, and is equal to o,*, »(m,). 

Let us now consider the case in the r-nucleon inter- 
action where the incident pion beam does not have a 
unique energy corresponding to a definite value of m,, 
but instead a rather wide distribution of energies 
specified by an arbitrary function /(m,). Clearly, there 
will now be a resultant distribution of the mass values 
of the isobars formed, and the resultant relative cross 
section per unit mass interval as a function of m; can 
now be defined as dP;/dm,. It is obvious from Eq. (1) 


© The nucleon-nucleon final state interaction at these energies 
is estimated to be small. The possibility of pion-pion final state 
interaction in the case of double isobar decay is not considered 
since there is very little evidence for such an interaction. 
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and the definition of F(m,) that 
dP1(m,)/dm;=constF(m,)o1(m,). (2) 


In a nucleon-nucleon collision which excites 
nucleon to the isobar state, the excitation energy or 
mass m; can vary over a wide range consistent with 
the conservation of energy. Although Eq. (2) has been 
derived for m-nucleon interactions, one can make the 
further assumption that in a nucleon-nucleon collision 
resulting in the excitation of an isobar, a similar form 
holds for dP;/dm,, namely that 


one 


dP,/dm, constF (E,m,)or(m,), (3) 


where E is the total energy in the c.m.s. of the colliding 
nucleons. This is equivalent to assuming that the 
intrinsic probability for isobar formation, which is 
denoted by the factor o7(m,)=|Misobar|m2p(m,) 
depends only on m; and not on whether the excitation 
energy m;, is derived via bombardment by a pion or 
another nucleon. 

The other factor in Eq. (3), F(E,m,) is analogous to 
the factor F(m,) in the w-nucleon case, and represents 
the intrinsic distribution of excitation energies available 
to form the isobar, which results from the details of the 
nucleon-nucleon collision. A relationship between the 
cross section for isobar formation and the r*+-p total 
interaction cross section similar to Eq. (3) has been 
derived in a previous publication." 

Now consider the case where the width of the isobar 
state [—0 or equivalently ma constant=mpo, and 
So1(m,)dm—constant X f'6(m;—mpo)dm;. Then if we 
integrate Eq. (3) to obtain the total cross section for 
isobar formation with a definite mass mp, it follows that 


dP ;(m,) 


dm; 


P, (mo) = 
dm; 


const f F(B,m,)o1(m,)dms 


const f F(E,m,)8(m, mo)dm,, 


= const (EB ,mpo). 


In this case o7(mo) is the cross section for formation of 
a two-body final state with one body a nucleon and the 
other a particle of mass mo. The simplest assumption 
is that F(E,mo) is the two-body phase space factor 
corresponding to a nucleon and a second particle of 
mass mo, for the case where FE is the total energy in the 
c.m.s. Therefore in considering the case of a variable 
mass m, it is reasonable to consider F(2,m;) to be the 
two-body phase space factor corresponding to E and mx. 

The concept of a variable well-defined mass for the 
isobar is only meaningful a long time after the collision 
(t>10-% sec) and well outside the collision region 
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(R>nucleon range). The mass has been previously 
defined as the total energy of the final state -nucleon 
system resulting from the isobar decay. The treatment 
of the mass as variable and well-defined in or near the 
collision region is unjustified. However, this semiclas- 
sical approach may still be expected to yield the domi- 
nant features of the interaction, provided the resonant 
interaction of pion and nucleon constituting the isobar 
is not essentially affected by interference terms due to 
the presence of the second nucleon in or near the col- 
lision volume. Of course, as previously stated, the 
longer the actual lifetime of the isobar the better this 
assumption will be. 

In the case of double pion production via excitation 
of both nucleons to isobar levels, we can develop 
arguments analogous to the single production case to 
support the following form of the differential cross 
section for formation of two isobars with masses in the 
intervals dm, about m,; and dm» about mo: 


Po doudie/dmdm,= F (E,my,me)o1(my)or(me), (5) 


where F(E,m,,mz) is the two-body phase space factor 
corresponding to m, and mz for a total energy E in the 
c.m.s. of the colliding nucleons. 

Equations (3) and (5) for single and double pion 
production respectively refer to the cross sections for 
isobar formation integrated over all angles in the 
original nucleon-nucleon c.m.s. Obviously the constants 
contain an integration over an arbitrary angular dis- 
tribution and hence Eqs. (3) and (5) can be put in the 
following form: 


dd singte/ dm, = const « F (Bm,)o(m,)a,(0)d0, (6) 


0 douvte/dmdm,= const ¥ F (E.,my,mz)o (m) 
Xo(m»)dmdmyaq(0)dh, (7) 


where a,(@) and a,4(@) are arbitrary functions of @. 
The initial two-nucleon state is characterized by a 
T and T, which are conserved. This initial state is 
# and 
various allowed 7,’. These various states are then 
weighted according to the appropriate Clebsch-Gordan 
coefficients, and the appropriate weights for the decay 
ii) 


decomposed into one or two isobars of 1 


of the isobars into w+, 2°, and m~ mesons are included 
to obtain the individual properties of these mesons. 


The two-body phase space factor is given by"? 
F=p,k\B./B, (8) 


where E£ is the total energy in the c.m.s. of the initial 
nucleons. In the following, all quantities pertaining to 
this c.m.s. will be barred. In Eq. (8), j; is the momentum 
of either particle (NV or N*) in the c.m.s., FE, and PF, 
are the total c.m.s. energies of particles 1 and 2, respe« 
tively, so that E=EB,+E8,. 

The preceding discussion [see Eqs. (6) and (7) |, 
suggests the following expression for the differential 


'7 Tt is assumed that the units are such that c= 1, 
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cross section in the c.m,s. for the production of pions 
(of all charge states) of kinetic energy T,, which 
originate from p-p collisions (total isotopic spin T= 1): 


da M2 Mid 
Al f ams a(m;)a(m2)FG,dm, 
dT do, JM, " Mo : 


Mis 
ran f v(m) PG), (9) 


a 


where A is a constant, which merely determines the 
total inelastic cross section, G,(m,,7’,) is a factor giving 
the energy distribution of the pions emitted into the 
solid angle dQ, by the isobar of mass m, having total 
energy F,; the parameter k determines the ratio of 
double to single N* production. Aside from the factor A, 
for the case of p-p collisions, which involve only the 
T=1 state, k is the only adjustable constant in the 
present model, Its value will be obtained below from 
a comparison of the calculations with the observed 
pion multiplicity as a function of the incident proton 
energy. In Eq. (9), NV isa normalization constant which 
is introduced merely in order that the constant k be 
dimensionless. V is given by 


M» 
v= f 
’ Ma 


In Eqs. (9) and (9a), M, is the total energy corre 
sponding to a pion at rest in the c.m.s.: M,=m,+m, 

1.08 Bev. The upper limit M, of Eq. (9a) is My, = 1.58 
Bev, corresponding to an excitation energy of 500 Mev 
plus a pion rest mass. In Eq. (9), the upper limits Mj, 4 
and M, for double production are defined as follows: 
M, «4=E—m, or My, whichever has the smaller value. 
Similarly, M» is taken as the smaller of the two energies 
K—M, and M,, For single production, the upper limit 
M,., is the smaller of the two values BR m, and M,,. 

Concerning these upper limits in Eq. (9), we note 
that we are using a cutoff!’ for the isobar mass m, (and 
m,) at M,. For the wt-p system, M,=1.58 Bev cor 
responds to a 700 Mevy-pion in the laboratory system. 
This cutoff was used because already at 450-Mev 
laboratory energy; the cross section o(7’= 4) for the 
} state becomes larger 
p) |. The wide 

~900 Mev 


Hence it was necessary 


a(m)dm., (9a) 


pion-nucleon system in the 7” 
than o(7” 
maximum of 


3) [ which is equal to o(m* 

o(7=4) with center at 
extends down to ~700 Mev 
to use a cutoff at an energy in this region, since the 
T’ =} state predominates for higher energies. The use 
of the cutoff in the present model is expected to result 
in an underestimate of the high-energy tail of the pion 


18 We note that the choice of the upper limit M» for the integral 
of Eq. (9a) for N has no practical effect on the predictions of the 
present model, Thus a change of the upper limit of this integral, 
which would change its value, would merely lead to a readjust 
ment of the value of k which gives the best fit to the observed 
multiplicity (Fig. 9), since the experimental data determine only 


the product kN [Eq. (54) ]. 
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distribution. However, the corresponding error is 
probably unimportant, since the predominant con- 
tribution to the pion production in the 0.8- to 3.0-Bev 
incident energy range is due to pions which have been 
made via the 7’=J=% resonant state, and whose 
energy is considerably lower than the cutoff. 

In Eq. (9), G, depends, of course, on the angular dis- 
tribution of the isobars, a(Oye), where Oy is the c.m.s. 
angle of the isobar with respect to the direction of the 
incident nucleon. G, is given by 


, 2n 
G,(E,,m;) r a(bye)J (6,)5(Ey— Exo) 
“0 0 


X sinOyedO ved ne, (10) 


where J(6,) is the Jacobian for the decay of m, 6, is 
the c.m.s. angle between the directions of motion of the 
isobar and the emitted pion, F,,o is the total c.m.s. 
energy of the pion emitted by the isobar of mass m, with 
energy F), at an angle 6, to the direction of the isobar; 
ne is the azimuthal angle of the isobar. We note that 
6, is related as follows to Oye and to the c.m.s. angle 6, 
of the pion with respect to the incident nucleon: 


cosp, cosb yet sinB, sinOys cos( One—@Gr), (11) 


cos6, 


where ¢, is the azimuthal angle of the pion. The deter- 
mination of a(@y«) from the observed pion angular dis- 
tribution will be discussed in Sec. IX. For the present 
calculations, we will be interested in two special cases 
for both of which the double integral of Eq. (10) 
reduces to a simple expression. 

We will first assume that the distribution of N* is 
isotropic in the c.m.s. In this case, G, is given by 


G, 1 (LE, max E, min)» (Ee min“ E.« 
(eile min GN Be se), 


Dew), (42) 


G,=0, (12a) 
where By min and Ly wax are the minimum and maxi- 
mum values of the total energy L, of the pion emitted 


in the decay of my. By min and By, nox are given by 


Al 
hk 
4m, max 


Kh 
47,min 


1 Dip," . 
Dips”), 


where /,* and p,* are the total energy and momentum 
of the pion in the rest system of m,, 0; is the c.m.s. 


Fi( i." 


4i(E,* 


(13) 


velocity of m, (which depends on FE and my), and 
491 = (1—5,’) 
uniform distribution of energies between EF, ,,;, and 
Ey max, and is normalized to 1: 


1 It may be noted that Eq. (12) gives a 


E,. max = 
G,dk, : 


J fh 
E r, min 


(14) 


The uniform distribution of pion energies is easily 


derived from the equation for F,: 


E,= 41(E,*4 iip,* cos6,*), (15) 
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Fic. 1, Phase space factor ’ for single and double N* 
at proton energies 7,=1.0 and 2.3 Bev. The ordinate gives the 
values of fF =p,*dp,/dE in units (Bev)*/c4. The full curves pertain 
to 7,=2.3 Bev; the dashed curves correspond to T,=1.0 Bev 


production 


where @,* is the angle of emission of the pion in the 
m-rest system. The number of decays per unit energy 
interval dE, is given by 

dn dn  dcos6,* 


G, (16) 


dE, dE, 


d cos0,* 
It is assumed throughout the present work that the 
isobar decays isotropically in its rest system.'® Thus 
dn/d cosé,* is constant (= 4). In view of Eq. (15), we 
have 

d cos6,* dE, 


1/(F:0ip.*), (17) 


which is also independent of 6,*. This shows that 


dn dE,=G, is constant between the limits BE, .i, and 
ro 

The procedure of the calculation of d*o dT ,d®, from 
Eq. (9) was as follows. The phase space factor F was 
calculated for me 
for various values of ms between 1.10 and 1.55 Bev 
(double production). The curves of F vs m, are shown 


0.938 Bev (single production) and 


in Fig. 1, for values of the incident proton kinetic 
energy in the laboratory system 7,=1.0 and 2.3 Bev. 
It is seen that / is slowly decreasing with increasing m, 
except near the upper limit M, in those cases in which 
M,=E M,. Thus 
the factor F will have a relatively minor influence on 
the energy spectrum of the pions, except for the values 
of m, in the neighborhood of B—my. 

1.10 and 1.55 Bev, F was calculated at 
intervals of ms of 50 Mev 


ms, so that fF becomes zero at m, 


Between mo 
For each selected value of 


4 From the interpretation of the pion scattering experiments,” 
it is known that the isobar has spin J=%. This value was also 
predicted from the strong coupling theory,"* according to which 
the isobar has 7’=J=%. Thus it is possible that the N* will be 
partially polarized, in the same manner as protons which have 
been elastically scattered. Since the average spin direction would 
then be perpendicular to the plane of production, the pion would 
be emitted preferentially at a small angle to the plane of pro 
duction. However, since J is not large, one expects that these 
effects will not be very important. For this reason and because 
of the lack of information about the polarization, we have used 
the assumption of isotropic decay 
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Fic. 2, Partial energy distributions for double pion production 
at a proton energy T,=2.3 Bey for isotropic production of N* 
rhe function show 


Mie 
a(m) hG,dm,, 
JM 


in the c.m.s n in this figure is 


V,*. The 
curves pertain to various values of the mass my, of 
isobar \ 


different 
the other 


where m, is the mass of the decaying isobar 


* produced in the collision 


m», to be called my;, the following quantity was obtained 
for various m, at intervals of 25 Mev: 


gig=o (ma) FP i5/(T 5, max Ty,min'), (18) 


P 3, 
() and T, min‘ are the values of F, Tan OB 
Here 7, sew MCs 
Tx,min are the kinetic energies corresponding to Py, max 
and By min, respectively [see Eq. (13) |. Equation (18) 


extending from 


where m,; is one of the selected values of my; 
Ty 
ry, max 


r,min Pertaining to m,, and mo; 


’ 


gives a step function of magnitude g¢;; 

Te min? to Ts max” for each set of values my, mo; 
The step functions g,; for all of the m, were added 
together and a smooth curve was drawn through the 


sum. The resulting spectrum, to be called /;, is a 


function only of 7’, and mz;. Thus 


1 (T,,me (>> gij)Am, (19) 


where Am=25 Mev. For my, 


single integral in the second term of Eq. (9) and gives 


m,, 1; is equal to the 


the shape of the pion spectrum for single production 
1,(T,,m,) will be called J, ,. 

For m.;>m,+m,, 1;(T,,mz;) gives the partial pion 
energy distribution for a fixed value of m, contributing 
to double production. Some of the curves of 7; obtained 
for ‘gs 
the double integral of the first term of (9) which gives 


the complete spectrum, the values of /,(7',,m,) for 


2.3 Bev are shown in Fig. 2. In order to evaluate 


neighboring values of my: mo; and my, ;,, (differing by 
50 Mev) were interpolated so as to obtain I(T ,,mz) 
for mo=}(moj;+-my, j41). Thus values of 1,(T,,ms) at 
intervals of 25 Mev were available. The double integral 
of Eq. (9) was then obtained by multiplying by o(mz;) 
and summing over m2;. We define 


T,,a(T,) = 3 5 1;(T 4,m2;)0 (maj) dm, (20) 
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where the values of m, cover the range from M, to M2. 
A smooth curve drawn through the values of J,,4 from 
Iq. (20) gives the shape of the pion spectrum for 
double production. 

The preceding calculations were carried out for 
incident proton kinetic energies T,=0.8, 1.0, 1.5, 2.3, 
and 3.0 Bev. Figure 3 shows the shape of the pion 
spectrum /J,,, for single production. J,,, is given by 


Mi. 
f a(m,)FG,dm,,. 


Ma 


Tee" (21) 


It is seen that the maxima of J,,,(7',) are quite broad. 
For T, 21.5 Bev, the maximum extends to considerably 
higher energies than the maximum of the cross section 
a(m;) which would give a rather narrow peak at 
T,=120 Mev for an excited nucleon decaying at rest 
in the c.m.s. The broadening of the maximum is due to 
the motion of the excited nucleons, which becomes an 
important effect with increasing proton energy. 
Figure 4 shows values of J,, a: 


Ma Mi,4 
am: { a(m)o(m2)FG,dm,, (22) 


a 


giving the pion spectrum for double pion production, 
for T,= 1.0, 1.5, 2.3, and 3.0 Bev. At 1.0 Bev, double 
production is almost negligible, due to the smallness 
of the phase space factor. A comparison of Fig. 4 with 
liv. 3 shows that the maximum of the J,,4 curves is 
somewhat narrower than that of /,,,. Thus for 7,=2.3 
Bev, the full width at half maximum is 240 Mev for 
double production (from T,=40 to 280 Mev), as 
compared to 330 Mev for single production (from 
7,25 to 355 Mev). Similarly for 7,=3.0 Bev, the 
half-maximum width is 310 Mev for double production, 
as compared to 380 Mev for single production. This 
narrowing of the maximum arises from the additional 
factor o(my) in the integrand of J,,4. This factor 


Tp * 3.0 Bev 


SINGLE N° PRODUCTION 


™% 








™ ~ 
i i LL 1 ee 
200 300 400 500 600 
PION CMS ENERGY Tw (IN Mev) 


Fic. 3. Energy spectrum in the c.m.s. for single pion production 
at proton energies 7,=1.0, 1.5, 2.3, and 3.0 Bev for isotropic 
production of N* in the c.m.s, The curves represent the single 
integral /,,, of Eq. (9). 
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makes it most probable that m2 will have a value close 
to the resonance value of 1.22 Bev. For a fixed me, the 
momentum #; of a given m, would be completely 
determined. This value of #, will be smaller than that 
for single production (for which m,=m,). Therefore 
the spread AE, =E ,, max—Ez.min Of the pion energies 
will be reduced, since AF, is proportional to pi, being 
given by 


AE, =2pips*/m. (23) 


Figures 3 and 4 show that the broadening of the 
pion spectrum due to the motion of the isobar is an 
important effect, although it does not shift appreciably 
the position of the maximum which is still in the 
region of 100-200 Mev for T,<3 Bev. 


(Il. EFFECT OF THE ANGULAR DISTRIBUTION OF THE 
ISOBAR ON THE PION ENERGY SPECTRUM 


In view of our lack of information about the angular 
distribution of the nucleon isobars produced in the 
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Fic. 4. Energy spectrum for double pion production at proton 
energies T,=1.0, 1.5, 2.3, and 3.0 Bey for isotropic production 
of N* in the c.m.s. The curves represent the double integral Jy, 4 
of Eq. (9). For 1.0 Bev, the double production is very small, and 
the values of 10/,,4 are shown in the figure. 


nucleon-nucleon collision, it seems of interest to treat 
two extreme cases which differ markedly from the 
isotropic distribution above. We. shall 
discuss the case where the N* is made only in the 
forward and backward directions in the c.m.s. The 
pion spectrum will be calculated for the pions emitted 
in the forward direction and for the pions observed at 
90° in the c.m.s. These spectra will be referred to as 
the 0° and 90° spectra, respectively.” 

We will consider first the 0° spectrum. In general, 
the Jacobian J which enters into Eq. (10) for G, is 
given by 

, 4° 1+ (p*)?+2p* cosé,*— i; sin’é,* |! 
1+ * cosd,* 


® The same 0° and 90° spectra would also apply if the isobar 
N* is made only at 90° c.m.s. angle to the incident proton direc 
tion. In this case, the 90° spectrum would give the energy distri 
bution of the pions emitted in the forward direction, while the 0° 
spectrum would apply to the pions observed at 90° in the c.m.s. 


considered 


, (24) 
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where @, is the velocity of the excited nucleon mi, 6,* 
is the angle between the direction of the isobar and 
that of the pion in the m,-rest system; p* 
where v,* is the velocity of the pion in the my-rest 
system. From Eq. (24), the values of J for #,*=0° and 
180° are given by 


sn./a @ 
=U1/Us , 


Ja=F(1+*)*, (6.*=0°) (ata) 


Jo=F2(1—p*)*, (0,*= 180°). (24b) 


The pion is obviously emitted in the forward direc- 
tion in the c.m.s. if the isobar is produced in the 
forward direction (@ye=0°) and the decay angle 6,* 
is 0°. This case corresponds to Eq. (24a). If the isobar 
is produced in the backward direction and emits the 
pion at @,*=180°, the pion is observed along the 
forward direction in the c.m.s., provided that v,*> 1. 
However, when the available energy in the my)-rest 
system, m;—(m,+m,), is very small, so that v,* <i, 
the pion emitted at 0,*=180° travels in the same 
direction in the c.m.s. as the parent isobar, so that the 
latter must have been produced in the forward direction 
in order to contribute to the pion spectrum at 0°. For 
both of these possibilities for 6,*= 180°, the Jacobian 
is given by (24b). The values of EB, which correspond 


’ 


to Je and Jp are Bynax and Ey min, respectively, as 
given by Eq. (13). Thus the pion spectrum is obtained 
from Eq. (9), in which G, is given by 
G,(E,) =72(1+p*)(E,— 71(Ex*+i1p,*) | 
+72(1—p*)*6[E,—71(E.*—o:p,*) ]. (25) 
The 6 functions in Eq. (25) correspond to the fact 
that for an isobar with a fixed mass m, emitting a pion 
at 6,*=0° or 180°, there is a single pion energy a 
These 6 functions replace the continuous spectrum of 
Eq. (12) which is obtained when the isobar is produced 
isotropically in the c.m.s. In view of Eq. (25), the step 
function g;; of Eq. (18) (pertaining to m,;, mz;) is 
replaced by a sum of two-step functions g;j,4 and gy;,5 
which were obtained as follows: 


a(my i) FP y3J ij, 


‘Tr (ij+) — Tr (i 
Te max Te max 


Sija (26) 


where 


Ty, max ' 1 Tom” 9) t Tao” |, 


TT (ij+) 
r, max 


(27) 


Al ‘i max’? t p a a |. 


(27a) 
The step function g,;4 extends from Ty jax‘ to 


Te wax‘**) and represents the contribution of values of 
1 


m, between }(m, ;1+m,,) and }(m,,+m, ,,)). In Eq. 
(26), Jij.a is obtained from (24a). 

The step function g,;,, for 6,*= 180° is given by 
a(myi) FP isJ ijn 


(28 
Fx min***?? -T, 1 tn 4 ; 
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Fic. 5. A comparison of the energy spectra for double pion 
production at a proton energy 7,=2.3 Bev for isotropic and 
forward-backward emission of the isobars. The curves give the 
double integral Jy,4 of Eq. (9). The curve marked isotropic 
pertains to isotropic production of N* in the ¢.m.s. The curves 
marked 0° and 90° were obtained on the assumption that N* 
is made only in the forward and backward directions in the c.m.s. 
The 0° and 90° curves pertain, respectively, to the pions produced 
in the forward direction and at 90° in the c.m.s. 


where 7, min’? and Ty. min“? are defined in terms 
of Ty min@*? and Ty, min“? in the same manner as in 
Eqs. (27) and (27a). Jij,5 is obtained from (24b). The 
step function g,;,, extends from T. nin) to Te wn!” 

The spectra due to gij,q and g;;,, must be added and 
summed over the m,, in order to obtain the composite 
spectrum, 1,(T,,m2;) [see Eq. (19) |. We note that, in 
contrast to the isotropic case, the step functions g;j,4 
(Or £ij,b) for different 7 do not overlap. Thus gija 1s 
contiguous tO gi41,j,a (pertaining to my, i,1) generally 
on the high-energy side, and to g;-1, ja (pertaining to 
my, i—1) on the low-energy side. The complete spectrum 
for double production is obtained from Eq, (19) in the 
same manner as for the isotropic case. 

Figure 5 shows the 0° spectrum, together with the 
90° spectrum and the energy distribution for the 
isotropic case, for double N* production at T= 2.3 
Bev. The large peak of the 0° spectrum at 275 Mev is 
due to isobar decays with 6,*=0° for which the 
Jacobian, Eq. (24a), is generally 1. On the other 
hand, the weak maximum at 50 Mev is mainly due to 
180°. In this case, the N* is 
generally moving backward in the c.m.s., and the cor- 
responding Jacobian, given by Eq. (24b), is relatively 
small. 

The 90° spectrum will now be obtained. For this 


pions emitted at 6," 


purpose, the Jacobian (24) will be written in terms of 
the c.m.s. quantities: 


(1 D,*) n 
2?) 


(1+-p’— 26 cos, — ib; sin*d,)!(1— p cosd,) 


where 0,=c.m.s. angle between excited nucleon and 


pion, p=0,/0,, with 0, = velocity of pion in c.m.s. For 
6,= 90°, Eq. (29) gives 
J=(1 


Dy*)/(1 t p’ D;7)?. (29a) 
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Fic, 6, Energy spectrum of the recoil nucleons Jy, 4 for double 
N* production at incident proton energies 7,=1.5, 2.3, and 3.0 
Bey for isotropic production of N* in the c.m.s. These curves 
have the same normalization as /,,4 in Fig, 4. 


The pion energy E, is E,* ‘41, so that 


(1+-p’ 
Hence g,; becomes 


Lij a(m)F isJ i; (Tip (31) 


where 

P44) a (TH+ P07), (32) 
The step function g;; extends from 7,“ to T°". 
In Eq. (31), Ji; is obtained from (29a) and 7,“ is 
given by (£,*/4,)—m,. The resulting spectrum for 
double pion production at i» 2.3 Bev 
Fig. 5. It is seen that the maximum of d’a/dT,dQ, is 


is shown in 


narrower and occurs at a lower energy than for the 
isotropic distribution. This was to be expected, since 


*/¥, for the 90° spectrum, which 


the pion energy is F, 
is smaller by a factor 7," than the average energy 7:/,* 


for the isotropic case 


IV. ENERGY SPECTRUM OF RECOIL NUCLEONS 


The energy spectrum of the recoil nucleons is obtained 
from the following equation, similar to Eq. (9) for the 


pons: 


do M2 Mia 
4| } dmes | 
dT ydQy J Ma J Ma 


.M 


a(m,)a(ms)FGy ydm, 


tRNA (33) 


“Ma 


a(m,)h (Gn it Gyn »)dmy » 


Here d°a/dT yd®y gives the number of events in which 
one of the recoil nucleons has kinetic energy between 
Tw and T'y+dT'y, and is emitted into the solid angle 
dQy. For the calculations of this section, it will be 
assumed that the V* is made isotropically in the c.m.s. 
Gy, is the energy distribution of the nucleons arising 
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from the decay of N* and is given by 


; Ey, min)» (Ew. min “ Ey < E N, max), 


(34) 
(34a) 


Gy, 1 1, (EF NV, miax 


Gyi=0, (Ew<Ew, min and Ey> Ey, max); 
where Ey is the total energy of the nucleon in the c.m.s., 
and " 

En, max=71(En*+iipy*), 

: (35) 
Ew, min=41(En* —dipy*), 
with Ey*=total energy, py*=momentum of the 
nucleon in the rest system of the isobar of mass my. 

The term Gy,» in the single integral of (33) pertains 

to the unexcited nucleon in the reaction p+p—N* 
+ (p or n). We note that since the nucleon isobar has 
isotopic spin 7’ = 4%, it may exist in the doubly charged 
state, in which case a neutron will be made together 
with the N*. Gy,» is given by 


Gy,2 (Ey Ey,0), (36) 
where Ey, is the energy of the nucleon made directly. 
Ey, depends on m, and on the total energy E in the 
c.m.s. 

In order to obtain the energy spectrum of the recoil 
protons, we must consider the wave function for the 
final state, which is either N*+N* or N*+N. For 
double N* production, the total wave function W for 
p-p collisions is 


WV pp = — (3/10) Wy (1)p_4(2) 


+ (4/10) by (1)y(2) — (3/10) Y_y (14 (2), (37) 


where Wr,’ is the wave function for the isobaric state 
with 7”’=4 and z-component 7,’ [ charge=e(7T,’+4) ]. 
The number in parentheses (1) or (2) labels the two 
excited nucleons. For the decay of the isobar, the 
functions Wy, ¥4, and y_, are equivalent to the following: 


Yi=HiXh, (38) 


¥4= (9) uoxyt (4) toix (39) 


v4 


where yt, is the pion wave function with isotopic spin ¢, 
(e.g., wi represents a wt meson); x¢, is the nucleon wave 
function (x;=proton, x.y=neutron). The probability 
distribution P obtained from (37) is 


(4) 4u_axgt (4) wox-a, (40) 


P= (6/10) pyp_y2+ (4/10) (Wy)? (41) 


The two terms of (41) will be called @ and 5b, respec- 
tively. From (38) and (40), one obtains, for the number 
of protons due to a, 

Na= (6/10)(1+4) = 4. 


Similarly, b gives 


ny= (4/10) (4/3) =8/15, 
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so that the total number of protons is 


Natny= 4/3. 


For single N* production, W is given by 


Vp-p? = — ym +3 V3Y 1-4, (44) 


where ne, is the wave function of the unexcited nucleon. 
Thus the fraction of unexcited protons is }. From Eqs. 
(37)-(39), the number of protons from the decay of 
the isobar is 

n= (4)(4)+$=11/12. (45) 
In view of (33), (43), and (45), the energy spectrum 
of the recoil protons is given by 


@a(p) 
A{(4/3)Iw,a+RNE(11/12)I ny, 1447 y,2]}, (46) 


dT Ad, 


where 7’, and dQ, are the proton energy and solid angle, 
respectively; Jy,a is the double integral of Eq. (33); 
Ty,, and Ivy,» 


are defined by 


I N,i f 
M 


We note that the corresponding expression for the 
neutron spectrum is 


Mi 6 
a(m;)FGw. dm. (47) 


a 


d’a(n) 


————== A[ 3] y,atkN (yl, 1+ 4/2) ]. 
dT',dQ, 


(48) 


The integrals /y,, and /y,; are evaluated in the same 
manner as the corresponding integrals /,,4 and /,,, for 
the pion spectrum for isotropic production of the .V*. 
On the other hand, Jy,» 
for the 0° or 90° spectrum, since Gy,» is a delta function 


is similar to the pion integrals 


which is analogous to Eqs. (25) and (30). 
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Fic. 7. Energy spectrum of the recoil protons at 7,=1.0 Bev, 
The combined spectrum is shown together with the components 
Iy,, and /y,». Iy,; corresponds to protons from the decay of N*; 
/y,2 pertains to protons which have not been excited in the col 
lision. The combined spectrum is proportional to [(11/12)/y,1 
+ (1/4)I wn, 2]. 
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Fic. 8. Energy spectrum of the recoil protons at T,=2.3 Bev 
The combined spectrum is shown, together with the components 
Ty,a, y,1, and [y,>. [y,4 pertains to protons arising from double 
N* production; /y,; and /y,2 correspond to single N* production. 
The combined spectrum is proportional to 


{ (4/3) Iv, a+O.6N{[ (11/12) Iv, + (1/4) Ty, 2). 


(The curve of /y,4 does not have the same normalization as in 
Fig. 6.) 


Figure 6 shows the values of the double integral 
Iy,4 of Eq. (33) giving the nucleon spectrum for double 
N* production at 7,=1.5, 2.3, and 3.0 Bev. These 
curves have the same normalization as the curves of 
the pion spectra in Fig. 4. Thus 


(49) 


ig -_ “in = 
f Ty, adT n } labt w, 
0 all 


where Ty. = is the maximum possible value of Ty. 
Inia 
is the corresponding energy _for the pion spectrum, 
Figures 7 and 8 show the proton spectra for T, 
and 2.3 Bev. At 1.0 Bev, double N* production is 
negligible. Figure 7 shows the functions Jy; and Jy 


above which 0 in the present model, and 7, ,, 


1.0 


together with the combined spectrum as obtained from 
(46). It is seen that /y,; (protons from N* decay) is 
quite flat over most of the energy range, whereas /y, 
(unexcited protons) has a pronounced maximum near 
T,=90 Mev. The reason is that Iv,» 


duces the shape of the scattering cross section a(my,), 


essentially repro 


since to each value of m, there corresponds a unique 
proton energy Ey 9. On the other hand, for the protons 
arising from the V* decay, there is a range of energies 
By for each Mm, which accounts for the flat central part 
of the Jy,; curve. It may be noted that the combined 
spectrum has only a weak maximum at 90 Mev, because 
of the relatively small coefficient of Jy,» as 
to the coefficient of Iw, 1, In (46). 


compared 


Figure 8 shows the three spectral shapes /w,a, Jw, 
and Jy,» for T, 


spectrum obtained with k 


2.3 Bev, together with the combined 
0.6. This value of & is 
derived in the next section from the comparison of the 
calculations with the experimental values of the pion 


multiplicity as a function of the incident proton energy. 
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At 2.3 Bev, the double production is very prominent 
and essentially determines the shape of the combined 
spectrum for 7, <280 Mev. However, /y,4 becomes 
very small above 300 Mev, and, in this region, the 
proton spectrum is determined primarily by the single 
production. In similarity to the 1.0-Bev spectrum, /\y,; 


is approximately constant over most of the range, 
whereas Jy,» has a sharp maximum corresponding to 
the resonance of o(m,). Figure 8 shows that the com- 
bined spectrum has two maxima, one in the range 
100-200 Mev corresponding to the maximum for the 
double production /Jy,4, and a second maximum near 
$50 Mev arising from the peak of Jy, It would 
therefore be of interest to make accurate measurements 
of the recoil proton spectrum in the region of T,~2 Bev, 
in order to determine whether these features are 
present. In the following section, we shall compare the 
calculated spectra of the recoil nucleons with the cloud 


chamber results’ obtained at the Cosmotron 


V. COMPARISON OF CALCULATED PION AND 
NUCLEON ENERGY SPECTRA WITH 
EXPERIMENT 


In the discussion given above (Secs. II and IV), we 
have obtained separately the pion and nucleon spectra 
due to single and double production. In order to obtain 
the combined spectra due to both processes it is neces- 
sary to determine the constant k of Eqs. (9) and (33). 
This will be done by comparing the calculated pion 
multiplicity with the experimental results obtained 
from the Brookhaven cloud-chamber data? and from 
the counter measurements of Lindenbaum and Yuan.* 

In terms of the integrals /,,4 and J,,, defined above, 
the differential cross section for pion production can be 
written 


da /AT d= A(1¢ atRNI, «) (50) 
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Fic. 9. Calculated and experimental values of the ratio of the 
cross section for producing two pions (D)) to the sum of the cross 
sections for single and double production (S+D) in p-p collisions 
(T'=1). The calculated curves were obtained from Eq. (54) with 
k= 0.5, 0.6, and 0.7. The triangles represent the Brookhaven 
cloud-chamber results.’ The crosses give the values of D/(D+-S) 
deduced from the r*t/x~ ratios measured by Lindenbaum and 
Yuan.’ 
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where J, and /,, are the energy spectra assuming 
isotropic distribution of the N* in the c.m.s., as given 
in Figs. 3 and 4, and T,,,, is the maximum possible 
energy T, above which I,,4 or I[,,,=0. The total cross 
section for pion production o; becomes 


o1=40rA(KatkN&K,). 


We define 
(51) 


(51a) 


(52) 
It should, however, be noted that the values of Ky and 
K, are independent of the angular distribution of the 
N*. Indeed, Ka and K,, as given by Eqs. (51) and (51a), 
are equal to 


M2 ] 
K d dm af 
/ Ma M 


Mie 
_ 
JM, 


The equivalence of (53) and (51), and of (53a) and 
(51a) follows directly from the fact that the function 
G, giving the energy distribution of the pions [see Eq. 
(9) ] is normalized to 1, as shown by Eq. (14). The 
definition of Ky and K, in terms of J,,q¢ and J,,, is 
merely convenient here, since the functions J,,¢ and 
I,,, have been plotted in Figs. 3 and 4, whereas 
the integrals of Eqs. (53) and (53a) cannot be obtained 
directly from any results given in this paper. 

The part of a, which is due to double production will 
be called D; the corresponding part for single production 
will be called S. The ratio of double to the sum of single 
plus double production events is thus given by 


D/(D+S)=Ka/(KatkNK,). 


Mid 
a(m,)a(m2) dm, (53) 


a(m,)Fdm. (53a) 


(54) 


The ratio D/(D+-S) was obtained by Fowler et al. 
[reference 7(II)] at 1.5 Bev and by Block et al. 
[reference 7(II1)] at 2.75 Bev. It was found that 
reasonable agreement with these data can be obtained 
by taking k=0.6. Figure 9 shows the curves of 
D/(D+S) for k=0.5, 0.6, and 0.7, as obtained from 
Eq. (54). The Brookhaven cloud chamber results’ are 
represented by the triangles. In addition, we have 
shown estimates of D/(D+.S) based on the measure- 
ments of the w/a ratio by Lindenbaum and Yuan. 
It can be concluded that with the choice k=0.6, the 
present model gives reasonable agreement with the 
observed values of D/(D+S) throughout the range 
from 1 to 3 Bev. It should be noted that at 3 Bev, there 
are some 3-pion events [reference 7(III) | (~15% of 
the total inelastic cross section). 

These events were not included in the comparison 
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since the present treatment of pion production via the 
T’=J =} isobaric state only allows at most double 
pion production in a nucleon-nucleon collision. Hence 
the triple pion events would require other isobaric 
states involving double or triple meson decay. These 
states could in general have various other values of 7” 
and J. Since we do not at present know the properties 
or even necessity of the existence of such states, they 
were not considered. 

However, in principle one can conceive of meson 
production as always proceeding through a set of 
isobaric nucleon states of various 7” and J values which 
decay by emitting one or more pions. Another possi- 
bility is that in addition to nucleon isobars, some pions 
are also produced directly. 

In obtaining the combined r* spectrum due to single 
and double production, we will use k=0.6. The cross 
section for producing r* in p-p collisions is then given by 


d’a(x*) 
———-= A[(13/15)/z,a+(0.6)(§)NIx,2], (55) 
dT ,dQ, 


where the coefficients 13/15 and 5/6 are obtained from 
Eqs. (37) and (44). Concerning the normalization 
constant V [see Eq. (9a) |, it may be noted that with 
the (arbitrary) units used in Figs. 3 and 4, this constant 
becomes unity, so that the combined pion spectrum is 
obtained by adding (13/15)/,,4 and (1/2)/,,., with 
T,,q and J,,, as given in Figs. 3 and 4. The resulting 
spectrum is shown in Fig. 10 for 7,=1.0 and 2.3 Bev, 
both for the isotropic distribution of N* (full curves) 
and for the 90° case, i.e., on the assumption that .V* is 
made only in the forward and backward directions in 


the c.m.s., and the 2? is observed at 90° in this system 
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Fic. 10. Energy spectrum of x* mesons at T,=1.0 and 2.3 Bev, 
as obtained from Eq. (9) with k=0.6. The solid curves pertain to 
isotropic production of N* in the c.m.s. The dot-dashed curves 
correspond to production of N* in the forward and backward 
directions and give the spectrum of r* mesons emitted at 90° in 
the c.m.s. The dashed curves show the results of Lindenbaum and 
Yuan? for 1.0 and 2.3-Bev protons on beryllium. Their data for 
hydrogen are also shown. The experimental and theoretical curves 
were normalized to the same value at the maximum of the cross 
section. The relative magnitude of these maxima at 1.0 and 2.3 
Bev has no physical significance. 
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(dot-dashed curves in Fig. 10). These calculated values 
have been compared with the results of Lindenbaum 
and Yuan’ for mt produced both in H and in Be. The 
experimental data have been normalized to the theo 
retical values at the maximum of the energy distribu 
tion. It may be noted that the experiments were carried 
out at a laboratory angle of 32° which corresponds to a 
~ 100° at 2.3 
at 1.0 Bev. Figure 10 shows 


range of c.m.s. angles from B,~74° to 
Bev, and B,~60° to 75 
that for 7,=2.3 Bev 
follows closely the calculated curve for the isotropic 
case on the high-energy side of the maximum (at 
T,~150 Mev) thus giving an indication that the cross 


the experimental spectrum 


section for producing .V* is essentially isotropic in the 
c.m.s., Which is also consistent with the cloud-chamber 
experiments [references 7(II), (III) |]. Below ~125 
Mev, the 
Aside from possible inadequacy of the theory, the dis 
crepancy may be partly due to the experimental dif 
ficulties of obtaining accurate values of the pion inten 


calculated results are somewhat too low 


sity for low momenta mainly on account of the large 
positron and muon contamination. However, it is 
expected that more accurate values of the spectrum 
in this energy region will soon be available from experi 
ments now being carried out by Lindenbaum and 
Yuan.’ In any case, the present model is in good 
agreement with the existence of the low-energy peak 
of the pion spectrum and the rapid falloff of the pion 
distribution above the energy of the maximum 

For T,=1.0 Bev, there is also an indication that the 
calculated values are somewhat too small for 7, < 100 
Mev. At higher energies, the curve obtained from the 
00° spectrum follows closely the experimental points. 
This result suggests that the production cross section 
of V* may be peaked forward and backward in the 
c.m.s. at 7',=1.0 Bev. A similar conclusion is obtained 
below (Sec. [X) from the c.m.s. angular distribution of 
the at 7,=0.8 Bev, as observed by Morris, 
Fowler, and Garrison [ reference 7(1) | 

The Fermi statistical theory has been previously 


pions 


compared with various experiments, and it was shown 
that it does not predict correctly the observed dis 
tribution of pion multiplicities. Thus it gives values of 
the multiplicity which are considerably too small in 
the range 7,~1 to 3 Bev. In the usual comparisons of 
the energy spectra calculated from the Fermi theory, 
a part of the disagreement with experiment arises from 
the fact that the statistical weight of the spectrum due 
to single production is relatively too large, as compared 
to the statistical weight of the spectrum for double 
production. The relative weights for single and double 
production depend on the interaction volume assumed, 
while the individual spectral shapes for single and 
double production are independent of the volume, In 
order to obtain a more critical test of the Fermi theory, 
which does not involve the prediction of the multi 
plicity, we have compared the experimental spectra of 
Lindenbaum and Yuan’ at 1.0 and 2.3 Bev with those 
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which would be obtained from the Fermi theory if one 
were to use the experimental values of the multiplicity. 

At 1.0 Bev, the counter data’ and the cloud chamber 
results’ obtained at the Cosmotron show that there is 
essentially no double production, At 2.3 Bev, there is 
both single and double production. The experiments of 
Lindenbaum and Yuan* were carried out both with a 
beryllium target and with a hydrogen target. In the 
the former case, one has a mixture of p-p and n-p 
collisions. For the p-p interaction, the numbers of 
double and single production events are approximately 
equal [ see Fig. 9; D/(D+-S)=0.5 |. The total inelastic 
cross section was found by Fowler et al. [reference 
7(1V) | 
double production in the 7 
the fraction of the T 
to inelastic (double production) events has not been 


to be 26 mb, giving 13 mb each for single and 
1 state. For n-p collisions, 
0 cross section which corresponds 


measured, However, this fraction has been estimated 
from the behavior of the total 7 
function of energy. This estimate is described in Sec. VI. 


0 cross section as a 


The shapes of the Fermi theory spectra for 1.0 and 
2.3 Bev, and the branching ratios for the various single 
and double pion events for p-p and n-p collisions, have 
been calculated by Yang and Christian.‘ Upon using 
these ratios and the previously discussed cross sections, 
one obtains the appropriate momentum spectra for m* 
mesons produced in H and Be at 2.3 Bev. At 1.0 Bev, 
the double production is negligible, so that the beryl 
lium and hydrogen wt momentum spectra are the same. 

Figure 11 shows the calculated spectra at 1.0 Bey 
for Be or H, and at 2.3 Bev for Be together with the 
experimental results of Lindenbaum and Yuan,* which 
were found to be similar for both Be and H. For the 
Fermi theory calculations at 2.3 Bev, only the results 
for Be are shown. The curve for H is similar, except for 
somewhat more of a high-energy tail, which would give 
an even greater disagreement with the experimental 
spectrum, At each energy, the theoretical and experi 
mental spectra have been normalized to the same area. 
It is seen that the curves obtained from the statistical 
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Fic. 11. Pion ¢.m.s. momentum spectra at 1.0 and 2.3 Bev 
us obtained from the Fermi statistical theory using the observed 
values of the pion multiplicity. The dashed curves give the 
experimental results of Lindenbaum and Yuan.* 


AND 


R. M. STERNHEIMER 
theory are in considerable disagreement with the ex- 
perimental values. The energy of the maximum of the 
calculated curves is considerably too high, and the 
maximum is quite wide, in contrast to the narrow peak 
of the experimental curves. For 2.3 Bev, there is, 
in addition, a high-energy tail which is contrary to the 
observations. This tail is due to the contribution of the 
single production. Thus Fig. 11 shows clearly that the 
Fermi statistical theory fails to give agreement with 
experiment because the partial energy spectra, espe- 
cially for single production, have their maxima at 
energies which are considerably too high. This source 
of disagreement exists in addition to the failure of the 
statistical model to predict the observed multiplicities. 
We have also compared our results with those 
obtained with the Brookhaven hydrogen diffusion cloud 
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lic. 12. Pion c.m.s, momentum spectrum at 7,=0.8 Bev. The 
solid curve was obtained from the isobar model | Eq. (56) ]. The 
histogram represents the experimental data on pnr* events of 
Morris, Fowler, and Garrison [reference 7(1) ]. The dashed curve 
gives the prediction of the Fermi statistical theory, as obtained 
by Block." The two calculated curves and the histogram are 
normalized to the same area 


chamber.’ The experiments for which we have made 
calculations are those performed at 0.8 Bev by Morris, 
Fowler, and Garrison [ reference 7(1) | and those carried 
out at 1.5 Bev by Fowler, Shutt, Thorndike, and 
Whittemore [reference 7(II) ]. 

At 0.8 Bev, there is only single pion production. Con- 
sequently, the spectrum is completely determined by 
the integral /,,, of Eq. (21). In Fig. 12, we have plotted 
the calculated momentum spectrum as a function of the 
¢.m.s. pion momentum j, together with the histogram 
of the experimental results [reference 7(I)]. The 
theoretical curves give the values of 


do oa 


i, - (56) 
dT dQ, 


- «ely, 4, 
dp,dQ, 


where #, is the c.m.s. velocity of the pion. The experi- 
mental and theoretical spectra have been normalized 
to the same area. It is seen that the calculations are in 
reasonable agreement with the experimental data. 
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In Fig. 12, we have also shown the prediction of the 
Fermi statistical theory, as obtained by Block.” At 
0.8 Bev, there is no marked difference between the 
isobar model prediction and the result of the statistical 
theory. The momentum spectrum given by the Fermi 
theory goes as p,’ near p,=0, whereas the spectrum 
obtained from the isobar model is proportional to jp,‘ 
for small momenta for an isobar at rest in the c.m.s., 
since ¢ «p,* near p,=0. Thus both spectra start with 
zero slope at p,=0, and increase rapidly with mo- 
mentum. At 0.8 Bev, it is just possible to form an 
isobar with mass values extending up to the upper 
limit of the resonance region. (The center of the reso 
nance corresponds to m,;1.22 Bev, while the maxi 
mum possible m, is 1.30 Bev.) Thus the isobar model 
curve of da/dp, will have its maximum fairly close to 
the maximum possible momentum. For an isobar at 
rest in the c.m.s., the maximum of the do/dp, curve 
would occur at the momentum p,* of the pion in the 
rest system of m,= 1.22 Bev (p,* = 220 Mev/c), whereas 
the cutoff corresponds to the momentum p,* in the 
rest system of m,= 1.30 Bev (p,*=290 Mev/c). These 
two values are quite close to one another. The actual 
momenta at the maximum and cutoff taking into 
account the isobar motion are 250 and 305 Mev/c, 
respectively, as shown by Fig. 12. The curve predicted 
by the statistical model also has its maximum near the 
cutoff, but for a different reason: the phase space 
increases as p,” up to a momentum Pp, fairly close to 
the cutoff, when the momenta of the recoil nucleons 
begin to have an appreciable effect. Thus the theoretical 
curves for the two models do not differ appreciably at 
0.8 Bev, and both agree reasonably well with the 
experimental histograms. Therefore, the 0.8-Bev spec- 
trum cannot be used to discriminate between the two 
models of pion production. On the other hand, at 1.5 
Bev, as shown below, the spectrum given by the sta- 
tistical theory differs considerably from the experi 
mental histogram, because it predicts too many high 
pions. However the curve obtained from the 
model is in reasonably good agreement, thus 
evidence in favor of the model. The 
for the enhancement of lower momentum pions 


energy 
isobar 
giving 
reason 
in the isobar model, at an incident energy of 1.5 Bev, 
is that isobars can now be formed well beyond the peak 


isobar 


of the resonance region and hence higher momentum 
pions are discriminated against by the rapidly decreas 
ing resonance cross section on the high-energy side of 
the peak. 

Figure 13 shows the spectrum of the recoil protons 
and neutrons at 0.8 Bev. In obtaining the proton energy 
spectrum for comparison with the cloud chamber 
results, we note that the experimental data include 
only protons from pum? events. The energy spectrum 
for these protons is somewhat different from Eq. (46) 
which also contains a contribution from ppx” events. 
From Eq. (44), one finds that the momentum distribu 


21M. M. Block, Phys. Rev. 101, 796 (1956). 
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curve 


tion of protons from prr' alone is given by 
Pa(p)pnet _— da(P) pur’ 
l eV y\ ily it 


oS Tn.2), 
dT ,dQ, 


: i? (57) 
dp dQ, 

where d, is the ¢.m.s, velocity of the proton, and py, 

is the proton momentum. Equation (57) was used to 

obtain the calculated curve for protons of Fig. 13. For 

the neutron momentum spectrum, one obtains from 

(48), 

a(n) 
! x Onl pyl vit 


AT dQ, 


Pa (7) 
dppdQ, 


where 0, is the c.m.s. velocity of the neutron. For both 
protons and neutrons, the experimental and theoretical 
spectra have been normalized to the same area. Figure 
13 shows that the calculated curves for 0.8 Bev are in 
satisfactory agreement with experiment. We note that 
the experimental] histogram for the neutrons is more 
sharply peaked than that for the protons. In agreement 
with this feature, the calculated curve for neutrons has 
a higher maximum than that for protons. This difference 
between the two calculated spectra is due to the larger 
contribution of Jy,2 to the neutron spectrum | {/y,9 as 
The dot-dashed 


compared to gyn , for the protons | 
obtained from the Fermi statistical 


curve in Fig. 13 wa 
theory.” It is seen that this curve is practically the 
same as the isobar model prediction for the protons, 
Since the pion spectrum is closely the same for the two 
models, it was to be expected that the nucleon spectra 
would also be very similar at 0.8 Bev, since the pion 
and nucleon spectra are correlated by conservation of 

energy and momentum 
Figures 14 and 15 show the corresponding spectra for 
1.5 Bev. In this case, only the parts of the theo 
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lic. 14. Pion c.m.s. momentum spectrum at 7,=1.5 Bev. The 
solid curve was obtained from the isobar model fq (56) |. The 
histogram represents the experimental data on pnr* events of 
Fowler, Shutt, Thorndike, and Whittemore [reference 7(IT) ] 
The dashed curve gives the prediction of the Fermi statistical 
theory. The two calculated curves and the histogram are nor 
malized to the same area 


retical momentum distributions due to single production 
[ Eqs. (56)-(58)] have been plotted, since the histo 
grams of the experimental data represent only definite 
pur’ cases of single production [reference 7(11) ]. For 
both pions and nucleons, the experimental and theo 
retical spectra have been normalized to the same area 
It is seen that the spectra obtained from the isobar 
model are in satisfactory agreement with the experi 
mental histograms. On the other hand, the results of 
the statistical theory”! are in definite disagreement with 
experiment. The many 
high-energy pions and correspondingly the energy of 


statistical theory gives too 
the maximum of the nucleon spectrum is too low. Both 
deficiencies are remedied by the isobar model which 
favors the emission of low-energy pions and increases 


the relative number of high-energy recoil nucleons.” 


VI. PION PRODUCTION IN n-p COLLISIONS 


In the preceding discussion, we have considered only 
p-p interactions. The integrals of Eqs. (9) and (33) 
can also be used to obtain the energy spectra of pions 
and nucleons arising from n-p collisions. In this case, 
the initial system consists of an equal mixture of 7=0 
and 7 
the 7 


obtain a total angular momentum 0 with two com 


1 states. For the production of one isobar, only 
1 state contributes, since it is impossible to 


ponent momenta of } and 4. However, for double N* 
Oand 7 


production, both the initial 7 1 states con- 


tribute 


* After the present calculations of the energy spectra were 
completed, it came to our attention that a similar calculation 
based on the model of an excited nucleon has been carried out by 
Yappa for the spectrum of pions produced by 600-Mevy protons 
Y. A. Yappa, quoted by Meshcheryakov, Zrelov, Neganov, 
Vzorov, and Shabudin, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Fnergy (United Nations, New 
York, 1956), Vol. II. Belenkii and Nikishov have also considered 
the inclusion of isobars in the statistical theory: S. Z. Belenkii 
and A. I. Nikishov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 744 
(1955) [translated in Soviet Phys. JETP 1, 593 (1955) }. 
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For single N* production, the final state wave function 

is 
Ch) os 
Vv, Pp = 


(4) Yam t+ (3) Wana. (59) 


As in Eq. (44), Ys denotes the wave function of the 
isobar, and m,, is the wave function of the unexcited 
nucleon. From Eqs. (39), (40), and (59), one finds that 
the average numbers of the nucleons in the various 
final states are as follows: unexcited protons, 5 ; protons 
from N* decay, 4}; unexcited neutrons, 4; neutrons 
from N* decay, }. The fraction of pions in each charge 
state is, n(rt)=n(9~-) =}; n(x”) = %. 

For double N* production, the final state wave 
functions for T7=1 and T7=0 are given by 


V,-,p” (T=1) 
= (9/20) py (1)p_4(2) — (1/20) py (1) p_4 (2) 
(1/20) bp_4 (1) (2) + (9/20) 'p_y (14 (2), 


Vp-p (T=0) = — phy (1)_4(2) +44 (14 (2) 
— bv_4(1)y (2) +394 (Dy (2). 


The fractions of the various pion charge states are as 
follows: for T7=1: n(a*) =n(m~) = 14/15; n(x") =2/15; 
for T7=0: n(axt)=n(9") =n(r-) = 2. For both T=1 and 
7 =0, one finds that, on the average, one proton and one 
neutron are made in the double N* production case. 

rom the preceding results, one can obtain the spectra 
of pions and nucleons in n-p collisions. In the following, 
we will omit the normalization factor A for convenience 
[see Eqs. (46), (48), and (50) | and we will write simply 
a,» for the spectral shape. One finds 


Tn—p\® )= [ ( 14/15) + ko lI sa 
+ tkNI,.,.; 


[ (2/15) + 3ko eat 3kNIs, », 


Ty a(l + ko) 
+k V(4Iy it I w,2), 


(60) 


(61) 


On—p\(t") 


(62) 
(63) 


p(t) 


Tn—-p\ Pp) =Fn—-p(N) 


(64) 


where ky is the ratio of the total cross section for 
production of 2N* in the 7=0 state (4,70) to the 
double production in the 7=1 state. This ratio enters 
as an additional parameter for n-p collisions. The deter- 
mination of og, ro will be discussed below. 

It may be convenient to list here the corresponding 


spectra for p-p collisions: 


(13/15)I,.at+(5/O)RNI«, 4, (65) 


op_p(#*) 
Op—p(W) = (14/15) 1 ,,at+ (1/O)RNI,, «, (66) 
(3/15)I¢, a, (67) 
= (4/3)Iy. atRN[(11/12)Iy.14+41n,2], 


Ia t kN ( tyly, 1 + iT n,2). 


Tpy—p\T ) 


oT p—p(p) (68) 


OT p—p\n) (69) 


As an example of the difference between the energy 
spectra in n-p and p-p collisions, Fig. 16 shows the 
results obtained for an incident nucleon energy T7y=1.5 
Bev. In this figure, we show two curves for the x* 
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spectrum from p-p collisions and two curves for the 4 
spectrum from n-p collisions. It is evident that the 
spectra from n-p and p-p interactions will not differ 
appreciably when either single or double pion pro- 
duction predominates strongly, since in that case the 
shape of the spectrum is determined by /,,, or J,,4 for 
single or double production, respectively. Significant 
differences between the n-p and p-p spectra can be 
expected only at intermediate energies such as 1.5 Bev, 
where the contributions of /,,, and /,,4 are comparable, 
and differences arise because of the different coefficients 
of the /’s for the n-p and p-p cases. The spectrum can 
be written 


o=Cal satel «0; (70) 


where cq and c, are the coefficients of J,,q and [,,., 
respectively, in Eqs. (62) and (65). The shape of the 
spectrum is determined by the ratio =c,/ca. For m' 
from p-p collisions, & is given by 


t»-p(at) = (5/6)k/ (13/15) =0.961k, (71) 


whereas for r* from n-p, one obtains 


En—p(m*) = 3R/[ (14/15) + FkoJ=k/(5.64+4ho). (72) 
The curves for the m* spectra from p-p collisions in 
Fig. 16 were obtained using k=0.6 and 1.0, for which 
§=0.576 and 0.961, respectively. As has been shown 
above, the value k= 0.6 gives the best fit to the observed 
pion multiplicity as a function of incident proton 
energy. However, the value of k is not known to better 
than +0.3, as a result of the experimental uncertainties. 
The curve for k=1.0 was calculated in order to show 
the sensitivity of the wt spectrum to the value of &. 
Since the single-pion energy distribution /,,, extends 
to higher energies than the double-pion spectrum J, a, 
it is evident that with increasing £, the spectrum falls 
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Fic. 15. c.m.s. momentum spectra of recoil protons and 
neutrons at 7,=1.5 Bev. The solid curve shows the proton 
spectrum obtained from the isobar model [Eq. (57) ]; the dashed 
curve gives the calculated neutron spectrum [Eq. (58) ]. The 
histograms represent the experimental data on pn? events of 
Fowler, Shutt, Thorndike, and Whittemore [reference 7(II) ] 
(solid lines: protons; dashed lines: neutrons). The dot-dashed 
curve gives the prediction of the Fermi statistical theory.” All 
of the curves and histograms are normalized to the same area. 
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Fic. 16, Energy spectrum of pions from n-p and p-p collisions 
for an incident nucleon energy Ty=1.5 Bev. The two upper 
curves give the spectrum of r* mesons from p-p collisions, and 
were obtained from Eq. (62) with k=0.6 and 1.0, The two lower 
* mesons from n-p interactions, and 


curves show the spectrum of 
0.6 and 1.0; for both n-p 


were calculated from Eq. (65) with ko 
cases, the value k=0.6 was used 


off more slowly above the energy of the peak at 7’, 120 
Mev. 

The two curves for r* production in n-p interactions 
in Fig. 16 were both obtained using k=0.6. If one 
assumes Eq. (83) below for the cross section og, 7.0 for 
production of 2N* in the 7’=0 state, one obtains ko= 1.1 
at 1.5 Bev. However, this value is subject to large 
uncertainties, as a result of our limited knowledge of 
o4,7~0, a8 is discussed below. The n-p curves of Fig. 16 
were obtained using kyp=0.6 and 1.0. It 
these curves differ very little, showing that the spectrum 
is almost independent of the value of ko. The corre 


is seen that 


sponding values of ¢ are very small. From (72) one 
finds £=0.075 and 0.0625 for kyp=0.6 and 1.0, respec 
tively. Thus the spectral shape is approximately that 
for double N* production, /,,a. The reason is that for 
n-p collisions, a large fraction (4) of the single N* 
production leads to the emission of 2° mesons, with 
only 4 of the cases giving wt and ¢ giving 
We have also compared our calculations with the 
results of the experiment by Fowler, Shutt, Thorndike, 
and Whittemore® on pion production by the forward 
(0°) neutron beam of the Cosmotron in the Brookhaven 
hydrogen diffusion cloud chamber. The neutron 
spectrum in this experiment extends from 1.0 to 2.2 Bev, 


mesons, 


the energy of the circulating proton beam. ‘The largest 
group of double production events was the pnwtw 
group, i.e., cases in which both a wt and a mw” meson 
were emitted. ‘The c.m.s. momentum spectrum of the 
pions for these cases has been obtained by the authors 
(see Fig. 21 of their paper®). We will now compare the 
results of the present isobar model with the observed 
(60) (61), 


obtains the following expression for the cross 


pute” spectrum. From Eqs and one 


section 


for purtmr events: 


a(pnatm)=3{ (41/45)o4,rait (5/9)o4,r—0], (73) 
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ric, 17, ¢.m.s. momentum spectrum of pions from pnatr 

events in n-p collisions obtained by Fowler, Shutt, Thorndike, 
and Whittemore® in the forward neutron beam of the Brookhaven 
Cosmotron at a proton energy of 2.2 Bey. The solid curve has 
been calculated from the present isobar model. The dashed curve 
was obtained by Fowler ef al® from the Fermi statistical theory.‘ 
The two theoretical curves are normalized to the number of 
observed events 


where o4.7.1 and oy ro are the total cross sections for 
double production in the T7=1 and T 
tively. The energy spectrum of the pions is given by 


(0) states, respec- 


[ o(pnatr dN (7 ajtl » 


* 1.0 Bev 


where V(T,,)dT,, is the number of incident neutrons in 
the energy interval between 7, and 7,+-d7,; U4,4 
is the average of /,, 4 over the incident neutron spectrum. 
In order to obtain the values of oa 7.1 and oa roo 
which enter in Eq. (73), we used the Brookhaven cloud 
chamber results’ and the counter data of Chen, Leavitt, 
and Shapiro.” From the cloud-chamber results, Fowler 
el al. | reference 7(1V) | have found that, between 1.0 
and 3.0 Bev, the inelastic part of the 7 
remains approximately constant and has a 


1 cross section 
9 inel, 7 ly 
value of 26 mb. Since triple production is negligible 
below 2.2 Bev, Ginei,ra1 represents only single and 
double production, ‘Thus og, 7.1 is given by 


26| D/(D+-S) | mb, (75) 


Td, Tl 


where D/(D+-S) is the ratio of double to the sum of 
single plus double production, In the evaluation of (75) 
we used the theoretical curve of D/(D-+-S) as obtained 
with k=0.6 (see Fig. 9), 
be in agreement with the experimental values of the 


since this curve was shown to 


multiplicity. 

In order to obtain oy 720, we note that values of the 
T= cross section oro have been deduced by Chen, 
Leavitt, and Shapiro” from their measurements of the 


cross section of protons on hydrogen and on deuterium. 


* Chen, Leavitt, and Shapiro, Phys. Rev, 103, 211 (1956) 
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or. remains approximately flat at 17-20 mb between 
0.7 and 1.0 Bev. Above 1.0 Bev, or. rises rapidly to 
a value of 36 mb at 1.6 Bev, and then becomes again 
approximately constant above 1.6 Bev. The rapid 
increase of a7.» between 1.0 and 1.6 Bev has been inter- 
preted as due to the onset of double pion production. 
As explained above, on the present isobar model, it is 
impossible to obtain single production in the T=0 
state. We will therefore assume that the excess of a7— 
over the minimum value of 17 mb represents double 
pion production. On this assumption, the 17 mb would 
correspond to elastic scattering. Thus o4,7.0 was taken 
as 

(76) 


O4,7T~0=O7TWo— 17 mb, 


and the values of oro were obtained from Table VIII 
of Chen, Leavitt, and Shapiro.” 

The experimental neutron spectrum N(7,,) is pre- 
sented by Fowler ef al.° as a histogram with intervals of 
0.2 Bev ranging from 1.0 to 2.2 Bev. Correspondingly, 
the integrals in the numerator and denominator of (74) 
were replaced by sums 


Dl 15,4 lo(pnate-)N(T,)AT,, (77) 
with A7,,=0.2 Bev. There are six terms in each sum, 
which correspond to 7T,=1.1, 1.3, 1.5, 1.7, 1.9, and 
2.1 Bev. At each energy o(pnmtm) was evaluated by 
means of (73), (75), and (76). In order to obtain J, 4 
at these energies for the integral in the numerator, the 
curves of /,,q calculated for 1.0, 1.5, and 2.3 Bev were 
interpolated (see Fig. 4). We note that in Eq. (74), it 
is assumed that the values of /,,q at the different 
energies 7, have been normalized to the same area, 1.e., 


Teva mh 
I,,qd1T,=constant. 


( 


(77a) 


This is necessary, in order that the number of events at 
the different energies 7, 
V(T,)o (punta). 

The resulting pion momentum spectrum 06,(/,,4) is 
17, together with the experimental 
results and the curve obtained from the statistical 
theory. It may be noted that Fowler ef al.® published 
two histograms for the energy distribution of the 
incident neutrons. Their spectrum A includes some 
ambiguous events, while spectrum B consists only of 
the selected events for which all momenta could be 
measured. The curve of #,(/,,4) in Fig. 17 is based on 
spectrum B, However, it was found that if spectrum A 
is used instead, the resulting values of 0,(/,, a) are closely 


will be proportional to 


shown in Fig 


the same as those shown in Fig. 17 (the maximum 
difference is ~3%), so that 0,(/,,4) is Quite insensitive 
to the uncertainty in the incident neutron spectrum. 

Figure 17 shows that the @,(/,,2) curve from the 
isobar model gives a reasonable fit to the experimental 
pion spectrum, although it appears that the Fermi 
statistical theory gives slightly better agreement. We 
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believe that this is to a large extent fortuitous. Essen- 
tially the same comments apply as for the pion spectrum 
from single production at 0.8 Bev (Sec. V). The median 
incident neutron energy in the n-p experiment? is 1.7 
Bev. The corresponding total energy E in the c.m.s. is 
2.590 Bev. If FE is equally divided between the two 
isobars, the maximum mass m, is 1.295 Bev, which is 
approximately equal to the cutoff m,=1.303 Bev for 
single production at 0.8 Bev. In similarity to the single 
production results at 0.8 Bev, the maximum of the 
do/dp, curve from the isobar model occurs at a mo- 
mentum fairly close to the cutoff, since the effective 
maximum value of the isobar mass is not far above the 
resonance value (1.22 Bev). On the other hand, the 
spectrum given by the statistical theory will always 
have its maximum near the maximum momentum, by 
virtue of the pj,” factor which is dominant, except near 
the upper end of the spectrum, where the decreasing 
momenta of the recoil nucleons begin to play a sig- 
nificant role. As is shown by Fig. 17, the maximum of 
the isobar curve occurs at p,= 220 Mev/< 
actually equal to the value of p,* of the pion in the rest 
1.22 Bev, correspond 


, Which is 
system of an isobar of mass m, 
ing to the center of the resonance. Fortuitously the 
maximum of the Fermi curve agrees with this value. 
However, if the average incident neutron energy were 
increased, the maximum of the isobar model curve 
would not shift appreciably, whereas the maximum of 
the Fermi spectrum would be at a considerably higher 
momentum. 

Fowler ef al.® have obtained the following ratios for 
the number of puwtr’, ppr’r , and ppm events: 


(puma )/( pp’ )/ (ppr 


(3.2+0.7)/(1+0.35) /(O.8+0.3). 


In the ratios are given by 


(o( pur’ ) 


present model, these 


(o(ppr'n o(ppr ) 


SI (41 15) (og, rar) + (5/9) 64, ra |, 


where 


(a(pnatar ) (78) 


(a ( ppm'r ) 1 )\lou 7 | { Moy T =O |, (79) 


(80) 


(o (ppr ) 


and where the « 
incident neutron energy distribution, e.g. : 


) signs denote an average over the 


iV(T,)dT,, 


V(T,)adT, 


In Eq. (80), o,. 7.1 is the cross section for single pro 
duction in the T=1 


state; a, 71 was obtained from 


[see Eq. (75) 


J 


26,8 (D+S) | mb. 


Os, T=) 
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0.6 made above, and using Eq, 
9.4 mb, 
The 


With the choice of k 
(76) for oa ro, one obtains (og rai 

17.3. mb, 16.6 mb 
ratios as given by Eqs. (78)-(80) are 


(pprr )/ (ppm) 


(0a 7 


and (a, ret calculated 


(pnatr 8.54/1/1.30. 

These results were obtained by means of the neutron 
spectrum B. However, the ratios would be practically 
unchanged if we had used spectrum A. (One obtains 
8.53/1/1.28.) The calculated ratio of 8.54/1.30 
for (purtr”)/(ppr-) than the 
observed value of 4.0+-1.7. However, we note that at 
the incident energies of this experiment (1.0-2.2 Bev), 
the ratio of double to single production rises very 


6.57 


is somewhat larger 


rapidly with the incident energy, so that the calculated 
result depends very sensitively on the value of k 
assumed for the 7T=1 pion production and on the 
behavior of og,roo. The assumption (76) about oa, roo 
is admittedly only a crude approximation. ‘Thus it is 
quite possible that not all of the difference o7 17 mb 
represents double pion production. Indeed it seems 
reasonable that the cross section for elastic scattering 
o,r~o Will increase concurrently with the double pro 
duction between 1.0 and 1.6 Bev, as a result of the 
diffraction effect. (If the nucleon area effective for pion 
production were completely black, the increase. of 
o, 7.) Would be equal to the increase of oy, 7.9.) Further 
more, the value k=0.8 (instead of 0.6) would still be 
consistent with the data on the multiplicity, as can be 
seen from Fig. 9. With k 


half the rise of arco represents double produc tion, 1.e€ 


0.8 and assuming that only 


} (or.o—17 mb), (83) 


Od. Td 


8.6 mb, (a, rat 


3.95, in very 


Td Toni 7.9 mb, 


18.1 mb, giving (o( puta ) 


one finds (Oa 7 
a(ppr 
good agreement with the experimental value of 4.04 1.7 
As has been pointed out by Fowler et al.,® the pre 


diction oft he Fermi statistical theory would be 
(ppm (ppn ‘3/3 


0.161 for (pnuw' a )/ (ppm 


(pnw' 1 20.5 


The ratio 3.3/20.5 ) is more 


than 20 times smaller than the experimental value, 


thus giving far too little double production. By contrast, 
the present theory based on the isobar model is able 
to give a good general agreement with the anomalously 
large ratio of double to single production observed in 
this experiment 


VII. ANGULAR CORRELATIONS BETWEEN PIONS 
AND NUCLEONS 


The isobar model of pion produc tion predic ts a 
definite angular correlation between the pions produced 
and the The effects are 
especially marked at relatively low bombarding energies 
(T,351 Bev \* has a 


low velocity in In the following, we 


recoil nucleons correlation 
for which the excited nucleon 
the c.m.s will 


therefore restrict ourselves to the case of single N* 
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production. We will consider first the correlation effects 
in p-p collisions. 

In the extreme case, at threshold, where the final NV 
and N* are at rest in the c.m.s., one expects that the 
pion should be made at 180° with respect to the nucleon 
from the N* decay and should not be correlated 
direction with the unexcited nucleon. In the following, 
these two angular correlations will be represented by 
the functions C,; and C2, respectively. 

C; gives the correlation between the decay products 
of the The expression for C; has been derived 
previously.“ If C; denotes the number of events per 
unit solid angle, one finds 


ser /| E.-Ey 
seca 
E,En—B 


E, Ey 
~ |, (84) 


2 my? 


isobar. 


dn my 


2pip.* 


C= 
sindda 


E?—m, 


where & is the c.m.s. angle between the pion and 
nucleon, p,* is the pion momentum in the rest system 
of m, FE, and Fy are the total c.m.s. energies of the 
pion and nucleon respectively, my=nucleon mass. B 
is defined as 

B= }h(m/* (84a) 


my*—m,"). 


The angle @ is related to E, and By by 
(E,Ey—B)/((Bf- 


Equation (84) pertains to a particular value of the 
isobar mass m,, and must still be averaged over all 
possible values of m,. This average is given by 


COS m,°)*(B y?—my?)! |. (85) 


ple. 


| a(m,)FC\(&)dm, 


“Ma 


I, 


1otation is the same as in Eq. (9). 


C,(a) 
My, 


a(m,)Fdm, 


where the 1 

The function C, gives the correlation of the pion with 
the unexcited the direction of this 
nucleon is opposite to the direction of the isobar N*, 
C, is equal to the Jacobian for the two-body decay, as 
given by Eq. (29), in which 6,=180°—a, where @& is 
the angle between pion and nucleon in the c.m.s. C, 
must be averaged over m, in the same manner as C, 
[see Eq. (86) ]. The resulting average will be called C.. 

We will first consider the correlation between mt- 
mesons and protons. The term }y,’n_,’ in the density 
[ Eq. (44)] gives a fraction { of (w*,p) pairs arising 
from N* decay. The term 4y;*n;° similarly yields a 
fraction (4)(4)= yy of (w*,p) pairs in which the proton 


nucleon, Since 


™R. M. Sternheimer, Phys. Rev. 98, 205 (1955). In Eqs. (8) 
and (9), (2,2—m,*)! and (£—m)' should be replaced by 
Et —mPand LA —m-, respectively. For the results given in Fig. 1, 
the correct expression for dn/d@ was used, 
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was not excited. Hence the complete correlation 
function, to be called C,_,(x+,p) is given by 


Cy -o(at,p) = CitdyC>. 


For the (x+,n) correlation, the term y,’n_;? con- 
tributes 302, and 4y;?n;? gives pyC,, so that 


ess p(™* ,n) = C+ 20, 
Similarly, one finds for (x°,p) 
Gus p(®,p) vs 4(C:+€;). 


We note that for the (wt,p) and (wt,n) cases, the 
roles of C, and C2 are interchanged. For is p(™*,p), 
the correlation is mostly of the type C,, partly because 
the y,? density hasa large coefficient (}), and also because 
the yj? density gives only a fraction 4 of r+ (as compared 
to % for w°). It may be remarked that the angular 
correlation is, of course, completely determined by the 
ratio of the coefficients of C,; and C2. The values of the 
coefficients of Eqs. (87)—(89) correspond to the relative 
number of (#*,p), (wt,n) and (x°,p) pairs expected from 
the present isobar model. 

For single N* production in n-p collisions, one finds 
from Eqs. (39), (40), and (59) 


C,-»(xt,n) =C,_»(a-,p) = 4(Ci+ C2), 
C.. _p(™,p) =C n_»(,n) = 4(C,+C,). 


In this case the angular correlation is the same for all 
types of pion-nucleon pairs. 

Figure 18 shows the partial correlation functions 
C\(@) at T,=0.8 Bev for m,=1.10, 1.15, 1.20, 1.225, 
1.25, and 1.275 Bev. It is seen that the general behavior 
of the curves of C; changes rapidly as m, is increased. 
For m,=1.10 Bev, the distribution has its maximum 
at 245° and decreases rapidly for @>70°, as a result 
of the motion of the isobar, which tends to reduce the 
angle & between pion and nucleon. As my, is increased, 
the velocity 0, of the isobar decreases, so that it is more 
likely that the pion and nucleon will be emitted at a 
large relative angle &290°. For m, 21.24 Bev, i, is 


(87) 


(88) 


(89) 


(90) 
(91) 


+ 


| 


m,* 1.10 Bev 


J.25) 
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Fic. 18. Partial correlation functions C,; for various values of 
m, for T, =0.8 Bev. For m, S$ 1.225 Bev, the curves give C, directly; 
for m,=1.25 and 1,275 Bev, the values of C,/4 have been plotted 
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less than the velocity vy* of the nucleon in the rest 
system of the isobar. As a result there is a minimum 
possible angle™ &,, which is larger than 90°, and the 
distribution C,(&) has two branches between 4,, and 
180°, as shown in Fig. 18 for m,;=1.25 and 1.275 Bev. 
The total C;(@) is given by the sum of the terms due to 
the two branches. Of course, for the maximum possible 
m, (=1.30 Bev at 7,=0.8 Bev), Ci(@) is zero every- 
where except at 180°, since the isobar is made at rest 
in the c.m.s. In the calculation of the weighted average 
C,(a), we used values of C,(&) at intervals of 25 Mev 
from m,=1.10 to m,=1.20 Bev, and at intervals of 
12.5 Mev between m,= 1.20 and 1.30 Bev. 

The partial correlation functions C2,(@) for T,=0.8 
Bev are shown in Fig. 19. It is seen that the curves of 
C,(&) have a pronounced backward maximum. This 
maximum is entirely due to the motion of the isobar, 
since for an isobar at rest, all decay angles would be 
equally probable, and C, would be constant (=0.5). 
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Fic. 19. Partial correlation functions C, for various values of 
m, for T,=0.8 Bev. The dashed curve gives the average correla 
tion function (.. 


Figure 19 also shows that the weighted average C» is 


very close to the function C, for my=1.20 Bev. This 
result was also verified for other values of the incident 
energy 7',, and arises from the fact that the weighting 
factor o(m,)F has its maximum at ~1.20 Bev. Since 
the shape of the C, curves does not vary rapidly with 
m, in this region, the 1.20-Bev curve predominates and 
essentially determines the behavior of Ce. 

Calculations of C; and C, have been carried out at 
T,=0.8 and 1.5 Bev for comparison with the Brook- 
haven cloud-chamber data’ at these energies. The 
functions C(r+,p) and C(rt,n) in these comparisons 
were taken as normalized to unity. They are given by 


C(xt,p) =0.90,+0.16s, 


(92) 


C (xt ,n): 0.104 0.9C», (93) 


so that fo"C(x+,N) sinada= 1. 

Figure 20 shows the curves of C(x" yp) and C(t ,n) for 
0.8 Bev, together with the histogram of the distributions 
of (rt,p) and (x*,n) angles observed in the experiment 
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Kc. 20. Distributions CO (x*,p) and ((r+.n) of the values of 
cos& for (r*,p) and (r*,n) pairs at 7,=0.8 Bev. The solid curves 
were obtained from the isobar model [ Eqs. (92) and (93) ]. The 
histograms represent the experimental data on pnwr* events of 
Morris, Fowler, and Garrison [reference 7(1)] [solid lines 
(x*,p); dashed lines: (w*,n) ], All of the curves and histograms are 
normalized to the same area 


of Morris, Fowler, and Garrison [reference 7(1) | at 
this energy. The (wt,p) histogram is given by the full 
lines, while the (w*t,2) histogram is shown by the dashed 
lines; both have been normalized to the same area 
(=1) as the theoretical curves. ‘The histograms of 
Fig. 20 pertain to the “selected” events of Morris et al. 
[reference 7(1) | (see Fig. 7 of their paper) for which 
particularly precise measurements could be made. It 
is seen that the theoretical curve of C(a',p) is in reason 
able agreement with the experimental backward peak 
of the (a',p) distribution. The distribution of (at ,n) 
angles also has a backward maximum, i.€., more cases 
with &@>90° than with @<90° (the ratio of the number 
58:42). However, the backward 
maximum is not as prounced as for (w',p). In agreement 


of these events is 
with this feature, the calculated (m*t,n) curve has less 
area in the backward hemisphere than that for (w*,p). 

Figure 20 shows that the maximum of C (mt ,p) is at 
~145°, rather than at 180°, as would be expected for 
an isobar at rest in the c.m.s. This result is due to the 
behavior of C;, as has been discussed above. Thus it is 
seen from Fig. 18 that the maxima of the curves of C, 
for m)= 1.20 and 1.225 Bev (~resonance energy) occur 
at 100°-110° 1.25 
and 1.275 Bev, for which the weighting factor o(m,)F 


Similarly, the functions C, for m, 


is also very large, have their maxima well below 180°. 
Thus C,, which is the weighted average of the C;, has 
its maximum at ~ 145° and the location of this maximum 
essentially determines that of C (mt \p). 

Figure 21 shows the functions C (xt ,p) and C (mtn) 
for te 
experimental distributions obtained by Fowler, Shutt, 
Thorndike, and Whittemore [ reference 7(I1) |. Because 
of the limited statistics, we have used all of the cases 


1.5 Bev, together with the histogram of the 


which have been interpreted by Fowler et al. [ reference 
7(11) | as pnxt events (see Fig. 5 of their paper). This 
group includes some ambiguous events, some of which 
may have been cases of double production. Fowler et al. 
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Fic. 21. Distributions C(r*t,p) and C(rtn) of the values of 
cos@ for (w*,p) and (w*n) pairs at 7,=1.5 Bev. The full curves 
were obtained from the isobar model [ Eqs. (92) and (93) |. The 


histograms represent the experimental data on pnr* events of 


Fowler, Shutt, Thorndike, and Whittemore [reference 7(II) ] 
[ solid lines: (w*,p); dashed lines: (w*,n) ]. The theoretical curves 
are normalized to the number of observed events 


[reference 7(11) | have plotted their histograms using 
intervals of 0.2 in cos& Some of their angular regions 
contain only 1 or 2 events. We have therefore combined 
their results for adjacent regions, and Fig. 21 shows 
the resulting histogram with intervals of 0.4 for cosa. 
In each case, the theoretical curve of C(xt,p) or C (xt ,n) 
has been normalized to the number of observed events, 
The calculation of C(4t,N) proceeds in the same manner 
as for 0.8 Bev, except that at 1.5 Bev, all values of m, 
up to M, 

It is seen from Fig. 21 that the calculated curves for 
C(rt,N) are in poor agreement with the experimental 
histograms. Thus for (wt,p), the experimental distribu 
tion has a peak for & near 180° (—1<cosa< —0.6), 
consisting of 25 events, whereas the theoretical curve 


1.58 Bev are possible. 


would give only 9 events, which is too low by ~3 
standard deviations. On the other hand, for (at,n) in 
the calculated 
average value of 20, whereas only 10 events are ob 


the same region of @, curve has an 
served. It should be noted that the angular correlation 
depends sensitively on the detailed assumptions of the 
present model. Thus it is assumed that the N* decays 
as a free particle, independent of the unexcited nucleon 
V. However, if there is some interaction between the 
N* and VN, tend the angular 
distributions of the pions given by the Jacobian for the 


this would to distort 
free decay. In this connection, we note that all of the 
other predictions of the isobar model at 1.5 Bev are 
in reasonably good agreement with the experimental 
results of Fowler et al. [reference 7(1I) | (pion and 
recoil nucleon momentum spectra, see Figs. 14 and 15; 
Fig. 23, below). As 
mentioned above, the experimental results may include 
some cases of double pion production, presumably 
purr events. This may be responsible for the observed 
peak of the (wt,p) distribution at @&~180°, If two pions 
are produced, the available kinetic energy in the c.m.s. 
is decreased quite appreciably, from 500 to 360 Mev. 


Q-value distribution, see was 
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For the pnrtr® events, the velocity of each isobar N* 
is therefore considerably smaller, on the average, than 
that of the single N* produced in the puat cases. As a 
result, the proton and w+ tend to come out more nearly 
at 180° with respect to each other. Thus it is possible 
that the peak of the observed (w*,p) angular distribu- 
tion at 180° may be due in part to the inclusion of 
some purr events. It should also be noted that the 
statistical uncertainties may be responsible for at 
least part of the discrepancy. 


VIII. EFFECTIVE Q VALUES FOR PION-NUCLEON 
PAIRS 
In previous discussions of the experimental data on 
pion production at Cosmotron energies the concept of 
an effective Q value for pion-nucleon pairs has been 
extensively used. ‘The Q value is defined as 


O=E,n—(my+m,), (94) 


where Ly is the total energy of the pion and nucleon 
in the center-of-mass system of the two particles. 
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Distributions P(rt,p) and P(rtn) of O values of 
:().8 Bev. The solid curves were 
obtained from the isobar model [Eqs. (99) and (100) ]. The 
histograms represent the experimental data on pnr* events of 
Morris, Fowler, and Garrison 7(1)] [solid lines 
(r*,p); dashed lines: (*,n) ]. The dashed curve gives the result 
of the Fermi statistical theory.” All of the curves and histograms 
are normalized to the same area 
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Pars 


(r*,p) and (rtm) pairs at T, 


[ reference 


From the point of view of the present model, there 
are two types of pion-nucleon pairs at the proton 
energies for which single V* production predominates. 
Thus the nucleon may have originated from the isobar 
N* which decays into the pion, or it may not have been 
excited in the collision. The probability distributions of 
the O values for these two types of pairs will be denoted 
by P\(O) and PO), respectively. 

In the present model, P,(Q) is given by 


oMi.s 
P,(Q) vim)e | | 
/ Ma 


my+m,+-(0. Here F is the phase space factor 


a(m,)Fdmy,, (95) 


where my, 
and the denominator merely ensures that P,(Q) is 
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normalized to 1, i.e., Jo°"P:(O)dO=1, where 0, is 
the maximum possible Q for the energy T,: Om=M1,, 
—(my-+m,). 

In order to obtain the function Py which pertains to 
the unexcited nucleon, we consider first an isobar with 
a definite mass m,. The corresponding Q distribution 
which will be called P, was obtained as follows: For 
various angles of decay 6,* in the rest system of the 
isobar (at intervals of 22.5°), the energy and angle of 
the pion in the c.m.s. of the initial nucleons were cal- 
culated, and from these results the total energy E,y in 
the center-of-mass system of the pion and the unexcited 
nucleon was obtained. The corresponding Q value is 
given by (94), and its relative probability is sin6,*, 
since the solid angle available for a range d0,* is 
sind, *d6,*. The values of 6,* considered in the calcu- 
lation will be called 0, ,* (0,.;*=0°, 0,..*=22.5°, 
6,,9*= 180°). Let Q; be the Q value pertaining to 6,, ;*. 
We define 


(96) 


0; =4(Oi.4+Q0.41). (96a) 


P, is given by 


sind, ,* o 
Pr, i 1/% sind, * |, 
0, —QO;§ ‘L i=l 


(97) 


for 0? <Q<0,%. The factor in the square bracket 
serves merely to normalize the distribution. Ps; as 
defined by (97) gives a series of step functions. A 
smooth curve is drawn through these step functions in 
obtaining the final function P2(Q), which, of course, 
still depends on my. 

Contrary to P; [Eq. (95) ] which has a pronounced 
peak at Q=145 Mev (m,~1.22 Bev), the functions 
P,(Q) for the various m, are almost constant over the 
range Q, except near Q=0 and the maximum (Q). The 
average P, over the values of m, is given by 


Mis 


f P2(Q)a(m)Fdm, 
Ma 


Mi. 
f a(m,)Fdm, 
M 


a 


The distribution P for (xt+,p) and (x*,n) pairs from 
p-p collisions is given by the following expressions 
similar to (92) and (93): 


P (xt ,p)=0.9P,+0.1P:, 
0.1P,4+-0.9P». 


(99) 
(100) 


P(x n) 


With this definition, the functions P(#+,N) are nor- 
malized to unity: 


(rt N)dO=1, (100a) 


where (Q is in Bev. 
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Figure 22 shows P (xt ,p) and P(xt,n) for T,=0.8 
Bev, together with the histograms of the experimental 
Q value distributions obtained by Morris, Fowler, and 
Garrison [ reference 7(1) |. The full lines represent the 
(x*,p) values, while the broken lines give the (m*,n) 
histogram. Similarly to the distribution of & values at 
0.8 Bev, we have used only the “selected’’ events in 
the experimental histograms, which are normalized to 
the same area as the theoretical curves. It is seen that 
the calculated curve for P(x+,p) is in good agreement 
with the peak of the experimental histogram at 140 
Mev. The narrow maximum of P(x*,p) reflects, of 
course, the behavior of P;, which reproduces essentially 
the scattering cross section o(m,). By contrast, the 
function P(rt,n) is relatively flat except near the ends 
of the distribution, as was expected from the behavior 
of P». This result is in agreement with the experimental 
histogram which does not exhibit any well-defined 
maximum. For comparison, we have alse shown in 
Fig. 22 the normalized curve of P(wt,N) expected from 
the statistical theory, as obtained by Block.” The sta- 
tistical distribution [which is the same for (#*,p) as 
for (wt,n) | is in definite disagreement with the (#*t,p) 
histogram. Since, on the other hand, the isobar model 
gives good agreement with the observed peak, this 
result can be regarded as giving strong support for the 
isobar model at 0.8 Bev, and as evidence against the 
statistical theory. 

Calculations of P(x*,p) and P(x* n) have also been 
carried out for 7,=1.5 Bev. Figure 23 shows the com- 
parison with the experimental histograms of the pn’ 
events obtained by Fowler, Shutt, Thorndike, and 
Whittemore [reference 7(II) |. Similarly to the dis- 
tribution of angles & at 1.5 Bev, we have used all of 
the purt events at this energy. The histograms may 
thus include a few cases of double production, as was 
pointed out by Fowler ef al. [reference 7(II) |. It is 
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Fic. 23. Distributions P(r*+,p) and P(xt,n) of Q values of 
(x*,p) and (rtm) pairs at 7',=1.5 Bev. The solid curves were 
obtained from the isobar model [Eqs. (99) and (100) |. The 
histograms represent the experimental data on pnw’ events of 
Fowler, Shutt, Thorndike, and Whittemore [reference 7(II) } 
{solid lines: (w*,p); dashed lines: (w*,n)]. The dashed curve 
gives the result of the Fermi statistical theory.” All of the curves 
and histograms are normalized to the same area. 
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seen that the calculated curve of P(xrt,p) is in very 
good agreement with the maximum of the experimental 
distribution between 100 and 200 Mev, thus giving 
strong support to the present isobar model. The curve 
of P(xtn) is quite flat throughout the region of Q 
which corresponds to the resonance, in agreement with 
the experimental distribution. However, the (m*,n) 
histogram has a maximum for low O values (between 0 
and 100 Mev) which is not reproduced by the calcu- 
lations. ‘This maximum may be due in part to the 
inclusion of some double-pion events. It should also be 
noted that the statistics of the experiment were quite 
limited, so that not too much significance can be 
attached to this discrepancy. Thus of the 50 events 
which were used by Fowler ef al. [reference 7(II) | in 
the histograms, only 19 were classified with certainty as 
being pnrt events. In Fig. 23, the prediction of the 
statistical theory” is shown for comparison. It is seen 
that this curve is in definite disagreement both with 
the (r*,p) and (w*,n) Q value distributions, since the 
maximum of the curve occurs at much too large Q 
values (~380 Mev) to give a fit to either the (a*,p) 
or (wt ,n) data. 


IX. ANGULAR DISTRIBUTION OF THE ISOBAR 


It is of interest to observe that the angular depend- 
ence of the cross section for producing the isobar N* 
can be inferred from the angular distribution of the 
pions, particularly in the case of single production 
where only one isobar is made. We shall write 


> 1 aP (cosb ye) 


for the angular distribution of V*; @y« is the c.m.s. angle 
between the direction of N* and that of the incident 
nucleon; the a; are coefficients and P, is the Legendre 
polynomial. For p-p collisions, where the initial system 
is symmetric with respect to 90° in the c.m.s., the dis- 
tribution a(@y+) must also be symmetric with respect 
to 90°, so that a,;=0 for odd Ll. For n-p collisions, the 
same property is expected to hold, provided that the 


(101) 


a(One) 


strong interaction responsible for producing the isobar 
is not influenced by the respective initial charge states 
of the two nucleons, but is determined solely by the 
total isotopic spin 7. The angular distribution of the 
pions will be denoted by 6(6,). We have 


Ps bP il osBs), 


where the 6, are coefficients; B, is the c.m.s. angle of 
the pion with respect to the incident nucleon. We will 
consider first an isobar of a given mass m,. The dis- 
tribution 6(,) is given by 


b(B,) (102) 


b(B,) ff >", apP1(cosOye) J 


76 78 


(103) 


X sind yedO ved Bye, 


where Zye is the azimuthal angle of the isobar; J is 
the Jacobian for the decay of the isobar, as given by 
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Eq. (29). It is assumed here that the isobar decays 
isotropically in its rest system.'’ J is a function of the 
angle 6, between the V* and the emitted pion. In fact, 
J (6,) =C2(180°—6,), where Cs is the correlation 
function introduced in Sec. VII. Upon expanding J in 
terms of Legendre polynomials, we obtain 


J (6,) da oPr(cosb,), (104) 


where the ¢ are coefficients. In order to carry out the 
integration of (103), we note that cos6, is given by 
Eq. (11). From the addition theorem for P,, we have 


P,(cos6,) = P,(cosB,) P(cos6 ns) 


h (A—m)! ? 
+2> P,™(cosB,) 
m=! (A-+-m) ! 


 P,™(cosOy+) cos[ m( gyve— ?r) |. (105) 


In the integral of Eq. (103), the sum over m of (105) 
makes no contribution. Furthermore from the ortho- 
gonality and normalization of the ?; one finds 


b(B,) 4dr > ay iP (cosB,) ‘(214 1), (106) 


Upon equating (102) and (106), one obtains 


ay= (21+-1)b)/41c,, (107) 


which gives the coefficients of the angular distribution 
of N* in terms of the angular distribution of the emitted 
pions. 

The preceding discussion has been restricted to 
isobars of a given fixed mass m,. However, in the present 
model, the V* can have a range of different masses m, 
with relative probability o(m,)/, where F is the phase 
space factor. We will assume for simplicity that the 
isobars of different mass are all made with the same 
angular distribution. In this case, Eq. (103) still holds 
for the complete range of masses, provided that J is 


replaced by the weighted average J over the mass 


values my: 
Mis 
Jo(m)Fam | f a(m,)Fdm,. (108) 
J Ma 


Mie 
inf 
/M 


As pointed out above, J(6,) is given by the partial cor- 
relation function Cz evaluated for @=180°—6,. Com- 
parison of (108) with Eq. (86) shows that J is related 
in the same manner to the average correlation function 
C.. Thus J (6,) =C2(180°—6,). It can be concluded that 
Eq. (107) holds for the complete m, distribution (for 
single N* production) provided that c; is taken as the 
coefficient in the expansion of the average correlation 
function C». 

The preceding considerations have been applied to 
the data obtained for 0.8-Bev protons by Morris, 
Fowler, and Garrison [reference 7(1) |. Making use of 
the symmetry about 8,=90°, Morris et al. [reference 
7(1)] have folded their pion distributions about 90° 
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[see Fig. 4 of reference 7(1) |. The coefficients b; of the 
expansion of 6(6,) are obtained from the expression 


b,=4(2/+-1) b(B,)Pi(cospx) sinf,dB,, (109) 


by integrating over the experimental histogram 6(,). 
One thus obtains by)=1, 6.=0.915, b4= —0.678, so that 


b(Bx) =Pot+0.915P,—0.678P 4. (110) 
It is doubtful whether the term in P, has much sig- 
nificance, in view of the uncertainties due to the limited 
statistics. Moreover, the first two terms of (110) give 
by themselves a reasonable fit to the experimental 
histogram. We will therefore disregard the /’s term in 
the following discussion. 

The average Jacobian J (6,) is given by C.(180°—6,), 
where C» is the function shown in Fig. 19. By integrating 
over Cy in a manner similar to Eq. (109), one finds 


co=0.5, €5=0.318, co= 0.0929, cz=0.0215, so that 


J&0.5P)+0.318P,+0.0929P.4+-0.0215P5. (111) 


This expression approximates J to within ~1%. From 
(107), we now obtain a9=0.159 and a2=3.92, which 


gives 


a(One) =0.159+3.92P2= 5.88 cos*?@ye—1.80. (112) 


This result indicates that the distribution of N* has 
a large cos*#y+ component at 0.8 Bev. Equation (112) 
is, of course, not correct near 90°, where the expression 
becomes negative. This is due to the fact that the coef 
ficient ad, of the P, term is very large, and P2(90°) 

-0.5. As shown by (107), a2 is proportional to be/c2. 
The coefficient c, in the expansion of J is quite small 
(0.0929), so that any appreciable ?», term in the experi- 
mental pion angular distribution will necessarily lead 
toa large value of a». The value b= 0.915 obtained from 
the histogram [Eq. (110) ] may be in excess of the 
actual value, because of statistical uncertainties. It 
should also be pointed out that the present treatment 
is based on the assumption that the isobar NV* decays 
as a free particle. It is possible that if the interaction of 
the N* with the unexcited nucleon were taken into 
account, one would obtain a larger value of co for the 
angular distribution from the decay, thus giving a 
smaller coefficient a. In any case, it can probably be 
concluded that the distribution of V* has a pronounced 
forward-backward peak at 0.8 Bev. If the distribution 
is actually mainly proportional to cos’@ye, this would 
imply that the N* is produced in a p state. We note 
that the interpretation of the pion energy spectra of 
Lindenbaum and Yuan’ in terms of the isobar model 
also gives an indication that the angular distribution 
of the isobar has a forward-backward maximum at 1.0 
Bev, as was discussed in Sec. V. 
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X. SUMMARY AND CONCLUSIONS 


An isobaric nucleon model for pion production in 
nucleon-nucleon collisions in the 0.8- to 3.0-Bev incident 
energy range has been presented. In this picture one or 
both of the incident colliding nucleons is considered 
excited to one of a series of possible isobaric levels. The 
T’= J = 4% level previously observed in the r—p scat- 
tering is assumed to be predominantly responsible for 
meson production in the energy range here considered, 
and is the only state introduced in the present treat- 
ment. 

The isobar is considered to separate from the recoil 
nucleon or other isobar involved in the collision before 
decay and hence the decay of the isobar is treated inde 
pendently of possible interactions between its decay 
products and the other particles in the collision, Several 
arguments involving estimated lifetime and other con 
siderations have been previously made (see Sec. II) 
and tend to justify this assumption. However it is 
obvious that agreement or lack of agreement with 
experiment is the real test of the usefulness of the 
model. 

The total isotopic spin and its 2 component are con 
sidered conserved throughout the process, In addition 
to isotopic spin the isobar is further characterized by 
the total energy of its decay products in its rest system 
or equivalently a mass in its rest system denoted by my. 
The relative probability for isobar formation in the 
range dm, was phenomenologically related to the r*+ p 
interaction cross section. The probability for single 
isobar formation was taken proportional to fa(m,)dm,, 
where F is the two body phase space factor for the final 
N*+-N state and o(m,) is the appropriate rt — p total 
Cross For double production 
the probability was taken proportional to 


interaction section, 
(N*+N*), 
Fa(m)a(ms)dmdmye. 

Most of the calculations were performed for p-p 
interactions since most of the available data concerns 
this interaction. Furthermore in the p-p case only the 
isotopic spin= 1 state is involved and the inelastic cross 
section for this state is known as a function of energy 
from 0.5 to 3.0 Bev. In the n-p case the 7 =0 inelastic 
cross section also enters. The total 7=0 cross section 


is known; however, the separation of élastic 


from 
inelastic is uncertain. 

The ratio of double to single plus double meson pro 
duction in p-p collisions as a function of energy has been 
related to one dimensionless parameter k, which when 
fitted to experiment at one energy predicts a behavior 
of this ratio consistent with the experimental data 
available. 

The angular distribution of the isobars in the ¢.m.s 
was considered for the two cases of (1) an isotropic 
forward and backward only 


distribution and (2) 


Mixtures of (1) and (2) can obviously be used to 


represent various degrees of forward and backward 


peaking. A more detailed angular distribution fit was 
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made to the available data for 0.8-Bev p-p interactions. 
The angular distribution of the decay products of the 
isobar in its own rest system was assumed isotropic. The 
angular distribution of the isobars has no effect on pion 
and nucleon energy or momentum spectra obtained by 
adding together all particles produced irrespective of 
angle. The cloud chamber data of reference 7 was of this 
form. However, in the case of observations of spectra 
at particular angles such as in the counter experiments 
of reference 3 the spectra at different angles are a 
function of this angular distribution. 

All the experimental data on pion and nucleon 
spectra are in reasonable agreement with the model 
predictions. The observed angular distribution of the 
pions in the cloud chamber data implies some forward 
and backward peaking in the isobar angular distribution 
at 0.8 Bev. The counter experiments of reference 3 
which corresponds to large angle (60°-90°) observations 
in the c.m.s. at 1.0 and 2.3 Bev are also consistent with 
some forward and backward peaking of the isobars at 
1.0 Bev. However, the isotropic distribution seems to be 
a better approximation at 2.3 Bev. 

The Fermi statistical theory predictions have been 
compared to the experimental data in this and also 
previous publications, and in general, do not agree. 
There is an apparent general agreement for the pion and 
nucleon energy and momentum spectra of the Fermi 
statistical theory, the present isobar model and the 
experimental data at 0.8 Bev. 

However, at 1.0, 1.5, and 2.3 Bev the Fermi theory 
predictions do not agree with the experiments or the 
isobar model. This is true even if one arbitrarily mixes 
the predicted spectra for the Fermi theory single and 
double production, each of which is independent of the 
interaction volume, in a ratio determined by the experi- 
mental observations. 

One should also recall at this point that the predicted 
branching ratios for the single and double production in 
the Fermi statistical theory depend on the interaction 
volume. For a volume equal to the Compton wave- 
length of the pion the double production estimate is 
much smaller than the observed value. Furthermore, the 
larger volume required to enhance double production 
corresponds to an inelastic cross-section estimate much 
more than double that observed. 

The apparent agreement of the pion spectrum in the 
Fermi theory at 0.8 Bev with the isobar model pre- 
dictions can be understood since there is not enough 
available energy to form the isobar beyond its peak 
energy. Hence one has a sharply rising probability of 
pion emission with increasing momentum much like 
the phase space factor in the Fermi theory. The nucleon 
spectra also agree coincidentally with the isobar model 
predictions. 

At higher incident energies the effect of the sharp 
decrease of the resonance cross section above the peak 
in the isobar model enhances lower momentum pions at 
the expense of higher momentum pions, and also leads 
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to enhanced double production when two isobars near 
the peak energy can be produced. Furthermore, the 
kinematics of the isobars are such that the average 
nucleon momenta at 1.5 Bev are higher than the Fermi 
theory predictions. This effect is also observed experi- 
mentally. 

The apparent Q value between pions and nucleons 
has been calculated with the isobar model and compared 
to experimentally observed values and the Fermi sta- 
tistical theory prediction. As in the case of the pion 
and nucleon momentum spectra, there is an apparent 
agreement in all three cases at 0.8 Bev. However, at 
1.5 Bev the isobar model and the experiments generally 
agree but the Fermi theory disagrees because of too 
many high-energy cases. 

The angular correlations for both pion and proton 
and pion and neutron pairs, have been calculated for 
0.8 and 1.5 Bev. 

They have been compared to the experimental data 
at 0.8 and 1.5 Bev, and are in general agreement with 
the observations at 0.8 Bev but do not agree at 1.5 Bev. 
In the latter case very poor statistics and the uncer- 
tainty of experimental errors do not make it possible 
to conclude whether a real disagreement exists. 

The production of mesons in n-p collisions of average 
energy 1.7 Bev is described in reference 6. The observed 
result of much greater double production relative to 
single than in the case of p-p collisions has also been 
explained by the isobar model, since n-p contains a 
T=0 state in addition to the T=1 state of which p-p 
is exclusively composed. The inelastic cross section in 
the T=0 state must in the isobar model be composed 
only of double production, since it is impossible to 
combine one 7T’= % isobar (for single production) with 
a T’=} recoil nucleon to obtain a 7=0 state. However, 
two T’= 4 isobar states (for double production) can 
be combined to form a T=0 state. 

An estimate of the 7=0 inelastic cross section from 
the known total cross section gives the anomalously 
large amount of double production required to explain 
the observed greater abundance of this process in n-p 
collisions as compared to p-p collisions. 

From the basic single and double pion production 
spectra, and various recoil nucleon spectra, one can by 
interpolating and compounding with the weighted coef- 
ficients given in the text obtain predictions for almost 
any pion production process in the 0.8-,to 3.0-Bev 
range. 

It is of interest to compare the present isobar model 
with the Kovacs® approach of modifying the Fermi 
statistical theory to include enhancement of various 
final states by the pion-nucleon interaction. Obviously 
there will be a certain general similarity of the two 
models due to the fact that the pion-nucleon interaction 
will tend to make the relative energy of pion and 
nucleon follow the scattering interaction as a function 
of energy, and this in turn will tend to simulate the 
isobar assumed in our model, However, there are several 
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marked differences involved, some of which are basic, 
and some of which were introduced by Kovacs in order 
to make the calculations possible. 

Kovacs’ phase space factors correspond to the multi- 
body collections of two nucleons and one pion for single 
production and two nucleons and two pions for double 
production. Hence single production involves a three- 
body phase space and double production involves a 
four-body phase space. This approach is consistent 
with his picture of the process whereby in the first 
stage the various particles are created in a thermo- 
dynamic equilibrium with very strong mutual inter- 
actions which lead to effectively constant matrix 
elements for all states in this first stage of the process. 
Then he argues that the relatively longer range m-nu- 
cleon interaction results in a scattering of the outgoing 
pions by the nucleons and this interaction enhances 
those final states for which the scattering interaction 
is large. 

In the isobar model all final 
bodies, either one nucleon and one isobar, or two isobars, 
for single or double pion production respectively. 

Hence two-body phase space factors are used in all 
cases. Furthermore the resonance interaction is built 
into the moving isobars which can be quite energetic. 

In Kovacs’ case the nucleons are treated as S waves 
and nonrelativistically, and the pions are treated as P 


states involve two 


waves in the ¢.m.s. 

This approach was applied mainly to predicting the 
behavior of the multiplicity and the ratios of various 
charge states as a function of energy in the 1.0- to 
3.0-Bev range for p-p and n-p collisions. These results 
were in general agreement with experiment. However, 
except for one isolated case without experimental com- 
parison, no calculations were performed for pion momen- 
tum spectra. No results for nucleon momentum spectra, 
Q values and angular correlations between pion-nucleon 
pairs were reported. Furthermore, it seems unlikely 
that this approximate treatment could properly treat 
the complicated dynamics involved in the case of fast 
moving nucleons at the higher energies, for which 
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mesons emitted with a relative momentum correspond 
ing to the resonant energy region tend to be enhanced. 
A more realistic treatment of these effects by the 
Kovacs model appears to be rather difficult. 

The general quantitative agreement of the isobar 
model predictions and the considerable body of experi 
mental data already available for the nucleon-nucleon 
production of pions in the 1.0- to 3.0-Bev range is most 
encouraging. 

It seems clear that the major features of these inter 
actions are well represented by this model. However the 
crudeness and lack of completeness of many of the 
experiments make it impossible at present to determine 
whether this model can also predict the finer details of 
these interactions. 

An extensive investigation by counter techniques of 
pion production in p-p and n-p collisions at Cosmotron 
energies is now in progress” and should in the near 
future yield detailed results with which a more critical 
comparison can be made. 

As previously mentioned the isobar model might well 
be applied to even higher energy pion production. In 
this case other isobars than the 7”’=J =} state would 
most likely have to be included. Since the characteristics 
of such other isobars are not known and very little 
data on these higher energy interactions is available, 
it is not very fruitful to pursue this matter further at 
this time. 

One other application of the isobar model would be 


in pion nucleon collisions leading Lo pion produc tion. 
This subject will be considered in a later publication 
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This paper reports measurements of the total cross section from 150 to 240 Mev of incident photon energy 
and measurements of the 135° differential cross section from 180 to 215 Mev. A Monte Carlo evaluation of 
the y-ray telescope efficiency by means of an electronic digital computer is outlined. The combined results 
indicate that a small but finite amount of S-state production occurs and that the angular distribution be 
comes flatter as the energy decreases. The latter effect is associated with production in unenhanced P-states 
and with a lack of electric quadrupole production. Good agreement with the Chew-Low theory is demon- 
strated by a comparison between the photoproduction and scattering of #°-mesons, where the scattering 
cross sections are derived from those for charged mesons by charge independence. 


I. INTRODUCTION 
A. Theories 


HE most striking result of the early photomeson 
experiments was that the cross section for photo- 
production of neutral mesons near 300 Mev was com- 
parable with that for charged mesons. This feature, 
which was discovered in the first experiment on 1° 
photoproduction,' could not be explained by ordinary 
weak-coupling meson theory. Because the neutral 
meson possessed neither charge nor magnetic moment, 
the interaction would depend, in that theory, on the 
nucleon recoil alone. The ratio of neutral to charged 
meson photoproduction would then be of order (u/M)* 
0,02, where u and M are the masses of the pion and 
of the nucleon, respectively. 

Kaplon® attempted to surmount this difficulty with- 
out abandoning weak-coupling methods by introducing 
a Pauli-type term representing the interaction of the 
photon with the anomalous magnetic moment of the 
proton and by using the static value of this mement at 
all energies. He was successful in raising the r° photo 
production cross sections, but the associated angular 
distribution differed sharply from experimental re- 
sults. As Bethe and de Hoffmann’ have pointed out, 
Kaplon’s innovation was of the nature of a strong- 
coupling hypothesis. 

About the same time, Brueckner and Case* and 
Fujimoto and Miyazawa’ applied strong-coupling 
theory characterized by nucleon isobars. The first 
pair of authors showed, by a classical treatment, that 
this theory could predict a resonant meson-nucleon 
interaction in an isobaric state which would yield a 
large cross section for °® photoproduction near 300 
Mev. They emphasized, however, that this treatment 

* This research was assisted by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission 

t U.S. Atomic Energy Commission Predoctoral Fellow. Now at 
MURA, Madison, Wisconsin 
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was crude and qualitative. In the following period, a 
number of authors® achieved considerable success in 
describing photoproduction by means of phenomeno- 
logical treatments more or less independent of specific 
models. Important to these methods were the conse- 
quences of charge independence outlined by Watson.? 
This principle, together with the unitarity and the in- 
variance of the scattering matrix under time reversal 
led to general relations between the scattering phase 
shifts and photoproduction amplitudes. 

In regard to r° photoproduction, charge independence 
implies that the final state p+7° may be represented 
more appropriately by a linear combination of the two 
possible states of total isotopic spin as follows: 


x4!" = (R)Negt— (4) yh. (1) 


Here the product function on the left represents the 
individual isotopic spin projections of the proton x;,}, 
and of the neutral pion, ¢,°. On the right, Wy! and W,! 
are the projections of the states of $ units and of 3 
unit of total isotopic spin, respectively. The coefficients 
are determined by the usual rules for combining angular 
momenta. 

Now,. the scattering experiments* show the meson- 
nucleon’ interaction in the energy range up to a few 
hundred Mey to be much stronger in the isotopic spin 
state W, than in the state ¥,. For example, the cross 
section for w* scattering by protons, which involves 
only Wj, is about three times as large as the cross section 
for both ordinary and exchange scattering of r~ mesons 
by protons, which involves a linear combination of Vy 
and W,. The factor three arises when the interaction 
in the state VW, is negligibly small. Most of the 7° 
photoproduction, therefore, can be explained in terms 
of the ¥, scattering phase shifts, since the direct pro- 
duction is small. 


*B. T. Feld, Phys. Rev. 89, 330 (1953); K. A. Brueckner and 
K. M. Watson, Phys. Rev. 86, 923 (1952); M. Ross, Phys. Rev. 
94, 454 (1954); S. Minami, Progr. Theoret. Phys. (Japan) 11, 
213 (1954); Hayakawa, Kawaguchi, and Minami, Progr. Theoret. 
Phys. (Japan) 12, 355 (1954); Progr. Theoret. Phys. (Japan) 11, 
332 (1954). 

7K. M. Watson, Phys. Rev. 85, 852 (1952) 

* For a bibliography, see Ashkin, Blaser, Feiner, and Stern, 
Phys. Rev. 101, 1149 (1956). 
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Instead of adopting a phenomenological approach, 
Chew® developed a way of renormalizing the Yukawa 
theory, which is a pseudoscalar theory with pseudo- 
vector coupling. Such a theory with a moving, point 
source is unrenormalizable, but Chew assumed a 
spread-out source with infinite mass. The linear coup- 
ling in the Hamiltonian led naturally to interaction in 
P-states only,!® and the P-phase shifts were predicted 
accurately by means of two parameters, resonance 
energy and source radius. 

The early form of Chew’s theory" involves inter- 
actions between the nucleon and only one meson at a 
time. More recently, application of the Low equations” 
has enabled Chew and Low" to remove the limitation 
to only one pion, but they retain the fixed source 
(“static model of the nucleon’). 


B. Experiments 


The main results of all these more recent theoretical 
treatments for x’ photoproduction, namely the P-wave 
part, were confirmed experimentally. The experiments 
published to date can be summarized briefly for refer- 
ence as follows. 

Silverman and Stearns'* measured the laboratory 
differential cross section at 95° between incident photon 
energies of 215 and 310 Mev. They fitted the curve 
with the expression 


da/dQ(95°) = constant X (hv— 145)! 9#9-4, 


where hy is the incident photon energy in Mev. This 
energy dependence was consistent with production in 
P-states. 

Cocconi and Silverman!’ measured the angular dis- 
tribution of single y rays corresponding to m° mesons 
produced by 310-Mev bremsstrahlung. Their results 
were consistent with a wr’ angular distribution of the 
form 2+3 sin’@ (pure M1, P; production) and were in 
contradiction with Kaplon’s? angular distribution. 

Goldschmidt-Clermont, Osborne, and Scott!® meas- 
ured total cross sections between 175 and 325 Mev and 
angular distributions for energy bands centered at 220, 
260, and 305 Mev. They determined the three angular 
distribution coefficients (A, B, and C in A+B cosd 
+C cos*@) at five different energies between 220 and 
320 Mev. The B coefficient, corresponding to inter- 
ference between S- and P-waves, was small and nega- 
tive below 300 Mev. The energy dependence was con- 
sistent with production mainly in P-states. 


9G. F. Chew, Phys. Rev. 94, 1748 (1954). 

” An explicit demonstration of this fact is given by G. C. Wick, 
Revs. Modern Phys. 27, 339 (1955), see page 342. 
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16 Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 97, 
188 (1955). 
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Walker, Oakley, and Tollestrup'’’ measured angular 
distributions at 300, 400, and 450 Mev. Subsequently, 
Oakley and Walker'* measured angular distributions 
between 260 and 450 Mev. These angular distributions 
were more strongly peaked around 90° than were the 
earlier ones. Both of these experiments showed that the 
cross section went through a maximum, within the 
limits of experimental precision, at the same center-of 
mass value of pion momentum as did the (r*,p) scatter- 
ing cross section. The excitation functions were fitted 
by the Watson” analysis with the scattering phase 
shifts, and by the theory of Chew and Low." 

Very recent measurements at forward 7° angles by 
Corson, Peterson, and McDonald®’ supplement the 
angular distributions of Oakley and Walker. ‘The new 
values are considerably higher than those obtained by 
fitting the Oakley and Walker data with three coefhi- 
cients. The combined results of these two experiments 
tend to spread out the angular distribution consistent 
with almost pure magnetic dipole production and to 
make the interference term change sign well below 
the resonance energy. 


C. S-State Production 


According to what has been said thus far, the photo 
production of neutral pions in P-states is rather well 
understood and predicted theoretically. The S-state 
production, however, is a more open question. Watson"! 
has derived a lower limit for this process on the basis 
of internal charge exchange scattering of S-state qr 
photomesons. This lower limit is really very small, and 
its momentum dependence is the same as that for the 
P-wave. One may expect, in addition, a direct pro 
duction of S-state r° mesons from nucleon recoil. This 
production should vary with the first power of pion 
momentum instead of the third; hence it should be 
most easily observable very near threshold, 

Neutral pion experiments near threshold are rather 
difficult for various reasons. ‘The cross section is vanish 
ingly small, and the recoil protons have too little energy 
to escape a target of reasonable thickness. The m’-decay 
photons, however, escape easily and may be counted, 
the only problem being to determine which energy 
from the incident bremsstrahlung is responsible for an 
event. The method of Panofsky' is not suited to low 
energy largely the double 
gamma-ray counting rate is so small. With the precise 
energy control of the betatron, however, the brems 
strahlung spectrum can be unfolded by application of 
the “photon difference” method. This method as 


measurements, because 
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applied here will be described fully in Part II. Borsel- 
lino*”* has shown how the single-photon counting rate 
can be related to the photoproduction angular coeffi- 
cients. This counting rate at 90° gives a good measure 
of the total cross section at low energies. 

A weak process like the r® S-wave does not show up 
is observed more 
sensitively through its interference with the much 
larger P-wave. Again, the angular distribution is diffi 
cult to measure at low energies because the photons are 
emitted practically equally in all directions, and the 
protons recoiling at large angles have too little energy 
to be detected, The line of attack pursued here, there 
fore, is to take some advantage of previous information 
and to perform two correlated experiments. The first 
measures the total cross section by counting single 
photons all the way down to threshold (this means 25 
Mev lower than any previous measurement). The 
second measures the 135° (center-of-mass 7° angle) 
differential observation of recoil 
protons in emulsions. Here advantage is taken of the 
facts that the S-/P interference is constructive in the 


well in the total cross section. It 


cross section by 


backward direction and that these protons recoil at 
17.5° in the laboratory, so they can escape a liquid 
hydrogen target of practical thickness. If the P-wave 
part of the cross section is fairly well known, the 
differential cross section at one angle can be compared 
with the total cross section to obtain the interference 





Be Pb Ca Pb Ci Al Ce 


Hp TARGET 


Fic. 2. Geometry for the counter experiment. Scintillators C, 
and (, are placed in coincidence, and Cy, in anticoincidence, The 
beryllium block (Be) covers a window in the lead shield (Pb), 
not shown completely, The lead converter (Pb) was } in. thick. 
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term, and thereby the S-wave, as will be demonstrated 
in Part III. Unfortunately, however, the P-wave part 
is not well enough understood to permit a quantitative 
evaluation of the S-wave in this manner. None of the 
current theories gives a quantitative prediction of the 
m S-wave, and more accurate measurements of differ- 
ential cross sections are necessary to solve this problem. 


II. THE COUNTER EXPERIMENT: TOTAL 
CROSS SECTIONS 


A. Apparatus 


The process y+ p-—>p+-7° was observed by detecting 
one of the y rays which result from the decay of the r°. 
The proton target material was a 4-in.-diameter thin- 
walled cup of liquid hydrogen surrounded by an alumi- 
num structure which included radiation shields and a 
vacuum jacket for the hydrogen cup. This target was a 
modification of the one built by Whalin and Reitz.” It 
supplied 4,21 10” protons per cm? in the x-ray beam, 
and only about 4% of the m°-decay y rays were con- 
verted to electron pairs in the walls of the target. 

The y rays were detected in a scintillation counter 
telescope. Each counter was a disk of liquid scintillator 
(3 grams of p-terphenyl per liter of phenylcyclohexane) 
enclosed in a Lucite housing which also served as a light 
pipe. The disks were viewed from the sides by RCA 
6199 multiplier phototubes (Fig. 1). Optical contact 
between the phototube window and the light pipe was 
made by sealing the two together with Dow Corning 
200 fluid. 

The mean life of the scintillations was about four 
millimicroseconds. A typical 6199 tube operating at 
1700 volts produced pulses of about 25 ma peak current 
from passage of a minimum-ionizing particle through 
the scintillator. The extreme variation in pulse height 
resulting from scintillations in different parts of the 
scintillator was 30%. 

Figure 2 is a scale drawing of the counting geometry. 
The target volume was defined by the intersection of 
the x-ray beam with the cylinder of liquid hydrogen. 
The amount of irradiation was measured by a thick 
walled ion chamber 4 meters downstream from the 
target. ‘True y-ray counts resulted from the materializa- 
tion of an electron-positron pair in the lead converter 
or in counter C,; and from the passage of either one or 
both of the pair members through the coincidence 
counters C; and C». The anticoincidence counter C4 
vetoed counts due to ionizing particles traversing the 
whole telescope. 

The beryllium absorber in front of the telescope 
reduced the number of ionizing particles entering; thus 
it helped reduce the counter-jamming. About 4% of the 
incident y rays were converted in the beryllium or in 
counter C4. The aluminum absorber between C, and C, 
eliminated coincidence counts due to low-energy back- 


%E. A. Whalin and R. A. Reitz, Rev. Sci. Instr. 26, 59 (1955). 
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ground radiation. Although this absorber determined 
an absolute threshold energy for y-ray detection, the 
probability for counting such low-energy photons was 
very small anyway because of the small pair production 
cross section and the large amount of scattering out of 
the telescope. In addition to the absorbers shown, the 
telescope was shielded by four inches of lead and 
twelve inches of Borax to reduce electron and neutron 
backgrounds. 

Pulses from the counters were analyzed in a fast 
coincidence-anticoincidence counting system. The pho- 
totube current pulse cut off the plate current in a 
6A H6 pentode to produce a pulse of determined height 
in the plate circuit. The time constant of the grid cir- 
cuit (dead time) was about 8X 10~* second. The length 
of the signal in the plate circuit was determined by a 
shorted delay line. These limited and clipped signals 
were used to operate fast Rossi-type diode coincidence 
circuits. The resolving time of this combination was 
4X 10~-* second. 

Coincidences were taken between C; and C», and 
between Cy and C2. Output signals from these were 
fed into a diode anticoincidence circuit whose output 
was then Ci)+C.,—C,. This output was amplified and 
used to fire a fast trigger circuit with a level selector 
input. Here discrimination against singles and anti- 
coincidences was performed. The trigger circuit output 
operated a scaler. Figure 3 is a block diagram of the 
electronic system. 


B. Experimental Procedure 


Before useful data could be taken, operating points 
for the counters and the betatron had to be set for 
maximum efficiency in counting the desired particles 
and no others. Most of these settings were established 
in advance by using the telescope to count penetrating 
cosmic radiation. In this manner the counters were 
placed in coincidence, the phototube voltages were set 
on a plateau, and the discriminators were adjusted to 
count all coincidences while excluding singles and anti 
coincidences. Tests performed under actual operating 
conditions determined the maximum intensity at which 
the betatron could be operated with negligible effects 
from accidental coincidences and jamming of the 
counters. The latter effect was usually the one which 
limited the useful intensity, if any limitation was neces- 
sary. During this testing period, the shielding was de- 
veloped, and the no-target background was minimized. 

To prove that the counts represented vy rays, the 
counting rate was measured as a function of the lead 
converter thickness (Fig. 4). The finite counting rate 
with no converter probably resulted from conversion 
in the back part of the anticoincidence counter and in 
the front part of the first coincidence counter. With the 
addition of more converter, the counting rate increased 
to a maximum near one radiation length and then slowly 
decreased. Above the optimum thickness, the number 
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hic. 3. Block diagram of the electronic equipment 


of new pairs produced in additional converter material 
was smaller than the number of particles removed by 
scattering or degraded by radiation and ionization in it. 

Since a single photon determines neither the angle 
nor the energy of the meson, other means must be 
employed. The “photon difference” technique can be 
used to determine the y-ray counting rate corresponding 
to each incident photon energy interval. Then these 
counting rates are related to suitable parameters of the 
m angular distributions. 

To this end, the net target counting rate at a labora 
tory angle of 85° was measured as a function of the 
maximum energy of the bremsstrahlung spectrum. The 
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Fic. 4. Counting rate versus thickness of lead converter. 
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5. Counting rate of y rays from hydrogen at 85°, versus 
betatron energy. Backgrounds with the target evacuated have 
been subtracted. Indicated errors are standard deviations associ 
ated with counting statistics 


hic 


betatron energy was varied in 10 Mev steps from 140 
Mev, which was below threshold, to 250 Mev. Data 
were repeated at all energies to avoid instrumental 
errors. No-target backgrounds varied from half the 
total counting rate at threshold to 10% of the total 
counting rate at 250 Mev. 

The monitor, a thick-walled ionization chamber, was 
calibrated against secondary standard ionization cham- 
bers, which had been calibrated against a calorimeter.” 
This monitor calibration is considered accurate to 5%, 
During the experiment, the betatron x-rays were 
emitted with almost uniform intensity for 500 micro- 
seconds at the peak of the 60-cycle sine wave of the 
magnetic field. The energy spread due to these condi- 
tions was 0.59%. The actual energy spread, due to 
instability of operation, was of the order of 1%. ‘The 
betatron energy was measured by a flux integration cir- 
cuit which had been calibrated by magnetic field meas- 
urements to an accuracy of 1%.” 

The net target counting rate as a function of beta- 
tron energy is shown in Fig. 5. The extreme concavity 
of this activation curve makes possible the determina- 
tion of the slope with reasonable precision even with 


relatively poor precision in the measurement of the 


ordinates. This slope is related to the cross section at 
each point. The fact that the counting rate changes by 


“Pp, Kerst, Rev. Sci. Instr. 24, 490 
(1953). 


* T. B. Elfe and F, Ore (unpublished). 
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a factor of 100 between threshold and 250 Mev is ample 
demonstration that a mesonic process is responsible. 
The net counting rate below threshold was shown to 
be due to 7 rays by removing the lead converter. This 
counting rate was consistent with an elastic scattering 
cross section with a value half that of the proton 
Thompson cross section. This background was treated 
as a constant to be subtracted at all energies. Even if 
the elastic scattering rose to ten times the Thompson 
cross section at 250 Mey, it still would be only a 2.5% 
effect. 


C. Analysis of Data 
1. Efficiency Calculation 


In order to interpret the data, the counter efficiency 
must be known as a function of y-ray energy. Not even 
relative cross sections can be determined without this 
knowledge, since the spectrum of y rays from the 7° 
decay ¢hanges with the meson energy. A Monte Carlo 
calculation with the aid of the Illiac (University of 
Illinois Graduate College Computer) is considered the 
most reliable way to compute the detection efficiency. 

The most important parts of this calculation dealt 
with (1) geometrical effects; (2) pair production in the 
lead converter, including depth distribution in the lead 
as well as energy distribution of the pairs; (3) radiation 
loss by the electrons; (4) multiple scattering of the 
electrons; and (5) ionization loss by the electrons. An 
event was started by choosing at random a point in 
the target where the y ray originated. Instead of dis- 
tributing the y rays uniformly in all directions, time 
was saved by choosing a point at random on the face 
of the lead converter. Then, as a weighting factor, the 
solid angle represented by unit area centered at that 
point was computed. 

The depth at which the pair was produced was chosen 
on the basis of the exponential depth distribution. Each 
7 ray was assumed to create a pair, and the weighting 
factor was just the probability that the corresponding 
y ray was converted at all. From this point, the two 
pair members were followed through the rest of the 
telescope, their positions and energies being adjusted 
as they suffered scattering, radiation loss, and ionization 
loss. If each counter had at least one particle through it, 
the product of the two weighting factors mentioned 
above was computed and added to the accumulated 
weight. This accumulated weight from a large number 
N of events was then N times the product of efficiency 
and solid angle of the counter. 

The pair production cross sections used were calcu- 
lated in Born approximation by Aron*® and corrected 
to measured pair cross sections quoted by Corson and 
Hanson.”’ Multiple scattering was treated by assuming 
a Gaussian distribution of scattering angles with the 

26W. A. Aron (private communication to D. W. Kerst). 

27). R. Corson and A. O. Hanson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford University, 1953), Vol. 3, 
p. 67. 
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same 1/e width as that predicted by the Moliére 


theory.”* This treatment has been shown to give good 


agreement with measurements of multiple scattering.” 
Bethe-Heitler radiation probability functions” were 
used to describe the radiation loss of the electrons. 
Since the radiation straggling distribution was a strong 
function of the radiator thickness, it was necessary to 
store distributions corresponding to several thicknesses 
and to interpolate between these in an actual event. 
The Landau*'** distribution of ionization losses, with 
the most probable energy loss given by the Landau 
formula with density correction, was used to describe 
the ionization energy losses of the electrons. 

In addition to the Monte Carlo evaluation, the re- 
duction in efficiency owing to conversion in materials 
preceding the telescope and in the anticoincidence 
counter was also considered, This correction amounted 
to about 5% at the lowest energy and about 10% at 
the highest energy. 

The results are shown in Fig. 6. Indicated errors are 
statistical in nature. Usually, enough events were fol- 
lowed to yield about 1000 successful tracks, with a 
statistical error of about 3%. The calculation was re- 
peated at 155 Mev with different sets of random num- 
bers to check the reliability of the method. Pair pro- 
duction cross section measurements*’ showed probable 
errors of about 4°). Errors introduced by approxima- 
tions, interpolations, and uncertainties in physical 
cross sections combined with the statistical uncertainty 
mentioned above to yield a probable error of 6% in the 
absolute value of the efficiency. 


2. Relation between y-Ray Counts and r° 
Photoproduction Cross Sections 


In its own rest frame, the ° decays isotropically into 
two photons, each of energy wc?/2. The Lorentz trans 
formation from this frame to the photoproduction 
center-of-mass system results in a unique relation be 
tween the energy of the photon and the angle between 
meson and photon directions. For y rays emitted in a 
certain direction in the center-of-mass system, an 
integration over all 2’ directions is equivalent to an 
integration over the y-ray energy spectrum, since the 
rn energy is independent of angle in this system. 

This y-ray energy spectrum will, of course, depend 
on the angular distribution of the pions. If the photo 


production cross section can be expressed as 


a7(6,)= A+B cosé,+C cos’6,, (2) 
%G. Moliére, Z. Naturforsch. 3a, 78 (1948): 2a, 133 (1947) 
* Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951) 
®H. Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 83 
(1934). 
4 J. Landau, J. Phys. U.S.S.R. 8, 201 (1944) 
#2 R. M. Sternheimer, Phys. Rev. 88, 851 (1952); Goldwasser, 
Mills, and Hanson, Phys. Rev. 88, 1137 (1952) 
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Fic. 6. Counter efficiency times solid angle versus y-ray energy, as 
calculated by the Monte Carlo method described in the text 


then the y-ray counting rate per proton per unit of 
incident y-ray flux is 


1(0,)=a(A+hB+ C0), (3) 


2 Kimax 
f ni(k)dk 
qvk 


where 


(4) 


of the 
telescope in the interval of photon energies present in 
Rinin 
® momentum. The efficiency 
times solid angle, n2(k), is here defined in the center 


is twice the average efficiency times solid angle 
the spectrum, since Rinax q. Here k is the photon 
momentum, and q is the 


of-mass system by means of a simple transformation. 
The quantities 

h= (8 cos6,)/a (5) 
and 
a) co0s*6, |/ 2a 


g=La—y+ (37 


are referred to as dynamical efficiencies, where 


) Kinax 
f (cos) n(k)dk, 
q k 


) kinax 


(cos?) nQk(k)dk, (%) 


q 


6 is the angle between meson and decay photon dire 
tions, and 6, is the colatitude angle of the y ray in the 
center-of-mass system. 

The integrands involved in a, 6, and y are plotted 
and integrated graphically. The resulting values for 
a, h, and ¢g are given in Table I, 
the effective y-ray cross section, 


A useful quantity is 


a’ (6,)=1(0,)/a= A+hB+ gC, (9) 
which permits an intuitive understanding of the varia 
tion of hand g with energy. For incident photon energies 
near threshold, the 7? 
photons appear almost isotropically. Then A vanishes, 


and g approaches 4, so that o’ is a sample of the total 


moves so slowly that the decay 
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TABLE I. Values of detector efficiency times solid angle (a) 
and dynamical efficiencies (h and g) averaged over the decay 
photon energy spectrum for various incident photon energies (£) 


i, Me a, sterad A 


0.0149 
0.0270 
0.0367 
0.0460 
0.0539 
0.0606 
0.0710 
0.0762 
0.0851 
().0944 
0.1022 


0.02212 
0.02232 
0.02270 
0.02276 
0.02330 
0.02340 
0.02354 
0.02354 
0.02410 
0.02396 
0.02406 


cross section, 


4n(A+4C). (10) 


OT 


At high energies, 4 approaches cos@,, and g approaches 
c0s’6,. 

One should note that the quantities in this section 
are related to a unique incident photon energy. The 
method of determining the yield /(@,) corresponding to 
a certain incident photon energy will be described in 
the next section, 


3, Analysis of the Activation Curve 


In order to determine the actual cross sections as a 
function of incident photon energy from the measured 
activation curve, an integral equation relating the two 
quantities must be solved. Since the activation curve 
is measured at a discrete set of points, approximate 
numerical solutions to the problem must be sought. 
Several methods have been proposed.™~* The method 
applied here is that of Leiss and Penfold,® which, in 
most instances, gives the same solution as that ob 
tained by Katz and Cameron.™ 

The nature of this solution is as follows: Let the 
activation curve be measured at equally spaced betatron 
energies /o,=/,4+-(n—1)A, where A is the spacing 
between energies, /, is the threshold for the process, 
and » is an integer. Let the spectrum P(/%,/) at energy 


ky, be P(E). Then 


Eon 
An f P,(E)o(E\dk, 


0 


(11) 


where o(/2) is the cross section. Multiply A, by a set of 
coefficients B,.», a8 yet unspecified, and sum over n. 
Then 


(12) 


En 
z. ao f 7, (E)o(b)dk, 


v 0 


where the “weighting function” 7,,(/) is given by 
™ |. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
“LL. V. Spencer, National Bureau of Standards Report No 
1531, 1952 (unpublished). 
4% J. Leiss and A. S. Penfold (to be published). 


a 
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Tn (E)=> > nBmnPn(E). This function must be chosen 
such that the integral involving 7,,(/) is approximately 
the cross section in the mth energy interval. The choice 
of Leiss and Penfold is to make 7,,(/) identically zero 
throughout all energy intervals above the mth, and 
equal to zero at the center of each interval below the 
mth. The value of 7,,(/) in the mth interval is taken to 
be Pn(E)/PmmA, where Pim is the value of P,,() at 
the center of the mth interval. This set of conditions 
uniquely determines the coefficients B,,,. The approxi- 
mation to the cross section at the center of the mth 
interval is 


o (Em —4/2)= 32 BinnA n. 


n=—() 


(13) 


The bremsstrahlung spectrum emitted by the beta- 
tron has been measured by Leiss, Hanson, and Yama- 
gata®® and has been shown to agree with the zero degree 
thin target spectrum of Schiff*? with the constant C 

191. These spectra, therefore, have been used to 
compute the coefficients B,,, with the aid of the Illiac. 


D. Experimental Results 


The counting rates presented in Fig. 5 were measured 
at unequal energy intervals. In order to apply the 
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Fic. 7. Effective y-ray cross section o’(6,) versus laboratory 
energy of the incident photon, The solid curve results from 
application of the photon difference analysis to a smooth curve 
through the points of Fig. 5. Application without smoothing leads 
to the points shown here. Indicated errors arise from counting 
statistics. 


J. Leiss, Ph.D. thesis, University of Illinois, 1954 (un 
published). 
47. I. Schiff, Phys. Rev. 83, 252 (1951). 





PHOTOPRODUCTION 


photon difference analysis outlined above, a curve was 
drawn through these points, and values were taken from 
the curve at 5-Mev intervals. The resulting yield as a 
function of incident photon energy, when divided by 
the number of protons/cm? in the target and by the 
average counting efficiency times solid angle (a), gave 
the effective y-ray cross section o’(@,) shown by the 
solid curve of Fig. 7. The points on this figure were 
obtained from a separate evaluation in which the 
measured counting rates were analyzed without any 
smoothing. Then the indicated errors were simply 
computed by the usual rule for propagation of errors, 
in which only standard deviations in the counting 
statistics were included. 

An error in the betatron energy has an exaggerated 
effect on these points because the number of incident 
photons depends on the difference between successive 
machine energies. Since each measured counting rate 
is used repeatedly, a low point on Fig. 7 is immediately 
followed by a high point, and vice versa. Not to smooth 
the activation curve is to discard the assumption that 
the cross section is smooth. For this reason, the solid 
curve of Fig. 7 is considered the best representation of 
the results of this experiment. 

The effective y-ray cross section, o’(@,), has been 
shown to approach the ordinary total cross section 
divided by 4 at energies near threshold. Because the 
asymmetric term AB is vanishingly small in these 
measurements near 90°, the total cross sections can be 
deduced from o’(@,) at each energy by inserting the 


(MICROBARNS) 
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Fic, 8. Total cross sections for photoproduction of r® mesons 
in hydrogen, in units of 10-” cm*. The solid curve and the points 
are derived, respectively, from the solid curve and from the 
points of Fig. 7. 
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Fic. 9. Schematic diagram of liquid hydrogen target and 
nuclear emulsion detectors. 
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value of C/A in the relation 


OT = dara’ (0,)[ 1 +C/3A / 1 + gé A |. (14) 


The value —0.6 was chosen for C/A on the basis of 
other experiments. Because the function g has a value 
near 4 at all energies involved in this experiment, the 
total cross sections obtained in this manner are very 
insensitive to the assumed value of C/A. In particular, 
changing C/A from —0.6 to —1.0 changes or by 10% 
at 240 Mev and by successively smaller percentages at 
the lower energies. 

Figure 8 shows the total cross sections derived from 
the values of o’(@,) on Fig. 7 by means of (14). In 
addition to statistical deviations in the counting rates, 
errors in the absolute cross section arise from the 6% 
uncertainty in the efficiency calculation and from the 
5% uncertainty in the x-ray monitor, These errors, 
then, contribute an additional 8% uncertainty in the 
absolute cross section. Finally, the absolute energy of 
the betatron may be systematically in error by 1%. 


Ill. EMULSION EXPERIMENT 
A. Apparatus 


Observation of the recoil protons in nuclear emul- 
sions provides a direct measurement of the absolute 
differential cross sections. The incident photon energy 
and the center-of-mass angle are uniquely related to 
the energy and angle of the recoil proton. 

Goldschmidt-Clermont et al.'* used this method with 
a high pressure gas target. The present experiment 
differs from theirs in that the target volume is defined 
by the intersection of the x-ray beam with the cylinder 
of liquid hydrogen (Fig. 9), and the recoil angle is 
determined by the position of the emulsion. 

The liquid hydrogen target,” beam collimation, and 
ionization chamber monitor’* were the same as those 
used by Bernardini and Goldwasser, except that the 

%*(, Bernardini and E. L. Goldwasser, Phys. Rev. 94, 729 


(1954); Beneventano, Bernardini, Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). 
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diameter of the liquid hydrogen appendix was reduced 
to f in. Each detector consisted of two pellicles clamped 
to a plate to form a stack of emulsion 1.8 mm thick 
and 1 inchX3 inches in area. These fitted into milled 
grooves in the Bakelite boxes designed by Reitz,” so 
that the emulsion surface was fixed at 7° from the hori- 
zontal plane, Each stack was marked with four x-ray 
pencils to permit following of tracks from one pellicle 
to the next. The exposed pellicles were stuck to glass 
plates prior to development; thereafter they had all 
the properties of ordinary plates. 

Ilford G-5 emulsions, which are sensitive to minimum 
ionizing particles, were chosen for this experiment for 
several reasons. First, the darkness of the proton tracks 
made surface scanning efficient. Second, the high elec- 
tron background appeared as distinguishable tracks 
rather than as a general fog. Finally, this type of 
emulsion had been used extensively at this laboratory 
and had been found very uniform. 

The electron background was strongly reduced by 
underdeveloping the emulsions at 15°C for 40 minutes 
with 30% water and 8 ce per liter of 10% KBr added 
to the normal amidol developer.” Pellicles that received 
a dosage of 300 mr were transparent, while proton 
tracks up to 70 Mev were clearly visible in them. The 
highest proton energy of interest was less than 45 Mey. 


B. Procedure 


During the exposure, the betatron was operated at 
an energy of 225 Mev. The line connecting target and 
emulsion centers made an angle of 17.5° with the x-ray 
beam. Tolerable exposures permitted about 175 useful 
tracks per emulsion with the target full and about 110 
with the target evacuated, Altogether, the number of 
tracks measured was about 2500. 

These tracks were found by scanning the surface of 
the emulsion for tracks entering from the direction of the 
target. To check the efficiency, three stacks were 
scanned twice by different scanners using the same 
microscope, Out of 446 tracks correlated in this manner, 
only 5 new ones were found, and these did not fall in 
any particular energy range. Thus the scanning effi 
ciency is considered better than 98°. 

The proton energies were determined by 
ranges," which varied from 0.7 to 6.3 mm for accept- 
able tracks. The ranges were measured in terms of 


their 


initial and final coordinates in each layer of the stack 
and of coordinates of scatterings in the emulsion. 
Positive identification of the protons was no problem. 
Only about one track per thousand penetrated through 
the emulsion stack with a visible range less than 6.3 


“R.A. Reitz, Ph.D. thesis, University of Illinois, 1955 (un 
published) 

“” A. Beiser, Revs. Modern Phys. 24, 273 (1952) 

“| J. J. Wilkins, Atomic Energy Research Establishment Report, 
Harwell AERE-G/R 664, 1951 (unpublished). 

“M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, 1954 (unpublished). 
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mm. The residual energy was then estimated on the 
basis of grain density. 

Fading in the emulsion surface made the first 0.1 mm 
of track hard to see. A correction to the range was 
applied by measuring the dip angle of each track and 
projecting backward to the surface of the emulsion. 
Range errors of the order of 0.1 mm arose from this 
effect. Because the protons traversed an equivalent of 
0.304 g/cm? of aluminum windows between the target 
and the emulsion, an error of 0.1 mm on the range 
measurement caused an error of at most 1 Mev on the 
determination of the incident photon energy. The con- 
tinuous spectrum of proton energies also reduced errors 
due to indefinition of range band limits. Tracks spilling 
out of a band were compensated by other tracks 
spilling in. 

The tracks in the emulsions exposed to the liquid 
hydrogen target included a substantial number of 
photoprotons from the 0.0005-in. brass wall containing 
the hydrogen (about 50% at 180 Mev and 25% at 
210 Mev). These protons were measured in a separate 
exposure with the container evacuated and were 
subtracted. 


C. Analysis of Data 


The center-of-mass differential cross section for 


photoproduction of r° mesons at angle 6* by photons of 
energy £ is 


da Y 


(Ep*) =- | 
do* [ NOQ(dQ*/dQ) | 


(15) 


where Y is the number of protons counted, N is the 
number of target atoms/cm’, V is the number of in- 
cident photons in the energy interval H+-AF, ® is the 
laboratory solid angle, and dQ*/dQ is the center-of-mass 
to laboratory solid angle ratio. 

The number V=0.892X 10% atoms/cm? was com- 
puted from the molar volume of liquid hydrogen under 
the experimental conditions® and the volume of the 
intersecting cylinders divided by the beam area. Varia- 
tions in the beam intensity over its area were negligible. 

The solid angle & is calculated by a straightforward 
integration along the scanned portion of each emulsion, 
in which variation across the 1.3-cm width is neglected, 
The solid angle is directly proportional to the 7° tilt 
angle, which may be in error by something less than 
5% because of play in the milled grooves. The method 
of exposing above and below the beam level compensates 
for a misalignment of the box as a whole. The results of 
pairs of emulsions agree within their statistical devia- 
tions, but in cases of systematic differences the dip 
angle distributions of the tracks roughly confirm the 
differences in solid angle. 

The number Q is computed from bremsstrahlung 
tables.* That the average photon energy occurs at the 
center of the interval can be shown by integrating the 

“Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 
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TABLE 


Target full 
Normalized 


yield 


Laboratory 
photon energy 


(Mey 


Total 
tracks 


Potal 
track 


487 8.10 
407 6.77 
454 7.56 125 
431 rag &3 
311 5.74 75 


196 
123 


18045 
19045 
200+5 
210+5 
21545 


product of photon energy, laboratory cross section, and 
bremsstrahlung spectrum over the interval. For photon 
energies between 180 and 215 Mev and for 10-Mev 
intervals, the average value lies within 0.2 Mev of the 
median energy. 

The primary consideration in the choice of energy 
intervals is the uncertainty in the energy lost by the 
proton in the hydrogen target itself. A given residual 
range in the emulsion corresponds to incident photon 
energies spread over a 10- to 15-Mev interval. 

A preliminary step in the analysis was to calculate 
the distribution of proton path lengths in the hydrogen. 
The simplest way to perform this calculation was by 
means of a Monte Carlo method with the Illinois 
digital computer.” 

The average energy of the incident photons which 
produce protons of range R in the emulsion is 


2.22 cm da 
(E) J EP OEY (Fat / 
0 dQ 


2.22 cm da 
f PO(E)—(Epdl, (16) 
0 dQ 


where /; is the photon energy necessary to produce a 
proton of residual range R after traversing the hydrogen 
thickness /, P; is the ordinate of the path length dis- 
tribution at /, O(/,) is the bremsstrahlung ordinate at 
k,, and da/dQ(£,) is the laboratory cross section at /;. 
The resulting value of (/) is always within 1% of the 
photon energy corresponding to a proton which trav- 
erses the average path length in the hydrogen. A one- 
to-one correspondence between ranges and energies is 
set up in this manner, The band of incident photon 
energies, centered at the nominal energy, is chosen 10 
Mev wide and determines the band of ranges. 

A simple correction for energy losses in the hydrogen 
was applied to the protons ejected from the thin brass 
walls. Since half of the wall protons passed through the 
hydrogen, the emulsion equivalent of the hydrogen was 
subtracted from the ranges of half of the tracks observed 
with the target evacuated. This procedure necessitated 
the recording of wall protons up to 7.6-mm range in 
the emulsion instead of 6.3 mm. About 25% of the 
protons in this last range interval penetrated through 


thesis, 


“This problem was coded by E. A. Whalin, Ph.D 
University of Illinois, 1954 (unpublished), p. 24. 
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II. Center-of-mass differential cross sections in units of 10~” cm?/steradian. 


larget evacuated 
Normalized 


Differential 
cross section 


Normalized 


yield net yield 


4.41 
2.77 
2.82 
1.87 


1.69 


0.99+0.13 
1,300.14 
1.78-+0.16 
2.32+40.18 
2.00+0.19 


3.69 
4.00 
4.74 
5.30 
4.05 


the emulsion, so their energies are less certain than 
those of the slower protons. 

The angular interval of the recoil protons as defined 
by the boundaries of target and emulsions is 17.5' 
t 2.5”, including small angle scattering in the hydrogen 
and in the windows. This angular spread is confirmed 
by the measured entrance angles. The corresponding 1° 
center-of-mass angular range is approximately 135°+6°, 
This angular uncertainty leads to an uncertainty of 3 
Mev in the incident photon energy” as determined by 
the proton range. This error is overshadowed by the 
energy losses of protons in the hydrogen. 

Table Il summarizes the results of the experiment. 
The differential cross sections are given at the center 
of-mass mr’ angle corresponding to the 17.5° laboratory 
proton angle for each energy. The differences between 
these values and those of the 135° cross sections are 
smaller than the experimental errors both in this 
measurement and in the angular distributions. In the 
concluding therefore, tabulated 
values will be taken as 135 


discussions, these 


cross sections, 


D. Summary of Errors 


Ihe standard deviations on the numbers of protons 
observed comprised the largest error (10%) in this 
experiment. Other errors included 5% on the solid 
angle and 4% on the beam monitor. The scanning 
efficiency was checked at better than 98° as described 
above, and no correction was applied. The number of 
target atoms/cm? is considered known to better than 
1%. The measurement of the betatron x-ray spectrum 
by Leiss, Yamagata, and Hanson*® agreed, within the 
precision of the apparatus, with a spectrum of the type 
assumed above. 

No correction is applied for protons recoiling from 
the elastic scattering of photons. This effect is probably 
"© The above errors com 
180 and 


less than 5%, for these energies. 
bine to a total of from 12 to 15% 
210 Mev. 

Two additional errors apply to the 215-Mev point, 


between 


A shift of the betatron energy downward by 2.5 Mev 
(slightly more than 1[%,) changes the number of photons 
in the interval 210-220 Mev by about 10%. The error 


©]. H. Malmberg and L. J. Koester, Jr., “Tables of nuclear 
reaction kinematics at relativistic energies,” University of Illinois, 
1953 (unpublished) 

© T. Yamagata (private communication), 
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in the energy calibration is about +1%.”* Since about 
30°% of the protons in this band come from the walls, 
the 25% which penetrate through the emulsion repre- 
sent only 7% of the entire group. Probably less than 
half of these are subtracted erroneously. Thus the over- 
all error for the 215-Mev point is about 17%. 


IV. CONCLUSIONS 


A. Relation between Photoproduction and 
Scattering of x’ Mesons 


The total cross sections measured in this experiment 
can be compared with scattering cross sections in a way 
that involves very little analysis.” Because the neutral 
pions are produced mainly by magnetic dipole inter- 
action through the ($,3) state, the most important 
part of the photoproduction matrix element, as given 


by the Chew-Low theory," is 
1 Mohn F(R’) Wp y 
Ky"(q) = — ( ) ( ) T,(q), (17) 


where /,” is the rationalized, renormalized coupling con- 
stant, wy, wn are the nucleon magnetic moments, F(k*) 
is a form factor (taken equal to unity here), v(&) is the 
cutoff function (also equal to unity here), w, is the total 
energy of a meson of type p, in units of yc’, k is the 
incident photon energy or momentum, and 7',(q) is 
the matrix element for pion scattering from the state 
p to the state q. 

This simple relation between the photoproduction 
and scattering of r° mesons does not arise merely from 
the general theory of scattering but rather from the 
particular way in which the current density operator j 
is divided.** The first two terms in j, namely j,+j,, have 
the same matrix elements as j itself between single 
physical nucleon states. The third term, j,, which is 
not the conventional meson current operator, has no 
overlap between these states but affects only the ex- 
cited states. This procedure emphasizes the role of the 
static nucleon in the absorption of the incident photon 
and makes possible the use of physical nucleon prop- 
erties such as the magnetic moments in the photo- 
production matrix elements. 

The total cross section resulting from the matrix 


element (17) is 


y At il 7 1 w, 
orp” =( 
? fe kh 


where h=c=1, the superscripts y0 refer to neutral 
photoproduction, the subscripts 7P refer to total P- 
wave cross section, energies are measured in units of 


T »(q)|?, (18) 


4? The authors wish to thank Professor T. D. Lee and Professor 
G. F. Chew for suggesting this comparison. 

** See reference 13, page 1580, A derivation of relation (17) is 
given on the same page. 
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the meson rest mass, and 


qwq qWq 


 (Qm)*(1+k/M)(1+0/M)  (2x)*(1+w/M)? 


involves the incident flux and density of final states. 
Actually, the factors (1+w/M)(1+/M) are included 
implicitly in the form of 7,(q) that is used in practice, 
but they can be written this way with a different 7',(q) 
understood. 

For the scattering of P-wave neutral mesons of 


momentum qo, the total cross section is" 
(19) 


orp” a C| Tao(q) | * (= 


where v,=qo/wqo is the velocity of the incident pion. 
The matrix elements in (18) and (19) can be brought 
into the same form by means of the relation 


| /we\! p ‘ 
| Wp qo 


where qo is a vector of magnitude go and direction 
p/p=kxXe/|kxXe|. Then the photoproduction cross 
section becomes 

| T0(q) 9 


Mp~HMn . 
2 J f2k ae 


Mp—wa\’ 1 1 
~c( ) 
2 fP v,° 


(20) 


1 w, p’ 


T0(q) .. (21) 


sinc e ke Wqo and p= k?. 
The ratio of the cross sections is thus 


orp’ /orp” : (up _ bn)?/4f,705 = ().0026, ‘Ve (22) 
for an unrationalized coupling constant f?=,?/49 
0.081. 
The r° scattering cross sections may be obtained from 
those of the charged pions by the consequence of charge 
independence. The relation is 


o™= (¢t++oq--—a~) /2, (23) 
where the superscripts on the right refer, respectively, 
to the processes 

t+ pont + p, 

«+p +p, 


r+ pon +n. 


Figure 10 shows cross sections for these processes 
published in the literature. The operation (23) is 
performed on the curves drawn rather arbitrarily 
through the points. This subtraction magnifies the 
statistical errors, but not prohibitively, since o** is 
substantially larger than o~®. 

The S-wave part of 2° scattering, again by charge 
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Fic. 10. Published values of total cross sections for pion-proton 
scattering versus laboratory kinetic energy of the incident pion. 
See reference 8 for a bibliography. 


independence, is 


ars? = (41k?/9) 


b {6 sin’a;+3 sin’a;—2 sin?(a,— a3)}, (24) 


where a; and a; are the S-wave scattering phase shifts 
corresponding to isotopic spin states 4 and 3, respec- 
tively. This is the only point at which the phase shift 
analyses influence the results of this section, and this 
influence is very small because o75°<orp™. 

The demonstration of relation (22) appears in Fig. 11. 
Here the solid curve is 0.002607p™/v,, and the points 
are measured values of or”. The neutral photopion S- 
wave is not subtracted because its magnitude is un- 
certain and is of the order of the statistical deviations, 
This comparison between the two cross sections is made 
at the same value of the total energy in the center-of- 
mass system. This means that if the laboratory kinetic 
energy of the incident r* meson is 7+, then the labora- 
tory energy of the incident photon /, must be 


FE,=T,++150.1 Mev. (25) 


One should note that the agreement exhibited in 
Fig. 11 does not rule out a reasonably small electric 
quadrupole contribution to the photoproduction, which 
would appear in the differential cross sections as a more 
negative value of C/A in (2) but not in these total 
cross sections. The results of Corson, Peterson, and 
McDonald,” however, indicate that the electric quad- 
rupole contribution is indeed very small. 


B. Implications of the Differential 
Cross Sections 
The two experiments described above were per- 
formed on the assumption that the symmetric part of 
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Fic. 11, The relation between ® photoproduction and scatter 
ing at the same total energy in the center-of-mass system. Ab 
scissas are laboratory kinetic energies of incident charged pions 
The solid curve is derived from the scattering cross sections of 
Fig. 10 by means of relations (22)~(24), while the points represent 
measured photoproduction cross sections 





the angular distribution was fairly well established. In 
other words, in the expression (2), the ratio C/A was 
believed to have a value near —0.6 at all energies below 
resonance. In such a case, a measurement of op=4r 
*(A+4C) would provide values for both A and C 
which could be substituted into (2), Then subtraction 
from the differential cross section measured at one 
angle would yield B. 

When this procedure is followed, however, the values 
of the 135° differential cross sections measured by the 
proton recoils are so large as to imply negative cross 
sections at zero degrees. Unless one of the two experi 
ments is seriously in error, the magnitude of C/A must 
decrease at low energies. A lower limit on the amount 
of this decrease in magnitude can be illustrated by 
finding the most negative values of C/A consistent with 
these two experiments, i.e., the values for which 
a(@=0)=0. 

The total cross section values quoted above may be 
used here, but instead the effective y-ray cross sections 
o’(6,) (Fig. 7) will be used because they are closely 
related to the total cross sections, are directly observed, 
and involve no assumptions regarding the value of C/A, 


The three simultaneous equations to be satisfied are 
A+B+C=0, (26a) 
da (135°) /dQ*, (26b) 


( 26 } 


1 — 0.707 B4+-0.5C 


A+hB+ gC =0'(85 


Jy 


where g and / are the dynamical efficiencies defined by 
(5) and (6), da(135°)/dQ* is the differential cross sec- 
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TasLe III. Energy variation of the lower limit placed on the value of C/A by this experiment. 
Cross sections are given in units of 10™ cm?/steradian. 


1 2 3 

Differential 

cross section 
a(135 


i flective 
y-ray cross 


section 0’ (6. 


Incident 
photon energy 
Mev 


180 
190 
200 
210 


0.4944-0.05 
0.837 4-0.071 
1.28 +0.12 
1.99 +0.16 


0.99+0.13 
1.30+-0.14 
1.78+0.16 
2.324-0.18 


tion measured in the emulsion experiment, and 0’(85°) 
is the effective y-ray cross section measured in the 
(26a) the 
limiting condition here. The solutions of (26) for C/A 


counter experiment, Equation expresses 
are listed in Table III for four energies of observation 
(Column 4). To show how much latitude is allowed by 
the counting statistics, the values at the statistical 
deviation of each experiment in the direction which 
makes C/A more negative are inserted for the solutions 
listed in Column 5. The value —0.6 is seen to be con- 
sistently outside the standard deviations up to 200 Mev. 

The energy dependence of C/A suggested by Column 
4 appears very naturally in the theories of Chew and 
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mean values of 
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+-0.67 


4 5 6 wo 


C/A (min) C/A for B=0 
at standard at standard ( 
deviations deviations 


(min) for : 
/A Chew and 


, 7 (135 Low theory 


-0.075 
0.44 
0.56 
0.71 


+-7.6 

+-1.6 

+-0.72 
0.02 


+-0.036 
0.080 
0.188 
0.279 


0.095 
0.29 
0.54 


Low” and of Ross.” It arises from the interference 
between enhanced and unenhanced P-states alone and 
has no connection with the S-wave. This P-state inter- 
ference yields a monotonic decrease in C/A from small 
positive values near threshold to about —0.6 at 
resonance. 

The S-state production is apparent only in the asym- 
part of the angular distribution. Since the 
pseudoscalar nature of the pions requires an electric 
dipole interaction for S-state production, a neutral 
photopion S-wave must arise from nucleon recoil or 
from internal rescattering of S-state charged pions. 
Both of these effects are small and, except at energies 
very near threshold, contribute to the cross section only 
through interference with the dominant P-wave. This 
interference is represented by the term B cos in the 
angular distribution. 

Although the present experiments are inadequate to 
provide quantitative information regarding the S-wave. 
they do indicate the existence of a finite amount of 
S-state production. In Eqs. (26), if B=0, then (26b) 
and (26c) must be satisfied subject to the inequalities 
A+C2>0 and A >O. The resulting values of C/A are 
listed in Column 6 of ‘Table III. Here again, to be con- 
servative, the cross sections at the standard deviations 
in the direction to minimize C/A are inserted. In the 
absence of constructive S-P interference at 135°, the 
angular distribution must have a substantial dip at 
90°, in contradiction to all current theories. 

If only the nucleon recoil contributed to S-state 
production, the interference term would be propor- 


metric 


tional to sinays CoSa33, Where a3; is the scattering phase 
shift corresponding to the state of isotopic spin $ and 
angular momentum 3. Such a term would be most 
negative near 280 Mev (where a33;~45°) and zero near 
335 Mev (where a3;~90°). Recent measurements of 
Corson, Peterson, and McDonald,’ however, indicate 
that B~O near 260 Mev and B=2.7 yb/sterad at 320 
Mev. 

This behavior can be explained by the effect of 
rescattering of charged pions. The “general enhance- 
ment model” of Watson et al."* may be used for illustra- 


“ Explicit formulas for the cross sections will be developed in 
a paper in preparation by Chew, Low, Goldwasser, and Koester. 

® M. Ross, Phys. Rev. 103, 760 (1956). The authors wish to 
thank Professor Ross for sending a preprint of his work. 
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tion. Their Eqs. (8-8) include 


B= (4 3) (A 4A xo) {COS (@33—@3) — COS (a33— a) 
+ (r+ V2r0)[« 0S (a33—a3) +4 COS (a@33— a) 
— (3 8A 40) (Agi t+4Aasz) ]}. (27) 
The .quantity (Ay:+4A4;3) is considered negligibly 
small. Because the magnitudes of the S-phase shifts 
a, and az are small, (27) reduces to 


B’: ame (4, 3) (AA go) *{ (a3— a) sina; 


+ (r + V2r.)| ; COSA33-+ (ag Fay) sinay3 l}, (28) 


where A,=/|/4*\* represents the S-wave mt photo 


production cross section and Ayo the enhanced P-wave 


contribution interfering with S-waves. The quantity 
r=(.113 is defined by the w/a photoproduc tion ratio, 
[ao (0)/a* (0) |threshoia= (1+17)*. This r is the part of the 
nucleon recoil amplitude which changes sign with the 
meson charge, while ro is the part which does not 
change sign. 

The conflict between term involving 
r+V2ro and the scattering term 
(a3—a1) Sinay; results in a slower increase in magni- 


this recoil 


charge-exchange 


tude with energy, with the rescattering overtaking the 
recoil in the neighborhood of 260 Mev. The condition 
B°=0 implies that 

(29) 


[ (1- BC )ay ~(1+C)az tanays aC, 


where C=r+v2ro. Since ay: a3~0,2 in the energy 
range 260-280 Mev, and since tanas; is a rapidly in- 
creasing function of energy, the crossing-point energy 
is relatively insensitive to the value of r+v2r. 
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C. Total Cross Sections and the (},}) State 


As an illustration of the importance of the (},}) state 


to the total cross sections, the latter will be used to 
evaluate the phase shift ass. The Chew-Low cross 
section (18) can be approximated, within 5°, by the 


following form: 


) ,2 k 
( ie» g.)* 
DN (2M? q’ 


1, energies are measured in units of pe" 


(30) 


SING 43, 


where h=<¢ 
and momenta in units of wc, pw is the wr 
e? and f* are the electromagnetic and meson-nucleon 
coupling constants, M is the nucleon rest energy, 
and gy 1.91 the 
moments in nuclear magnetons, & is the photon mo 


" rest energy, 


£p= 2.18 are nucleon magnetic 
mentum, and q is the pion momentum. 

Values of 4g ¢ orresponding to the total cross sections 
measured in this experiment are plotted in Fig. 12, 
where they are compared with values measured in 
scattering experiments.*® The abscissas are the rt bom 
barding energies, which are related to the incident 
photon energies by (25). Because ay, is strictly defined 
only for the scattering of wt mesons by protons, the 
values resulting from (30) may differ seriously from the 
scattering values at pion energies not much greater 
than the wt-° mass difference. 
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In this paper it is shown that Maxwell’s theory of the electromagnetic field in vacuum can be stated in a 
form closely parallel to Dirac’s theory of the electron. The electromagnetic field is described by a three-by 
one column matrix whose elements are linear combinations of the three independent spinor components of 
the field. The Maxwell equations take a form similar to the Dirac equation for a free electron but involving 
three-by-three matrices. In terms of a wave function normalized so that the integral-square is the number 
of photons, the classical expressions for the energy, momentum, and angular momentum in the field are 
related to expected values of the Hamiltonian, momentum, and angular momentum operators. The angular 
momentum operator consists of an orbital part plus a three-by-three spin-one matrix part. As in Dirac’s 


theory, the contributions from the states of negative Hamiltonian eigenvalue must be subtracted 


are states of opposite circular polarization. 


I. INTRODUCTION 


INCE any quantity which transforms linearly with 
respect to Lorentz transformations continuous with 
the identity is a spinor,’ spinor quantities are regarded 
as fundamental in general considerations of field theo- 
ries. The basic equations of such theories can often be 
written in spinor form, but this is not convenient for 
discussing the solutions because of the complicated 
properties of the spinor operator that corresponds to 
the gradient. A compromise is to describe the field by the 
independent spinor components (or a linear combina- 
tion of them) but otherwise write the field equations in 
terms of the ordinary differentiation operators and 
matrices. This approach permits the fundamental de- 
scription of the field to be used without introducing the 
spinor operations. The situation is illustrated by Dirac’s 
equations for an electron; although, as was originally 
shown by van der Waerden,’ Dirac’s theory can be 
expressed completely in spinor form,’ discussions about 
solutions of the equations are made more easily if the 
equations are written in terms of ordinary differentia- 
tion operations applied to the spinor components. In 
this paper Maxwell’s equations for the electromagnetic 
field in vacuum are studied from this point of view. 
The spinor formulation of Maxwell’s equations was 
investigated by Laporte and Uhlenbeck.* They found 
that the electromagnetic field can be described by a 


spinor of the second rank, 
Bii 21(Wot Wy), 
£03 2i(Y2— WwW), 
dys, 


* Now at Institute for Atomic Research and Department of 
Physics, lowa State College, Ames, Iowa. 

1 See, for example, B. L. van der Waerden, Die Grup pentheo 
retische Methode in der Quantenmechanik (Verlag Julius Springer, 
Berlin, 1932), Sec. 20 

2B. L. van der Waerden, Nachr 
(1929) 

4 This subject has recently been reviewed by W. L 
H. Jehle, Revs. Modern Phys. 25, 714 (1953). 

4(. Laporte and G. E. Uhlenbeck, Phys. Rev. 37, 1380 (1931). 
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where y; is the complex three-vector, 
j= E;+1B;, (1) 


and /;, B; are the electric and magnetic fields. In the 
following section Maxwell’s equations are restated in 
terms of the three quantities ¥,; formed into a column 
matrix y. 

The usefulness of a complex vector such as y; is well 
known in classical electromagnetic theory.’ The equa- 
tion for y discussed below was studied by Oppenheimer® 
without identifying the real and imaginary parts of y 
with the electric and magnetic fields. Recently Archi- 
bald’ pointed out that Maxwell’s equations could be 
cast into this form. 

The fact that the field equations become similar to 
the Dirac equations permits the field to be discussed 
using standard quantum-mechanical methods. The 
transformation properties of the y matrix do not lead 
to the classical conservation theorems. However, as 
shown below, a wave function @ can be defined in such 
a way that the classical formulas for the energy, mo- 
mentum, and angular momentum in the field are found 
from expected values of the usual type of quantum- 
mechanical operator. 


e 


II. BASIC EQUATIONS 


Maxwell’s equations for the electromagnetic field in 
vacuum, in Gaussian unrationalized units, are® 


60 /dx.+c'0B;/dt=0, (2) 
610 B,/dx,— COE ;/dt=0, (3) 
OE ;/dx;=0, (4) 


OB;/dx;=0. (5) 


®See, for example, J. A. Stratton, Electromagnetic Theory 
(McGraw-Hill Book Company, Inc., New York, 1941), Sec. 1.12. 

6 J. R. Oppenheimer, Phys. Rev. 38, 725 (1931). 

TW. J. Archibald, Can. J. Phys. 33, 565 (1955). 

* The conventions used are that Latin indices run from one to 
three, Greek from one to four, and that a sum is understood to 
be made on indices repeated within a term. 


1914 





PARTICLE ASPECT OF 


In terms of the y; of Eq. (1), the equations become 
€110W1/0x,— icp, /dt= 0, (6) 
np ;, ‘OX; 0), (7) 


In the usual way, one can conclude from Eq. (6) that 
Oy,/dx; is constant in time. Therefore one only needs 
to consider Eq. (6); the solutions of Eqs. (6) and (7) 
are the solutions of Eq. (6) which have zero divergence 
at the start. Equation (7) does not even need to be 
considered in the initial conditions if the solutions of a 
definite nonzero frequency are to be found, for if 


v;(x,L) 


then Eq. (7) is a consequence of Eq. (6). 
To write Eq. (6) in matrix form one may introduce 
three matrices s;, . 
(Sj) cr= 1€jx1; (8) 


w;(x)e~**, 


so that Eq. (6) becomes 


Sepp = thoy/dt, (9) 


where p, is written for —ihd/dx,. The operator — cs, px 
may be called the Hamiltonian //. It is not to be identi- 
fied with the energy. The s; satisfy the angular momen- 
tum commutation rules, 


[ 55,5e |= — tejeSt, 
and are a representation of spin one. 

Next the plane wave solutions of Eqs. (7) and (9) 
will be written down—they are of interest in themselves 
and are needed for later reference. The substitution 


y=u exp[ ih (p-x—W2) } 


[the symbol p, is used for the eigenvalue as well as 
for the operator | reduces Eq. (9) to the matrix eigen 
value problem 


0 ips —tpo| | m1) [1 | 
| i S | | . 

—¢ —ips 0 ip, | |u| =W || 
ips — ips 0 } | us) Uys! 


The secular equation has the solutions 
W=+cp, 0 


where p is the positive root of pxps. A solution for the 
eigenvectors, which in form prefers the 3-axis, is 


tippr— pips 


U4 (2p’(p’ t p:’) | SF ippr ~ prps|, 
pit p?? 


(10) 


ba 
Uo | Pe - 


One sees that the zero-eigenvalue solution is longi- 
tudinal and, by dotting with the wave vector, that the 
other solutions are transverse, Only the first two solu- 
tions satisfy Eq. (7)—the longitudinal solution is to be 
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disregarded. The matrices wu, have the properties’ 
(11) 
(12) 
‘ (13) 


u,"uy=0, 
u,"u,=1, 
U4 = uy 


Therefore a complete set of functions for the electro- 
magnetic field are 


v,(p; x,0) 


with the properties 


Hy, copys, 
fasten (p’)=0, 


(2rh) uy explih-'(p- xcept) |, (14) 


| dxd."(w.(P) 5(p—p’), (17) 


where 6 is the three-dimensional Dirac delta function. 
The physical features of the solutions py can easily be 
seen by specializing to coordinates with the wy, axis in 
the p direction. If one sets p; equal to zero, takes the 
limit as py approaches zero, and replaces ps by p, the 
result is 
+1 | 
Y= (2rh)~12 ij 1 exp[ thm p(xs¥F cl) |. 
i Oy 
Finally, from - ' 
Wass By; +i By, ;, 


the electric and magnetic fields are found: 


‘sinlh"'p(xsFct) |, 
'p(x3Fct) |, 
‘p(x ct) |, 


'p(xaF cl) i, 


‘cos[ h 

ff os| h 

‘sin{ h 
(). 


where C is the constant (27h) 12-4. It is seen that a 
positive/negative eigenvalue solution corresponds to a 
wave which propagates in the positive/negative p 
direction and which is right/left hand circularly polar 


ized with the propagation direction. 


Ill. TRANSFORMATION PROPERTIES AND 
CONSERVATION THEOREMS 


The purpose of this section is to write down the 
conservation equations which arise in consequence of 
the covariance of Eqs. (7) and (9) with respect to 
transformations to new origins of the space and time 
coordinates and with respect to Lorentz transforma 
tions. Most of these theorems do not correspond to the 
classical conservation laws for the field but they lead 


to new considerations so that in Sec. IV a complete 


* The superscripts ©, 7, and ” denote the complex conjugate 
transpose, and Hermitian conjugate matrices 
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correspondence between the classical conserved quan- 
tities and expected values of transformation operators 
can be made. 

The basic theorem is that, if the transformation 


V=vV(y) 


[x4 is ict and x,’(x,x4) is abbreviated to x,'(x) ] carries 


/ / 
Xp Xp (x), 


the equation 
CS OP (x) /Ox, = Ap (x)/dt 
into the equation 


cs wb’ (20") / Ox! OY (x’)/dt', 


then the operator © defined by 
W' (x)= Op(x) 
gives a conservation equation 


IY" Op)/dt= a(y"y’)/at 
(CSP / OX, My’ + y" (« SOY’ /Ox,) 
Oe" 5, Op) /Oxx. 


The density of the conserved quantity is ¥”“ Oy and its 
flux is —cl"s, OW. If © is chosen Hermitian, the real 
part of ¥” Oy is significant because only the real part 
contributes to fdxy” Oy when the integration extends 
over the whole volume where y is not zero, 

The transformations to be considered are the identity, 
infinitesimal space and time displacements, infinitesimal 
space rotations, infinitesimal pure Lorentz transforma- 
tions, space reflection, and time reflection : 


(19) 


(20a) 


Xs 

Xptay, (20b) 
Lj € 1X1, (20c) 
(20d) 
(20e) 
¥j, X4 X4, (20f) 


where a,,4,, 0; are smallness parameters. The corre- 


sponding y-transformations are 
V'(x')=y(x), 
V(x’) =W(x)+isOy(x), 
V(x’) =W(a) +c 'spveh(2), 
W(x’) V(x), 
V'(x’)=Y" (x). 


These are found directly from the transformation prop- 
erties of the electromagnetic field. Mgller'® gives the 
pure Lorentz transformation in a convenient form and 
Watanabe’s' assignments for the time reflection are 


(21a,b) 
(21c) 
(21d) 
(21e) 
(21f) 


used. 


"CC, Méller, The Theory of Relativity (Oxford University Press, 
London, 1952), p. 110 
"S. Watanabe, Revs. Modern Phys. 27, 26 (1955) 
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In consequence of Eqs. (21) the operators © are 

(22a) 
(22b) 
(22c) 
(22d) 
(22e) 
(22f) 


O.=1, 
—10/OX,, 
= —1€imnXm(0/0Xn)— $1, 
= £40" (0/01) + cl(0/Ox,) +5, 
0.=—KP, 
0,= KT. 
Here K is the operator that changes a function into its 
complex conjugate, P changes the sign of each space- 
coordinate, and 7 changes the sign of the time-co- 


ordinate. Unit terms in ©, ©,, Oa are disregarded. The 
densities of some of the conserved quantities are 


yy = EjEj+ B,B,, 
Rel yt ( — 10/0x,)W J 
Re[y4 ow] 


(23a) 


Ej,0B;/0x,— BOE;/dx,, (23b) 


€lmnXm|_ LE vY9B,/dXn— BE, /dX, | 


+2€imnlimBa. (23c) 


The identity gives the Poynting theorem but the other 
conservation rules are unrelated to the classical rules. 


IV. CONNECTION WITH THE CLASSICAL 
CONSERVATION THEOREMS 


The conservation theorems of Sec. III cannot be 
identified with the classical theorems for momentum, 
angular momentum, and center-of-energy of the electro- 
magnetic field. However, there is a direct connection 
with the classical theorems if y is replaced by @, defined 
by 


o= |8xH |—y. (24) 


The operator H has zero eigenvalues and so in general 
has no inverse. However, as long as the discussion is 
confined to the radiation field, as it is below, the func- 
tions y can be expanded in terms of the ¥ of Eq. (14) 
and |H|~*Y, can be defined to be (cp)-4~,. The value 
p=0 does not arise in the expansion because it corre- 
sponds to fields constant in space and time. 
The expansions may be written in the form 


y= fapcsnep)'A, (9d, + faptsrcp)4 (p)v_, (25) 


where the factors (8mcp)! are included so that A4(p) 
are the expansion coefficients for @: 


o [v4 .iv, + fap (p)y_. 


It is seen that 


fexore- favayea, + fap CA 


(26) 


(27) 
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Also, according to Eqs. (31) and (32) below, dpA,°A, 
is to be interpreted as the number of right or left hand 
circularly polarized photons in dp. Therefore ¢ is nor- 
malized so that {'dx@"¢ is the total number of photons 
in the field. 

It is clear that if y satisfies Eqs. (7) and (9), then so 
also does g. Therefore, the process of Sec. III for finding 
conservation theorems applies to @ as well as to y. 
The @ operator is found from the y operator © as 
follows: 


| 8a H | hp’ (x) 
Srl |~* Op(x) 
H\~40! H|\4(x). 


' (x) 
(28) 


The y and @ operators are identical if © commutes 
with #7. 

The ¢ operators to be considered are 1, H/, p, 
J; €jKIXEPi— hs;, (29) 
Gj= | H\ 4x, (thd/dt) — 2t( 

|H| AHx;| H|4— tp; 


ihd/Ax;)+-ths; || H\4 

(30) 
These expressions are found from Eqs. (22) by includ- 
ing appropriate factors and replacing ihd/dt by H as 
may be done if the operators are to be applied to 
solutions of the field equations. The identity gives the 
conservation of the number of photons. The classical 
expressions for energy, momentum, and angular mo- 
mentum in the field are related to H, p, J as follows: 


faxur +- B*) /8ar 
fave +°Ay+ f avers CA 


favor, ~ fax HHd_, (31) 


fevr.aea, fev CA 
faso."00, fase Hp, (32) 


fetox (Ex B) |;/4xc 


feos, - f axe "Jim, (33) 


where ¢, is the first term in Eq. (26) and @_ the second. 
These equalities can be verified by expressing the 
classical integrals and the @ integrals separately in 
terms of A, and comparing the results. The proof for 


fox EX B) ;/4x¢ 
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the momentum relation for example is as follows: 


foxx B) ;/4ac= — (8c) fawn 
_ f appa. yustssu - fave CA_u"su_, 


where Eq. (25) is used for y, Eq. (14) for Py, and the 
x-integration is performed first. The cross terms drop 
out since, from Eq. (13), 


164."s tex = uy" 43 
1€ jK(UF: AUF. 


0. 
Also it is easily seen that 


us "s im, (34) 


F pi/ Pp; 


one of these results can be found by direct calculation 
from Eq. (10) and the two results are complex conju 
gates. Therefore the momentum integral becomes 


fax(BxB) /4 favravea, aon CA, 


When this is combined with 


faroor ns: fons tPA, 


the result is Eq. (32) as required. The proof of a com- 
ponent of Eq. (33) can be made in a similar way, by 
using the intermediate results 


€sni sg” (O/O py) Ss Uy =O, 
city” (0/Op,)s mex =O, 
exci” (Ou, Opn) pi + ips p. 


An analogous connection between the angular momen 
tum in the field and the angular displacement operator 
J was found by Franz." 

The connection between the classical center-of-energy 
theorem and the operator G can be shown without 
making expansions. A statement of the classical theo 
rem for the free Maxwell field is that the following 
quantity is conserved": 


fas xv) (F2-+ BY) /8e— 2t( EX B),/4ac | 


(Sar) fawn a f ax(ExB), tare 


faxon H\)x,!H\'—ct(H/\ H\) ps 


fasonn H )Gy. (35) 


4W. Franz, Z. Physik 127, 363 (1950) 
8 See, for example, reference 10, p. 170. 





1918 BR. Hs 


The justification for replacing the momentum by 


fexoncay H\)pp@ 


in the second term is that 


fas. Od: 


i 
tf axo."((u/\H\) 0 O(H/\H\) ps 
2 


=() 


for any operator © that commutes with //. 

In Eqs. (31), (32), and (33) the energy, momentum, 
and angular momentum in the field are related to ex- 
pected values of the operators H, p, J. In each case the 
contribution from the expected value of the left-hand 
polarized part of the wave is subtracted from the right- 
hand contribution, A parallel situation arises in Dirac’s 
theory of the electron where, to obtain the physically 
observable energy, momentum, or angular momentum, 
the expected value of the appropriate displacement 
operator in the part of the wave function with negative 
Hamiltonian eigenvalues is subtracted from the con- 
tribution of the positive eigenvalue part. In his theory 
the Hamiltonian can be assumed to be the energy 
operator, the vacuum to consist of filled negative energy 
states, and the subtraction to correspond to the re- 
moval of electrons from the vacuum because the elec- 
trons follow Fermi-Dirac statistics: the Pauli principle 
prevents an electron from cascading indefinitely down 
into the negative energy states. This interpretation 
cannot be made for the photon equations above because 
the photons will follow Bose-Einstein statistics. 

The factor of (17/| |) that appears in Eq. (35) sug- 
gests that a different assignment of the operators 
should be made. Since H, p, J commute with H, Eqs. 
(31), (32), (33) can be rewritten as 


faxur +- (3°) /Sar 
fexcex,, si 


fox xx (EX B) F 4m 


f dx" (H/\H\)H¢, 
fasona H\) pi, 


[axon H | )J i, 


so that uniformly the classical integrals are equal to 
the expected values of (77/|H!) times the displacement 
operators. The operators to be identified with the 
physically observable quantities are then (H/|H!') 
times the displacement operators. 

The theorem of Sec. III, relating conservation equa- 
tions to transformation properties, can be revised to take 
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account of the (H/|H|) factor. If the transformation 
¢'=¢' (9) 


%y' = xy'(x), 
carries the equation 
C50 (x) /Ox,_= Op (x)/AL 
into the equation 
cso! (x’)/dx,' = dg! (x’)/dt’, 
then, defining the operator © by 


¢' (x)= Op(x), 


one finds that 


OL” (H/| H\) Op \/dt= c(dg/dx,)"s,(H/| H\)o’ 
+c" (H/|H | )s,(dp'/dx,). 


In the second term, the order of the operators (H/|H|) 
and s, can be reversed since s,0/dx, is proportional to 
7; one finds 


OL b" (H/|H|) Op \/dt= dlcp"s,(H/|H|) Od |/dx,, 


and this seems to be the appropriate theorem to relate 
the classical integrals to the transformation operators. 
The flux of the quantity whose density is ¢”(H/|H!) Od 
is —cp"s,(H/|H|) Od. However, for the number of 
photons and the unit operator the theorem without the 
(H/|H |) factor is to be used so that ¢”¢ is the expected 
photon density and —cp"s, is the expected photon 
flux. 

When these assignments are applied to the plane 
wave solutions of Eq. (14), the following results for the 
density of photons, energy, and momentum are ob- 
tained [if @ is 4, the fields are the real and imaginary 
parts of (8mcp)*p, }: 


Vi"Pi= (2rh) . 
Vi" |H\P,- cp(2arh)-*, 
0" (H/|H|)pg=+p;(2ah)*, 


where u,"u, is given by Eq. (12). The corresponding 
results for the fluxes are 


— Ws" subs =c(+ pr/p)(2eh)*, 
Wa" s4| H | Ps=c(+ pr/p)cp(2eh)-, 
~ Ws" s(H/|H |) pbs =cl+ pr/p) (+ pj) (2ah), 


where u,"syu, is given by Eq. (34). These values of 
the densities and fluxes are consistent with the idea of a 
stream of particles with energy cp, momentum + pj, 
speed c, moving in the +;/p direction. As argued 
below Eq. (18), + );/p is also the wave propagation 
direction. Also, from Eq. (18) it is seen that the wave 
frequency is cp/h and the wavelength is h/p; therefore 
the operator assignments of the preceding paragraphs 
contain implicitly the Planck relation between energy 
and frequency and the de Broglie relation between mo- 
mentum and wavelength. For a right/left hand circu- 
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It is shown that the requirement that the Hamiltonian density commute with itself on a spacelike surface 
precludes the possibility that three or more different spinor fields, coupled to one another in Yukawa-type 
interactions, commute with each other. If the Hamiltonian contains only two such fields, however, they may 
be assumed either to commute or to anticommute without violating this requirement 


I. INTRODUCTION 


“THE form of the commutation relations between 

field operators that represent physically different 
Fermi-Dirac particles has been investigated recently by 
Kinoshita.' He has shown that if the Lagrangian con- 
tains interaction terms that are bilinear in spinor fields, 
these fields must anticommute? in order that unique 
equations of motion be obtained from Schwinger’s 
variational principle. However, if the equations of mo- 
tion are obtained from the canonical commutation laws 


—idy'/at=[ Hwy |, | Hy? |, 


the results are unique regardless of whether the spinor 
fields commute or anticommute. Since self-consistent 
results are obtained from the canonical formalism, it is 
not clear whether the inconsistency obtained by Kino- 
shita reflects the impropriety of the commutation rela- 
tions or the inapplicability of the variational principle in 
this case. It is of interest, therefore, to determine 
whether Kinoshita’s conclusions can be obtained with- 
out recourse to the variation formalism. 

The question of whether different spinor fields com- 
mute or anticommute is of no practical importance 
when the Hamiltonian contains only two such fields, 
since the physical observables obtained using either 


—idp'/dt (1.1) 


choice of commutation relations are the same. On the 
other hand, the transition amplitude for a particular 
process involving three different spinor fields is calcu- 
lated in Sec. 2 by the forma! application of the Dyson 
expansion of the S matrix,’ and the result is found to 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

! T. Kinoshita, Phys. Rev. 96, 199 (1954). 

? As used in this paper, the expression “commuting spinor fields” 
will always refer to different spinor fields. For a single spinor field 
the usual anticommutation relations are assumed. 


3F. J. Dyson, Phys. Rev. 75, 486 (1949). 


depend on the choice of commutation relations. How 
ever, it is shown in Sec. 
fields interact with each other via Yukawa-type inter 


4 that if three or more spinor 


actions,’ the assumption that they commute with one 
another is inconsistent with the requirement that the 
Hamiltonian density commute with itself at two points 
ona spacelike surface.® If the Hamiltonian contains only 
two different spinor fields, they may be assumed to 
either commute or anticommute without violating the 
above requirement, which will henceforth be referred to 
as Postulate II. 

The case of three or more interacting spinor fields is 
thus fundamentally different from that of only two such 
fields in that Postulate II places a restriction on the 
commutation relations in the former case but not in the 
latter. Section 5 contains some speculations concerning 
the apparent distinction between these two cases. 


II. TRANSITION MATRIX ELEMENTS 


In this section the transition matrix for a simple 
process is evaluated by the formal application of 
Dyson’s S-matrix expansion. This example illustrates a 
difference between the cases in which the different spinor 
fields are assumed to commute or anticommute. 


‘By “Yukawa-type interactions’ we merely mean that an 
interaction term in the Hamiltonian contains the spinor fields 
bilinearly and the boson field linearly 

5 See, for example, W. Pauli, Progr. Theoret. Phys. (Japan) 5, 526 
(1950). This is a special case of what Pauli refers to as Postulate IT 
“Physical quantities (observables) with each other in 
two space-time points with a space-like distance.” Strictly 
speaking, only the Hamiltonian density integrated over a finite 
volume is an observable. For this reason, in order to deal with 
physical quantities at two different points of space-time, x, and x 
one may integrate the densities over suitable regions of space R 
and R», so that all points in (K,,t)) are spacelike with respect to all 
points in (R»,t). The requirement that the Hamiltonian density 
commute with itself on a spacelike surface is also an integrability 


commute 


condition on the Tomonaga-Schwinger equation. In connection 
with this see K. Nishijima, Progr. Theoret. Phys. (Japan) 5, 187 
(1950) 
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Fic. 1. Feynman 
diagram for a second- 
order process involv 
ing * mes different 
spinor fields 





The Dyson expansion of the S matrix® is given by 


J 1 . 
yD 1)" f Agx\*** 
rn n! 


s 


4 


xf Ax, P{H 1(%,),++*,Hr(e,)}, (2.1) 


s 


where P is an operator which orders the factors chrono- 
logically so that time values decrease from left to right. 
The transition amplitude for the second-order process 
corresponding to the diagram in Fig. 1 will be calculated 
for the following two cases: 


Case (a)—-the commutators of different spinor fields 
vanish ; 

(b)-the anticommutators of different spinor 
fields vanish. 


Case 


We shall see that in Case (a) the propagator for the 
virtual fermion of Type 2 is not the usual Feynman 
propagator. 

The form of the interaction representation interaction 
Hamiltonian is chosen as 


Hy (x) = gy (x)P(x)o! (x) 

+ go (x)W (x) ¢?(x)+H.c., (2.2) 
where the p’s are different spin-} fields, the @’s are differ- 
represents “Hermitian 
conjugate.” The term of the S matrix corresponding to 


ent real scalar fields, and H.c. 


lig. 1 is 
M @) = ( inf yx yd 4xoP (HH 1*(x2),H1°(x,)}, (2.3) 
where 


H,*(x) 
H,°(x) 


(2.2a) 


(2.2b) 


giv (x) (x)o' (x), 
go? (x) (x) b?(x). 
The expectation value of M™ is taken between an 
initial state of the system containing fermion 3 and 
boson 2 and a final state containing fermion 1 and boson 
1, all particles being in plane-wave states and the 
fermions being in definite spin states. Then we have 


M p= r|M®\¥,), 


(W p M° V7), 


cuss f yx d xX p PUP vo )V (x2)b' (x2), 
; P (asp *(arg2(xi)) |W, 
. a | dX dx p| P(x4,%2) V, : 


a 


(2.4) 
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the last two lines are a definition of P(x;,x2). In order to 
perform the timé ordering, we split the Feynman dia- 
gram of Fig. 1 into its two constituent parts corre- 
sponding to propagation by a particle and by an 
antiparticle, Fig. 2(a) and 2(b), respectively. Then we 
have 
P (21,22) =0(%2— 21) P (x2)W? (2x2) (x2) VP (21) W (a1) 6? (221) 
+0 (2) — a2) P* (21) (201) 
Xb? (xP! (x2)? (xe)p! (a2), (2.5) 


for xy >O0 


(+1 
[7 


6(x)> 


| 0 for 


6(x)+0(—x)=1, 
6(x)—0(— x)= €(x) =X0/ | x0}. 


Since ¢' and ¢? commute with each other (and, of course, 


with the fermion fields), Eq. (2.5) becomes 
! (x2) Pa! (x2) [0 (x2— 21 Wa? (x2) Pe? (21) 
F(x) — x2) We? (x1 )Wa? (x2) Wa*(a1)b? (a1), (2.8) 


P( X1,X-2) 


the upper sign applying if we have 
(Ws? (1) ,Wal (x2) I, 0, 
[Wa?(x1) Wal (x2) J, Q, 
(Wp? (21) Wa? (x2) iF =(), 

and the lower sign applying if we have 
[Ws (x1), Wal (ae) |_=0, 
(Wa? (x1), Wal (x2) |. =0, 
[Wa (a1) Wa"(x2) |. =0. 


(2.10) 


It can be noted that the minus sign in front of the second 
term on the right side of Eq. (2.8) can also be obtained 
by requiring two of the commutators and one anti- 
commutator to vanish. Making use of the usual Fourier 
decomposition of field operators, we obtain 


a 


M pr = f gx d gxXoN ag(X1,%2) 


x [0(x» = X1) (Wa? (x2) We" ( X1))0 
FO(x1—x2)(Wa?(x1)Wa(%2))o ], 


D 
4X d4x2N asl X1,%2) 


X (O(x2— 41) [—tS apt (x2 v;) 


FO(x1—%2)[— iS ag (x2—41) ]}, (2.11) 
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where N48(%1,X2) is a c-number, 


£182 m\ms ' 
A ap(X1,%2) =—— 
2(2mr)® w™ gy ™3gyy My Mo 


XK tha®(M, pi) U3" (m3, ps) 


iqi- 72 


Keir "le 


iP’ T2p ida Tie 


With the help of the relationships 


S+(x) = 4[S(x)—iS (x) ], 


t 


S~(x) = 40S (x) +15 (x) ], 


Sp(x)=S© (x) +1€(x)S (x), 
Sr(x)=e(x)S p(x), 


where Sp(x) is the Feynman propagator, Eq. 
becomes, for Case (a), 


L 
M ry” = if 4x 1d 4X2 \ af | X1,X2) 


XK Srag" (X2—41), (2.1 7a) 


and for Case (6), 


M py” —_ if 4x \d4XoN ap(%1,%2) 


D 

XS rap ( L—e— X13). (2.17b) 
For (b) we obtain, for the intermediate state, the 
Feynman propagator, which is a Green’s function for 
the Dirac equation, i.e., 


(¥pOu+m)S p(x) = 2164(x). (2.18) 
For (a) the propagator is the function S7, which 
satisfies 

2 1 
63(x)P 

T Xo 


(y¥,O,+m)S7(x) (2.19) 


in which P indicates that one must take the principal 
value when integrating over xp. 

From Eq. (2.11) we see that the two propagators 
differ only in the sign of the part corresponding to 
propagation’ by a negative-energy particle. This differ- 
ence in sign’is due to the odd number of transpositions 
of different spinor fields involved in going from Eq. 
(2.5) to (2.8). Thus, the transition probability for the 
physical process that corresponds to Fig. 2(a) depends on 
the commutation relations of the different spinor fields. 
This dependence does not occur for all processes in- 
volving the Hamiltonian (2.2). An example of a transi- 
tion probability the calculation of which involves an 
even number of transpositions of different spinor fields 
and which is therefore the same for Cases (a) and (b) is 
given in the next section. 


SPINOR FIE! 


Fic. 2. The Feynman diagram of Fig. 1 divided into its two 
constituent parts, corresponding to propagation by a particle (a), 
and by an antiparticle (b) 


III. VACUUM EXPECTATION VALVE 


The probability that a vacuum state at / © shall 


remain a vacuum for /= © is 


Wo (fey 0 3 (rf esr( if H( Her) !) 
x¢P Jeso(if Hy (a ww) |) e t32} 


where ?_ is the operator that orders the factors in the 
opposite order of times to that of P. 

To prove that the expansion in Eq. (2.1) yields the 
same result for Wo whether the different spinor fields 
commute or anticommute, we merely show that the 
vacuum expectation value of each term in the expansion 
(2.1) of S and the corresponding expansion of S! is the 
same for the two possibilities. The expression of interest 


IS 


(P(Xn))0= (PUM 1 (44),° + + (en) Po. 


After the time ordering is performed, we have the 
product of n Hamiltonian densities. For convenience, 
the indices may be considered to be interchanged after 
the ordering is carried out so that (P?(x,))o9 becomes 
(Hy (x1)+++Hy7(x,) 
ever, only the terms which contain an even number of a 
given @' and which for every p' have a corresponding 
y'‘are nonzero. Thus (P(x,))o is nonzero only if n is even 


», Which is the sum of 4" terms. How 


The order of the factors is now rearranged so that all the 
boson operators appear on the right. By splitting these 
up into positive- and negative-frequency parts and 
operating successively on the vacuum, we may replace 
them by ¢ numbers. Next, the following rearrangement 
is carried out. Call the operator on the extreme right p'“ 
Pick out a W'* such that between it and w'* there are 
equal numbers of y' and W', and commute pW’ to the 
right until it is next to ~'*. Call pa'Wa'* a factor pair 
Repeat the procedure for the first y’” to the left of the 
last factor pair formed until all the operators are in 
factor pairs, all pairs for a given 71 being grouped to 
gether. Now (P(x,))o may be unambiguously replaced 
by ¢ numbers. Since in the formation of each factor pair, 
and later in the regrouping of all pairs with a given 7 to 
stand together, an even number of transpositions of 
different spinor fields is performed, the final result is the 
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same for Case (a) as for (b). Similarly (P_(x,))o is the 
same for the two cases, and thus the result for the 
physical quantity Wo is independent of whether the 
different spinor fields commute or anticommute. 


IV. RESTRICTIONS IMPOSED BY COMMUTATIVITY 
CONDITION 


In this section it is shown that for Case (a), the 
Hamiltonian density does not commute with itself on a 
spacelike surface. We shall evaluate the commutator of 
the Hamiltonian densities for the interaction Hamil- 
tonian (2.2), considering separately the two cases (a) 
and (b) discussed in Sec. 2. 


O(x,y) =i") (4 
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Postulate II implies that 


(WC P(x’,y')+0(2',y’) || ¥)=0, (4.1) 


where |W) and |W’) are any two state vectors (not 
necessarily physical ones), x’ = (x,0), y’=(y,0), (P+Q) 
is the commutator of the total Hamiltonian, 


P(x,y)+O(x,y) =H (x),H(y) |, (4.2) 


and 


O(x,y)=(H1(«),A1(y) |; (4.3) 


i.e., all terms in P(x,y) involve the Hamiltonian of the 
free fields. For Case (a), with g:= g2= 1 for convenience, 
we have 


VIE WP W+APY (9) IV (2) 2 (x) +P (x)h' (x) J 


iA (x—y [Pw PW +P Wy) IP (a4 (1) +P (a(x) J 
id! (x)? (y)[ PY (x)S°™ (x— y)P(y)4 V(y) SO (y —x)yp'(x) | 


ig' (yp? (x) P(x) SO™ (x— yy (vy) + (y) SO (y 


id! (x)! (y)[Y(a)S°™ (x— y)p'(y) 


yW*(y) 


ip” (x)? ( y)| yy (x) SO" (4 


~x)P(x)] 


V' (y) SO (y—x)p" (x) 


+ P(x) SO" (x- - yy" (y) —P(y) SO (y ne xy (x) | 


V(y) SO (y—x)P (x) 


4 V*(x).Som (x—y)P(y) —P(y)S™ (y—x)P*(x) ] 


+ 2p! (x)¢? (WY (eV (x) HP (a) (x) [IP WP) +P WF (y) ] 


+ 26! (y)¢? (x) [VP (xP (x) +P (P(x) POW (Wt+d (WP (y) J, 


where 
[p'(x),b'(y) |= 1A (4 
| Wai(x) We i/ y) |, iSagi™ (x y). 


y)s 


Since the A and S functions vanish for 


(x—y)?=[(x—y)?— (x9— yo)? ]>0, 


only the terms which do not contain either the 4 or S 
function are nonzero in O(x',y’). 
It is convenient to choose 


V) = byt (pi) b2* (po)ast* (qs) | Vo), 
Vo), 


: (4.6) 
Vv ay*" (qi) 


where b,*(p,) creates a meson of type 1 with momentum 
Pp. a,**(q,) creates a fermion of type 7 with momentum 
q, and spin s, and |W») is the vacuum state. For later 
convenience we set 

Pi qi Pe -G3= Pp. 


Evaluating Eq. (4.2), we obtain 


(W'| O(x',y’) |) 
1 m\mMs 4 
(Qar)® Xu Mig Magymiggms 
X [a" (m1, p) Sat (x — y’)ug*(ms, — p) 


+a" (mp) Sap" (y’ — x’) ag" (ms, 


(4.4) 


where w= + (p’+m’)!, uv is a spinor, a’ its adjoint, and 
S*(x,0) = 4[.S(x,0) —iS™ (x,0) | 

— (1/2)S (x,0) 

ALS (x,0) +15 (x,0) | 

(1/2)S™ (x,0) for 


l . dk 
f e'* x 
(29)* w 


D 


for x0, 


(4.8) 
S~(x,0) 


x0), 


since 


S(x) 


X [wys coswxp— (k-y+im) sinwx |, 


1 ws dk 
f eikx 
(23)* w 


ve 


(4.9) 
5S (x) 
XC (k-y+im) coswxo+ws sinwXo |. 


Then we have 


(W'|O(x',y') |) 


1 ( m\ms ) 
2 (2m) 8 Nw My Mains 


X tha’ (my,p)[ Sag? (x—y, 0) 


— Sag (™ (y— xX, 0) jug*(ms, — p) 
Mm Ms 


i 4 
oleae (- ) tia’ (m,p) 
(2a) 9 NM iy Magymiggms 


- dk 
x| f ee ch ys |! —p), (4.10) 
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which is nonzero, Since the terms in P(x,y) that involve 
both boson fields must contain one of them bilinearly, it 
is clear that we have (W’ | P(x’,y’)|W)=0, and Eq. (4.2) 
is violated. For Case (6), on the other hand, all the terms 
in Q(x,y) involve either the A or the S function and so 
we have ((x’,y’)=0. Also we have P(x’,y’)=0, and thus 
the assumption that different spinor fields anticommute 
is the simplest one that satisfies Postulate IT. 

It is an interesting fact that if the interaction involves 
only two different spinor fields that commute with each 
other Postulate II is not violated. This can be verified 
easily by direct calculation. 


V. CONCLUDING REMARKS 


It has been shown that the requirement that the 
Hamiltonian density commute with itself on a spacelike 
surface implies that spinor field operators representing 
different particles which interact with one another 
cannot be assumed to commute, but that this conclusion 
can be drawn only when there are three or more such 
fields. This suggests that any general principle for 
obtaining the commutation relations of different spinor 
fields should be of a nature that manifestly differentiates 
between the case of two fields and that of three or more 
fields. In order to determine the form of such commuta- 
tion relations, we note first that the distinction between 
the above two cases is closely connected to a difference 
in the permutation properties of two and three or more 
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elements, and secondly that quantizing a single field 
with 
sembles of particles obeying Bose-Einstein or Fermi 
Dirac statistics, which are related respectively to the 
identical and the alternating representations of the 
symmetric group. The forms of the commutation rela 


commutators or anticommutators leads to en 


tions for several interacting spinor fields can then be 
obtained by requiring that they be similarly related to 
the higher-degree irreducible representations of that 
group. In this connection we note that it is the dis 
tinctness of the two boson fields that destroys the 
symmetry of the Hamiltonian in the interchange of any 
two spinor fields, and permits nonzero transition ampli 
tudes between initial and final states described by 
eigenfunctions belonging to different irreducible repre 
sentations of the symmetric group. However, the re 
quirement that the eigenfunctions of two physically 
realizable systems belong to definite representations of 
that group places severe restrictions on the symmetry 
properties of the Hamiltonian with respect to permuta 
tions of the different spinor fields. This fact may perhaps 
serve as a guide in the further investigation of the 
interactions of several spinor fields, 


ACKNOWLEDGMENTS 


The author would like to thank Dr. Joseph V. Lepore 
for his advice and guidance regarding the content of 
this paper. It is also a pleasure to acknowledge a number 
of helpful discussions with Dr. Henry P. Stapp. 





PHYSICAL REVIEW VOLUME 


Letters to the Editor 








UBLICATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department. 

The closing date for this department is five weeks prior to the date of 

issue. No proof will be sent to the authors. The Board of Editors does 

not hold itself responsible for the opinions expressed by the corre 

spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate. 


Modulation of a Light Beam by Precessing 
Absorbing Atoms 


H. G. Denmecr 
University of Washington, Seattle, Washington 


(Received January 7, 1957) 


ECENT experiments!* have demonstrated that 

the orientation of atoms (and molecules) can be 
effectively monitored by observing the transmission of 
a beam of polarized optical resonance radiation. This 
note will serve to point out that the monitoring tech- 
nique can be extended to faster motions like the 
precession in a magnetic field where the result is a 
high-frequency modulation of the transmitted light 
beam. For simplicity we will assume a ground state 
angular momentum J=}4 and complete polarization. 
Then the state for which the vector (M) formed from 
the expectation values of the angular momentum 
components, (M,), (M,), and (M,), points in the 
direction (J,g) can be described by 


Vo ¢ cos(d Je ig/2( 4 ) } sin (J, 2)eiv!?( ) 


) denote the two eigenstates with 
m,= + and m, 4. Now for the simplest case of an 
optical transition J=}-—>J'=4 under the influence of 
circularly polarized light incident parallel to the z axis 
for which the selection rule Am,= +1 applies, only the 
fraction of VW in the (—) state will contribute to the 
absorption. This fraction is given by 


where (+) and ( 


f= sin? (3/2) I 1 — cos’ |, 


where J is the angle between the angular momentum 
vector and the beam. This result must be independent 
of the special choice of coordinate system and eigen- 
states. Consequently it must hold quite generally that 


f=}(1—(m-p) ], 


where m and p are unit vectors in the direction of the 
angular momentum vector (M) and the beam direction. 
In the important case that (M) precesses around a 
magnetic field in the z direction with a circular fre- 
quency w forming an angle # against it while the 
direction of the light beam is parallel to the x axis one 
obtains 
Ja i. -sind coswt | 
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indicating a sinusoidal variation at the frequency w of 
the absorption. Similar expressions are to be expected 
for optical transitions involving higher J, J’ values 
when the ground state is executing a precessing motion. 
Further examples of precessing motions which could be 
used for modulation purposes are found in the ones 
caused by crystalline electric fields or the ones due to 
electric and magnetic interaction with the atomic 
nucleus. 

One example of experimentally realizing the pre- 
cession of the momentum vector (M) essential in the 
proposed modulation scheme is discussed in the fol- 
lowing: Sodium atoms contained in a spherical absorp- 
tion cell are subjected to an intense beam of circularly 
polarized resonance light, “‘z beam,” and a static mag- 
netic field of the order of one gauss, both in the z 
direction. This creates a polarization of the atomic 
momenta by optical pumping,’ the vector (M), of 
absolute value Mo, pointing in the z direction. The 
time dependence of (M) now is governed by the Bloch 
equations‘ for the angular momentum components, 


M,.—y(M,H.—M.H,)+(1/T:)M.=0, 
M,—y(M.H,—M,H,)+(1/T:)M,=0, 
M,—y(M.H,—M,H,)+(1/7)M, . (1/7r)Mo. 


Here and in the following the angular brackets to 
indicate expectation values have been omitted. The 
polarization decay time 7 depends on the light intensity, 
being of the order of 0.01-0.1 sec in practical cases.? 
The phase memory time is denoted by 7», as usual. 
Experimentally it can be made to approach r. Under 
these conditions all the methods discussed by Bloch,‘ 
Hahn,* and Packard and Varian® can be used to create 
a precessing angular momentum component, the most 
common one being the application of a rf field perpen- 
dicular to the z axis whose frequency fulfills the reso- 
nance condition. For the two hfs substates of sodium 
this frequency turns out to be very nearly equal to 
700 (kc/sec)/gauss, the Back-Goudsmit effect being 
negligible. A second (weaker) beam of circularly polar- 
ized resonance light, ‘“‘x beam,” applied in the x direc- 
tion, will then exhibit the modulation at the precession 
frequency after passing through the cell since the 
absorption coefficient AK, of the partially polarized 
sodium vapor will vary according to 


K,=K[{1—a(M,/M»)]. 


Here K is the absorption coefficient for the unpolarized 
vapor while a is a dimensionless constant depending on 
the degree of polarization attained and also on nuclear 
effects. The absorption of the z beam on the other hand, 
as determined by 


K,=K[({1—a(M,/M,) |, 
provides a measure of M,. Under favorable conditions* 


rf fields of the order of microgauss can be made to 
modulate intense light beams. 
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Very strong and narrow resonance signals have been 
obtained by observing the variation of the transmitted 
z beam. By feeding the rf field from the (amplified) 
photocurrent generated by the modulated x beam an 
atomic oscillator can be constructed. Further experi- 
ments along the above lines are under way in collabo- 
ration with Dr. A. Bloom and Dr. E. Bell and with 
Mr. E. S. Ensberg. 

1H. G. Dehmelt, Phys. Rev. 103, 1125 (1956), 

2H. G, Dehmelt, Phys. Rev. 105, 1487 (1957). 

4A. Kastler, J. phys. radium 11, 255 (1950). 

‘F. Bloch, Phys. Rev. 70, 1 (1946). 


5. L. Hahn, Phys. Rev. 80, 580 (1950) 
®°M. E. Packard and R. Varian, Phys. Rev. 93, 941 (1954). 


Isotope Shift in the Spectrum of Indium I 


D. A. JACKSON 
Laboratoire A. Cotton, Centre National de la Recherche Scientifique, 
Bellevue, Seine-et-Oise, France 


(Received February 1, 1957) 


ETERMINATIONS of the isotope shifts in five 

lines of the arc spectrum of indium! were derived 
from measurements of the differences in wavelength of 
the lines emitted by natural indium and by indium 
enriched in In"*; they depended on the accuracy of the 
mass spectrograph analysis of the enriched isotope, 
since the measured displacement had to be multiplied 
by a conversion factor derived from the isotope abun- 
dance ratio. This was stated by the Atomic Energy 
Research Establishment, Harwell, England to be 
(49.74+0.1)% In", from which follows the conversion 
factor 2.20. 

It has since been possible by observing the absorption 
of an atomic beam of indium enriched in In'" to resolve 
the lines of In! from those of In''® in the strong hfs 
components (0 and 662 millikaysers) of the line 4101 A, 
and thus to measure the isotope shifts directly. These 
were, respectively, 7.8 and 9.9 mK, with a probable 
error of +0.5 mK. The conversion factors required to 
obtain these shifts from the displacements (4.77 and 
5.41 mK) measured in the earlier work are, respectively, 
1.64 and 1.83; the mean, 1.74+0.1, corresponds to an 
abundance of (61.5+3)% of In", 

The indium enriched in In"* actually used in the 
earlier work had been kept; it was sent for reanalysis 
to the Commissariat 4 |’Energie Atomique, Saclay, 
France. Three analyses gave values of 60.0, 61.4, and 
64.6% In"*; a new analysis made at Harwell gave the 
value 61.5% In’. These results confirm the require- 
ments of the purely spectroscopic measurements, and 
it appears that the analysis of 49.7% must have been 
in error; and that the conversion factor to be used 
should be 1.74+0.1, which is independent of isotope 
analyses, though in good agreement with the new 
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analyses. The isotope shifts calculated with this con- 
version factor are 

Wavelength (A) 

Displacement (mK) 

Isotope shift (mK) 

In all cases the lines of In' are shifted to the red. The 
value for 4101 A is the average of the individual shifts 
of the four hfs « omponents, which were 

281 381 662 


49 5.3 5.4 
8.5 9.2 94 


Component (mK) 0 
Displacement (mK) 4.8 
Isotope shift (mK) 8.3 


The probable error of the isotope shifts is 0.5 mK for 
the visible lines and 1 mK for the ultraviolet lines. 
'D 


A. Jackson, Phys. Rev. 101, 1425 (1956). 


Report on Long-Lived K’ Mesons* 


M. LeperMAN, Columbia University, 
New York, New York 


K, LANDE AND L 
AND 
W. Cutnowsky, Brookhaven National Laboratory, U plon, New York 


(Received February 4, 1957) 


HE experiment previously reported! which estab 
lished a long-lived neutral | 
particle is being continued. In this report, we give 
evidence that (1) strengthens the previous surmise! 
that these are indeed A-mass particles with decay 


the existence of 


modes primarily into mev and muy, (2) establishes 
rather convincingly the existence of the mtm mr mode’, 
(3) provides additional evidence for the particle mixture 
theory.’ 

We have now examined 5000 photographs taken in 
the neutral V beam at the Cosmotron. The experi 
mental arrangement differed from that previously 
employed! in that a 7's in. Lucite “thin window” was 
placed on the entrance side of the cloud chamber and 
the collimation and shielding arrangements were im 


lic. 1. Transverse momenta of the positive, negative, and 
neutral secondaries of 100 events. The arrows indicate the cutoffs 
for various decay modes, The inset magnifies the end point and 
compares with a resolution folded linear cutoff at 230 Mev/c 





LETTERS TO 


Fic. 2. Example of K®°-+* +7 +-neutral particle. P, is shown 


to be a pion by ionization measurements. P,4 is a proton track 
used in the ionization calibration 


proved. These changes permitted us to increase the 
external proton beam flux by about a factor of four 
(to ~4X10* protons per pulse). The thin window 
reduced the solid angle, the net effect being to increase 
the V° yield to 1 found per 35 pictures as compared to 
1 per 60 pictures in the original arrangement. 

We have now analyzed one hundred 
Assuming these to represent disintegrations of neutral 


V° events. 


particles into a positive, negative, and single neutral 
secondary, we have plotted in Fig. 1 the distribution of 
transverse momenta for all 300 secondary tracks. The 
neutral deduced from the 
measured curvatures and angles made by the charged 


transverse momenta are 
secondaries with the precisely known incoming beam 
direction. The graph is independent of any secondary 
mass assignments. The observed cutoff in transverse 
momentum is very close to 230 Mev/c, as determined 
by folding resolution into a linear shape of spectrum at 
the upper end point. See inset to Fig. 1. This coincides 
with the reaction K°-»rt+e*+y. These facts provide 
considerable support to the orginal supposition that 
we are observing neutral K mesons which decay princi- 
pally into three-body final states like rev and myv.4 For 
simplicity, we now assume these to be neutral counter- 
parts of the At 
determination of secondary 


meson. To make an independent 
masses, ionizations of 
charged secondaries are being determined by photo 
metric analysis using a system similar to one described 


by Caldwell and Pal.* This system is promising because 
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of the large flux of protons of various energies which 
serve to calibrate the measurements in each picture. 
We have so far identified four cases of rte~, two cases 
of etm, one case of utr, and one case of rtm (see 
below). A level of confidence estimated at 80°% is 
required for an identification. 

We have also analyzed the events kinematically® 
assuming an incoming A° and, admitting only the 
neutral counterparts of K* decay, have found 5 cases 
which fit only wte~v, 2 cases of retv, and 11 cases of 
nr*e*v. This analysis selects those events which have 
secondaries with transverse momenta which are above 
the cutoff for all but one decay mode. 

There are 19 events that are kinematically consistent 
with ata decay mode, These events are also con- 
sistent with ev and muv modes. One of these, shown in 
is of particular interest. The negative prong 
31.4+2.0 Mev/c; five 
m— decays and one sigma star have been observed 


Fig. 2, 
undergoes m—p decay. (P,* 


among the K° secondaries.) The positive track has a 
momentum of 88.3+1.5 Mev/c, low enough to be 
identifiable by ionization measurements. The calibra- 
tion of the picture, Fig. 3, was made by measuring the 
ionizations of several protons and a “minimum” track, 
all of which were within 5 cm of the vertex in height, 
all in the general region of the event, and all dipping 
by less than 18°. In addition, the known mw and yu 
were used. The measured ionization of the positive 
track is then (2.4+0.2) minimum, in good agreement 
can exclude the yp 


’ 


“c 


with a mw. We estimate that we 
assignment with a 90% confidence level. A microscope 
blob count relative to proton track ?4 again gave good 
agreement with a mw assignment. Q,,’ is 11.3 Mev/c and 
would permit wt y as well as mtr nr’. We refer to 
Dalitz’ for support of the conclusion that the former 


is quite unlikely for spin-zero K mesons. The Q,,' for 
the 19 possible r’s fit the phase space distribution which 
‘contamination” 


is known to be valid for 7+. A strong 
of other modes would give many high Q,,’ values. We 
note here that if, as now seems very likely, 7 and 6 are 


% aBsorrrtios 


C) RELATIVISTIC ELECTRON OR MESON 
@ CLOSE PROTONS 
* ANO w FROM EVENT 





1OWIZATION 16% UNITS OF MInNinUw OwizaTion 

Fic. 3. The ionization calibration for the event in Fig. 2. The 
vertical dashed lines represent the ionization of the positive 
secondary if it is a w or a w. The “minimum”’ track is either a 
fast meson (J =1.0) or a fast electron (J =1.3). 
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q ¥~e, 


Fic. 4. Tracing of V° interaction in helium. See text. 


the same particle, one would expect of the order of, or 


less than, one-third of the 6,’’s to show 3m decay, a 
prediction quite consistent with our results. 

The particle mixture theory® predicts that the long- 
lived @,°’s should interact with equal probability in a 
manner characteristic of strangeness +1 and —1. We 
have observed, in our A’ beam, the interaction depicted 
in Fig. 4. The event is interpreted as the absorption of 
a 0," in a helium nucleus to give a ~ of 82 Mev, a xt 
of 81 Mev, and protons of 144 Mev and 9 Mev. A 
neutron of 30 Mev is required for energy-momentum 
This requires an incident 6," of 250-Mev 
kinetic energy, which is quite reasonable at our pro- 
duction angle. Since the V~ primary is unmeasurable, 
an alternative interpretation that the unstable particle 
isa K but this would require an incident 
6," energy of ~1 Bev. In either case, negative strange- 
a beam which originates with an 


conservation. 


is possible, 


ness is observed 
overwhelming proportion of positive strangeness K’s. 
The event is lives from any wall. 
Neutron production is excluded by the arguments in 
reference 1. 

These results, 
only one-half the 
chamber® are accompanied by 6,'-+2r 
constitute an experimental picture completely con 
sistent with the particle mixture theory of the neutral 
K mesons. The relevance of the failure of charge conju- 
gation invariance to the K° problem has recently been 
discussed by Lee, Oehme, and Yang.’ The interference 
effects discussed there are being sought, but the problem 
is made difficult by the effect of scanning bias. 

We wish to note here 
E. T. Booth to the planning and execution of the early 
Morton 
Fuchs for his assistance in the analysis of data. Mr. G. 
Impeduglia continues his invaluable scanning efforts. 
The cooperation of the Cosmotron staff is gratefully 


ten 6," mean 


together with the observation that 
A”’s produced in the Columbia bubble 


events, now 


the contributions of Professor 


phases of this experiment and to thank Dr. 


acknowledged. 

* This research is supported in part by the U.S. Atomic Energy 
Commission and the Office of Naval Research 

1 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 
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* A cosmic-ray event interpreted as a r° decay (rtr ~r® mode) 
has a reported by Cooper, Filthuth, Newth, Petrucci, Sal 
meron, and Zichichi, Nuovo cimento 4, 1433 (1956). 

3 Mi Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955) 

‘Although we cannot, of course, rule out A°->yute*r’, etc., we 
are encouraged to ignore these possibilities by their absence in 
the A* decays. The observed number of m-*u decays (5) is 
consistent with ~ 100 pion secondaries. 

51). O. Caldwell and Y. Pal, Rev. Sci. Instr. 27, 633 (1956) 

6 The problem was programmed for the IBM 650 by Mr. 
Kenneth King to give a complete description of each event for all 
known secondary mass assignments. We are indebted to the 
Watson Scientific Computing Laboratory for their cooperation, 

7R. H. Dalitz, Phys. Rev. 99, 915 (1955). 

§ Steinberger, Schwartz, Samios, and Plano (private communi 
cation) 

® Lee, (to be published) 
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Angular Distributions of Positrons from 
2'—n!—e?t Decays Observed in a 
Liquid Hydrogen Bubble Chamber* 


A. ABASHIAN, R. K. Aparr, R. Coor, A 
L. Lerpuner, T. W. Morris, D. C. Rana, R. R. Rau, 
\. M. THornpike, AND W. L. WuirreMore, 
Brookhaven National Laboratory, 


Upton, New York 


Erwin, J. Kopp, 


AND 


W. J. Wituis,t Vale University, New Haven, Connecticul 


(Received January 29, 1957) 


EE and Yang! have shown that the nonconservation 

of parity in weak reactions, predicted by them 
and confirmed by Wu, Ambler, Hayward, Hoppes, and 
Hudson,’ is likely to lead to the polarization of the yu 
mesons from m—y decay and to a fore-aft asymmetry 
of the electrons from the following u—e decay. After 
this anisotropy was observed for the high-energy part 
Lederman, and 
mesons stopped in carbon, it seemed 
angular distri 


of the electron spectrum by Garwin, 
Weinrich’ for yt 
desirable ur — o 
bution integrated over the whole momentum spectrum 


to investiyate the wr 


for wt mesons stopped in liquid hydrogen. It is likely 
that the effective 
stopping #* mesons results from the capture and loss of 


It is then 
+ 


most depolarizing effect on the 
electrons in the last fraction of its range. 
plausible that the 
mesons might be least in substances with high ionization 


depolarization of the slowing u 


potentials and there may be less depolarization in 
hydrogen than in carbon. 

One-hundred-Mev mt mesons, produced by bombard 
ing a copper target with one-Bev protons in the Cosmo 
tron, were selected by analysis and directed 
into a liquid hydrogen bubble chamber, 6 in. long, 2 in. 
deep, Appropriate absorber was placed 


in the beam so that the # mesons stopped in the 


magnet 
and 3 in. high 
chamber. According to Lee and Yang,! the » mesons 
are polarized with their spin along the direction of 
emission from the stopped m mesons. Since the m mesons 


polarized at 
field in the 


dec ay isotropically, the mM mesons are 


random with respect to any magnetic 
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Fic. 1. The electron angular distribution from yu* decay. A least 
squares fit gives dN/dQ« 1— (0.254-0.045)cos@. The errors rep 
resent standard deviations. 


chamber and their precession in the field will tend to 
destroy angular correlations. Therefore a degaussing 
coil was placed around the chamber which reduced the 
field in the chamber to less than 0.25 gauss. 

Figure 1 shows the »—e angular distributions derived 
from 980 events. A similar plot of the 7 — angles shown 
in Fig. 2 is consistent with the spherical symmetry to 
be expected from this decay. Since the uw range of about 
1.1 cm is small compared with the dimensions of the 
chamber, and since the yw directions are isotropic, it 
seems unlikely that any scanning or measuring bias 
affects the measured distributions appreciably. 

According to Lee and Yang! the measured values of 
the Michel parameter, p, indicate that the decay process 
is probably ut—et+y+-%. For a simple nonderivative 
coupling theory the normalized electron distribution 
was found by Lee and Yang to have the form 


AN = 2x[ (3x—2x*)+-£(x— 2x") cosO \dxdQ/4a, (1) 


where x is the ratio of the electron momentum to the 
maximum electron momentum, @ is the angle between 
the directions of emission of the u and electron, and 


= (fvfa*t+fafv*)/( fvl?+]| fal), (2) 


where fy and f,4 are the usual vector and axial vector 
coupling constants, respectively. Integrating over all x, 
we get 


4a (dN /dQ)=1—}4 cosé. (3) 


Our value of 0.25+4-0.045 for the coefficient of cosé leads 
to a value for & of 0.75+0.14, if depolarization is 
negligible. If there is appreciable depolarization, — must 
be nearly equal to its maximum possible value of one. 


THE EDITOR 














EVENTS 


71-{L DISTRIBUTION 








EES, ees ae 
=I -0.5 te) +0.5 
Cos 9 ry 


Fic. 2. The w* angular distribution from «+ decay. The dis 
tribution is evidently consistent with an isotropic decay. A least 
squares fit gives dN/dQ« 1+-(0,0434-0.045)cos0,,. [The errors 
represent standard deviations. } 

, 

Lee and Yang* have discussed gradient coupling 
terms though these are not important in nuclear beta 
decay. These can lead to values of the coefficient of 
cos@ greater than 4 for the integrated spectrum as well 
as a different energy dependence than indicated by 
Eq. (1). Our result does not require the introduction 
of a gradient coupling. 

We wish to acknowledge the helpful cooperation of 
S. S. Rideout and D. A. Ravenhall of the Brookhaven 
Computer Center. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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105, 1413 (1957). 

§ Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957). 

‘T. D. Lee, Particle Physics Lecture Series, Brookhaven 
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Odd-Odd Isotope Having Zero Spin* 


J. C. Hupss, W. A. NrereENnBERG, H. A. SHUGART, 
AND J. L. WorcESTER 
Radiation Laboratory and Department of Physics, 
University of California, Berkeley, California 


(Received January 21, 1957) 


HE nuclear angular momenta of two neutron- 
deficient isotopes of gallium have been deter- 
mined by the atomic-beam magnetic-resonance method. 
The results are that for 9.4-hr Ga®, /=0, subject to 
the qualification below, and that for 78-hr Ga®, I=. 
The two isotopes are produced by alpha-particle bom- 
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Fic. 1. Decay of gallium spin samples. Decay curve of a spin-0 
sample and a spin-} sample. The decay serves to identify the 
specific even-A and odd-A isotopes as Ga®™ and Ga*, respectively. 


bardment of copper in the Berkeley 60-inch cyclotron, 
and identification made from a half-life analysis of beam 
exposures taken at appropriate values of radio-fre- 
quency and magnetic field (Fig. 1). The observed decay 
is in good agreement with assignments in the litera- 
ture.!~* 

The ground-state fine structure of gallium is 826 
cm™', and the beam temperature 1100°C ; therefore, both 
the 4p*P; and *P, levels are appreciably populated. 
Gallium 66 and 67 resonances have been observed in 
both levels. between the 
Zeeman frequencies for spin } in the */y state and spin 
() in the *P; state, exposures taken at this position show 
a compound decay. Two special runs were therefore 
made, one for which the 9.4-hr component was allowed 
to decay before the run was begun, the other for which 
the 9.4-hr component was selectively produced by 
differential bombardment. In each case the appropriate 
resonances were considerably enhanced. 

Gross results of spin searches are shown in Fig. 2. 


Because of a coincidence 
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Fic. 2. Comparison of spin samples of Ga® and Ga*’. Results 
of spin searches are indicated by points at various values of 
frequencies corresponding to specific spins. The experimental 
points are extrapolated to a time shortly after cyclotron bombard- 
ment, and the observed resonances are normalized by the compo 
nent of the appropriate isotope in the full beam. All possible 
resonances corresponding to an even-A isotope, /=0, and an 
odd-A isotope, [= 4, were observed. 
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The atomic-beam method is unfortunately incapable 
of giving an unequivocal spin-zero assignment, because 
interactions between the electronic and nuclear systems 
may be too small for observation. It can, however, give 
an upper limit to the interaction. Observations on the 
Ga® resonance in the *Py state have been made at 
three values of magnetic field and from the observed 
data one can set a conservative upper limit to the 
magnetic dipole moment of 10°* nuclear magnetons 
It is therefore highly probable that the spin of Ga® is 
zero. 

Work on gallium is continuing; a new upper limit to 
the magnetic moment of Ga® and the hyperfine 
structure of Ga®™ will be published later. 

* This research was supported by the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
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Magnetic Moment and Spin of ,)Zr,,"' 


E. Brun, J. Orser, anp H. H. Straus 
University of Zurich, Zurich, Switzerland 


(Received January 29, 1957) 


HE optical hyperfine structure of Zr 1 which was 
studied by Arroe and Mack' yielded a nuclear 
spin of 5/2 for Zr". Suwa,’ using the same method 
determined the magnetic moment to be u(Zr") :, 
+0.3 nm. Murakawa’ corrected the result of Suwa an. 
determined the magnetic moment to be u(Zr") 1.” 
+0,2 nm. 
Using a Bloch-type nuclear resonance spectrometer, 
a nuclear induction signal of Zr" has been observed in 
a saturated solution of (NH4)oZrk’s in D,O. A compari 
son of the signal with the corresponding one of O! 
indicates a negative magnetic moment. The ratio of 


i) 


resonance frequencies of Zr” and D* in the same 


magnetic field and the same sample was measured as 


v(Zr") /v(D*) = 0.60557 + 0.00001 


In order to determine the spin of Zr”, differentiated 

75.4%, [=3/2, 
11.2%) in appro 
1,97 
respectively) were compared at the same 


n-mode signals of Cl*® (abundance f 
u=0.8209) and Zr” (abundance f 

priate solutions of well-defined molarities (m 
0.7, 


resonance frequency and consequently nearly the same 


and 


magnetic field. The height of these signals was measured 
as a function of the amplitude //,, of the modulating 
magnetic field. The ratio of signals S with maximum 


height was determined to be 


S(Cl*)/S(Zr") = 0,93 +0.04 
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Assuming spins of 3/2, 5/2, 7/2 for Zr”, the expected 
ratios are 2,340.2, 1.0040.07, 0.564-0.04, respectively, 
according to the formula 


Sy [mf{I(I4 l)yl/; lil Wm | 
Se [mfl(1+1)y, \ol Hy, |)’ 


J 


where /7; is the amplitude of the rf field, m the concen 
tration of the nuclei, and 7 the gyromagnetic ratio. The 
experimentally determined ratio of the signals is there- 
fore compatible with a spin 5/2 for Zr” as measured 
by Arroe and Mack 
Using the ratio of the magnetic moments of H' and 
1)? as determined by Smaller,‘ 
(HH!) /u(D*) = 3.2571999+4- 0.000001 2, 
and the value of the proton magnetic moment,° 
u(H!) = 2.792754+-0,00003 nm, 


the diamagnetically uncorrected value of the magnetic 
moment of Zr” can be calculated as 

u(Zr") 1.29802+4-0.00002 nm, 
or, diamagnetically corrected, as 

u(Zr") 1.302844-0.00002 nm 


10 and the 
, the spin and 


When one considers the proton number Z 
neutron number .V= 51 (magic plus one 
sign of the magnetic moment are in agreement with the 
predictions of the simple single-particle model which 
places the neutron in a d5/z state. The deviation of the 
32% from the Schmidt 


1.913 nm, however, is rather large. For this 


magnetic moment of value 
u(Sch) 
reason 
include 


outside 


one may consider configurations which also 
protons, particularly the last two 
the closed shell Z=28 
pendent-particle model, the two protons would couple 
Q), 2 


>”) 


protons 
In terms of the inde 


their individual spins j, toa total proton spin J, 
or 4, whereas J, would couple with the odd-neutron 
to the total angular momentum /(Zr"') 
the 


spin Jna™ 5/2, 


5/2. Possible configurations consistent with 


exclusion principle are 
vds ) Is 


PF 
| W(Lg/2)"J ped; 


[ w(py 2)°J p 0; vdsjs 
1; vd yy ls 


[ w(g9/2)Jp and [ r(g9/2)*s p=4; vd5,2 |5/2, 
which yield the magnetic moments in nuclear magnetons 
of —1.913, —1.913, +0.037, and +4.04, respectively 
This shows clearly that the ground state of Zr” can 
not be described by one single configuration of the 
type mentioned, 

The observed relaxation time 7, of Zr” in aqueous 
solution of (Zrl’s) is of the order of 10°% sec and 
indicates an appreciable electric quadrupole moment 
Mack, Phys. Rev. 76, 873 (1949) 
2S. Suwa, J. Phys. Soc. (Japan) 8, 734 (1953) 
°K. Murakawa, Phys. Rev. 100, 1369 (1955) 
4B. Smaller, Phys. Rev, 83, 812 (1951 
’ Sommer, Thomas, and Hipple, Phys. Rev. 80, 487 


1H. Arroe and J. I 


1950 


THE 


EDITOR 


Magnetic Moment of the Mu Meson 


Hirosui SuvurA AND Eyvinp H. WicHMANN 
The Institute for Advanced Study, Princeton, New Jersey 


(Received January 24, 1957 


[' is the purpose of this note to consider radiative 
corrections to the magnetic 


of the mu 
meson, under the assumption that the mu meson is a 
Dirac particle of spin 4, coupled to the electromagnetic 
field in exactly the same way as the electron is, and not 
directly coupled to the electron-positron field. 

We write the g factor in the form 


moment 


g=2(1+6,+6.)+0(a') (1) 
Here 6, represents the correction to the magnetic 
moment obtained by ignoring the effect of the electron- 
positron field, and 6» arises from the fact that the 
virtual photons emitted by the mu meson can give rise 
to a virtual electron-positron pair. This last effect is 
of order a’, and the corresponding Feynman diagram is 
shown in Fig. 1. 

From the work of Schwinger! and of Karplus and 
Kroll? on the radiative corrections to the magnetic 
moment of the electron we get 6;, by noting that this 
correction is independent of the mass of the pair field. 
The correction 6, can be obtained most directly from 
formula (53), p. 546 in Karplus and Kroll? by a minor 
modification. The result is 


9 


4m, 
m,? 


My 25 Mo 
4 In ta’O ” 
Mo 3 m 


“ 


) (1.08), 


Fic, 1. Feynman diagram for the correction 6, to the magnetic 
moment of a mu meson. The heavy solid lines refer to mu mesons, 
the thin solid lines to electrons, and the dotted lines to photons. 
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where m, is the mass of the mu meson and mp is the 
mass of the electron. Numerically the term 6, is seen 
to be of the same order of magnitude as the usual 
fourth-order correction. 

This note was stimulated by recent 
experimental techniques for the measurement of the 
magnetic moment of the mu meson. It does not seem 
inconceivable that it will be possible to measure both 
the mass and the magnetic moment of the mu meson 
with an accuracy radiative 
corrections. The experimental accuracy will almost 
certainly be sufficient to test the correction of order a. 

In this connection we wish to draw attention to a 
note by Berestetskii, Krokhin, and Khlebnikov® con- 
cerning the effect on the magnetic moment of the mu 
meson of a modification of quantum electrodynamics 
at small distances. 

We are indebted to Dr. T. D. Lee and Dr. C. N. 
Yang for informing us about recent experiments in the 
lield and to Dr. Norman M. Kroll for helpful discussion. 

We use this opportunity to express our gratitude to 
The Institute for Advanced Study and its Director, 
Dr. Robert Oppenheimer for kind hospitality shown us 


advances in 


sufficient to test these 


during our stay here. 


1 J. Schwinger, Phys. Rev. 73, 416 (1948), 

2 R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 

4 Berestetskii, Krokhin, and Khlebnikov, J. Exptl! Theoret 
Phys. (U.S.S.R.) 30, 788 (1956) [translation : Soviet Phys. JETP 
3, 761 (1956) ] 
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Magnetic Moment of the » Meson 


A. PeTERMANN 
CERN Theoretical Study Division, Institute for Theoretical Physics, 
Copenhagen, Denmark 
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N the very recent past, the experimental g value 
and thus the magnetic moment-—of the wt meson 
was still so uncertain that it did not allow one even to 
decide whether its spin was 4 or 3. Now, new and 
powerful methods, due to Garwin, Lederman, and 
Weinrich,! have already determined it to be + 2.00 
+0.1. Moreover these authors have designed a mag- 
netic resonance experiment to determine the magnetic 
moment to ~0.03°%. This is only one order of magni- 
tude bigger than the a’ corrections to this moment, and 
it seems to be worthwhile, owing to these rapid im- 
provements of the experimental situation, to look into 
the predictions of quantum electrodynamics 

For the u meson, with spin 4, the results of Schwinger? 
and Karplus and Kroll* can be applied, but one has to 
consider, in the fourth-order corrections, one more 
term, the contribution of which is not negligible. It is 
due to the vacuum polarization effect by electrons 
during the virtual photon propagation. Its contribution 
to the magnetic moment is given, in units of eh(2Mc)"', 
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by the integral 
l 


we a! u*(1 
Up [ du | di 
wy 6 u*(1 


0 


u)v?(1—v*/3) 
*)+2(1—) 


with \=4m?/M?, m and M being the electron and the 
u-meson masses, respectively. 
This yields 


a 
up {anc )+4 In2 


r: 


the error « being shown to be less than O(\*). With 
M = 207.2m, the numerical value is 


up= (a®/m*) (1.08), 


and together with the results of the previous authors, 
the magnetic moment of the » meson amounts to 


ao 
( )1so|ten 2Me). 
r 


!Garwin, Lederman, and Weinrich, [Phys. Rev. 105, 1415 
(1957) ] 

4 J. Schwinger, Phys. Rev. 73, 416 (1948) 

4. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 


K' Production in p-p Collisions 
at 3.0 Bev* 


LINDENBAUM YUAN 


York 


a AND Luke C, L 
Brookhaven National Laboratory, U pton, New 


(Received January 29, 1957) 


OR some time Kt particle beams emanating from 

heavy nuclei have been observed at the Cosmotron 
and Bevatron,' * first by emulsion and then by counter 
techniques. The direct observation of strange particle 
production by m~ mesons of kinetic energy ~1.4 Bev 
incident on hydrogen has been studied by the Brook 
haven hydrogen diffusion cloud chamber group® and 
by other groups,’ and it has been found that, of the 
total m+ inelastic cross section of ~25 millibarns, 
about 1 millibarn corresponds to strange particle 
produc tion of the type 


x +p-hyperon+A meson 


The observation*® ® of AK* mesons produced in heavy 
nuclei at various angles (60-90°) and lab momenta 
(300-500 Mev/c) gave relative cross sections, expressed 
in terms of the A*/m* ratio at the target, of ~1/20 
to 1/100. 

Using the known order of magnitude cross sections 
for production of high-energy pions and the previously 
millibarn for the m +p 
interaction leading to strange particle production, one 


stated cross section of ~1 
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could explain the order of magnitude of the observed 
production® of K* and other strange particles from 
heavy nuclei by a two-step process. First a high-energy 
pion is produced, which then subsequently interacts 
with another nucleon in the nucleus producing the K*.® 
Hence the evidence for direct production in nucleon- 
nucleon collisions was not conclusive. 

One case of K* and hyperon production in a p-p 
collision has been previously reported in a hydrogen 
diffusion chamber.” Several other events of strange 
particle production of varying degrees of definiteness of 
interpretation have been observed." However, the 
situation regarding the p-p production of K mesons 
and hyperons was still in a very indefinite state and in 
fact there was some recent experimental evidence” that 
it was anomalously low or even possibly absent. 

One might note here that the w+) events involve 
the isotopic spin $ and 4 states while the p-p case 
involves 7 =1 and the n-p case involves T=0 and 
7'=1. One could not rule out the preference of strange 
particle production for particular isotopic spin states 
or modes of production. 

To investigate this problem an experiment was 
started using a counter telescope to detect AK* particles 
emitted at various angles from a hydrogen target and 
also a Cu target upon which the external 2.95+-0.05 
Bev proton beam of the Brookhaven Cosmotron is 
incident. The counter system included Cerenkov coun- 
ter elements in 
select a velocity interval, and a magnet was used to 
select a momentum interval such that the combination 
required a positive particle of rest mass equivalent to 
495+ 100 Mev in order tocount. Thisexcluded all known 
particles except K+. The background due to the acciden- 
tals in the telescope was less than 5%. This was checked 
both by monitoring background and by several range 
curves taken with the Cu target. 

The K*/x* ratio from Cu at 425 Mev/c was observed 
to correspond to about 1/(80+-12) at the target,” while 
in a short preliminary hydrogen run twelve K* counts 
from hydrogen were observed. The background due to 
all sources of accidentals in the telescope was monitored 
during the hydrogen run and would correspond to less 
than 4%. The telescope did not see the end walls of the 
Styrofoam H, target which in any event were quite 


coincidence and anticoincidence to 
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thin and even if seen would provide a K+ rate <1/10 
that observed. An estimate of the possibility of a high- 
energy m meson created in the hydrogen or front and 
back walls of the target which subsequently interacts 
again in the hydrogen target to yield a K*, gives an 
upper limit of the order of 5%. Hence the background 
events of all types other than direct K* production in 
a p-p collision could at most account for 10% of the 
observed rate. The estimated probability that the 
observed rate in this preliminary measurement is a 
background fluctuation or other spurious effect is less 
than 10~°. 

The K*+/x* ratio observed in H, in this measurement 
corresponds to a value at the target of 1/(2004-70). 
This is lower than the value in copper, by a factor of 
2.5+1. However, the lack of Fermi momentum would 
tend to account for at least part of this. Hence these 
data imply that direct A+ production in p-p collisions 
exists and contributes to the K* production from 
heavier nuclei. 


*Work performed under auspices of U. S. Atomic Energy 
Commission. 
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2G, Collins had informed us that, in observations of y rays 
from decaying neutral strange particles produced in hydrogen and 
heavier elements, the cross section for hydrogen was found to be 
less than } of the cross section per nucleon for heavier nuclei and 
was within errors consistent with zero. 

18 This is consistent with previous measurements at somewhat 
different momenta (see references 3 and 5). 

4 After completion of this experiment the authors were informed 
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the cross section is not zero and a preliminary indication that 
the K*+/x* ratio from hydrogen seems to be smaller than from Cu. 
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Transport and Deformation-Potential Theory for 
Many-Valley Semiconductors with Anisotropic 
Scattering, CONyERS HERRING AND Ericu Voct 
[Phys. Rev. 101, 944 (1956) ]. We are indebted to 
Dr. R. W. Keyes for the observation that the values 
of Cy. and cy for silicon were interchanged in Table 
VIII and in the subsequent calculations. Thus, in 
Table VIII,c* and c; should be —0.577 10" and 
1.906 10", respectively. Equations (55) and (56) 
should read 


C||] =2.2[1.40(24/Z..)?+2.40(24/Z.) +1.62 ], 
[1 )=2.7[1.33 (2 4/Zy)?+1.15 (Za/Z.) +1.07], 


respectively. Also, more recent piezoresistance 
measurements! alter the m,,; entry of Table VIII to 
— (21500/T)+const, and suggest that the part 
identifiable with the left of Eq. (27) may actually 
be as much as 15% higher than this. This 15% 
adjustment has been used for the dashed curve of 
the accompanying figure. 
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Fic. 6 (top and bottom parts only). Above: mobility wa due to 
scattering by acoustic modes only, for n-type silicon at 100°K, 
as a function of the ratio Z4/Z, of the two deformation-potential 
constants. The full curve is calculated with the m,, assumed 
originally, the dashed curve with the more recent values. Below: 
ratio of the parallel and perpendicular relaxation times. 
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Electron Scattering from the Deuteron, Joun A. 
McINnTyrE [Phys. Rev. 103, 1464 (1956) ]. The 
third sentence of point 1 under Sec. VII should 
read ‘“Thus, the discrepancy of Fig. 4 results only 
from the S-state charge distribution of the deu- 
teron.”’ instead of ‘Thus, the discrepancy in Fig. 4 
results,”’ 


Stopping Power and Valence States, WERNER 
BrANbT [ Phys. Rev. 104, 691 (1956) ]. In Table I, 
the value for the atomic polarizability of aliphati- 
cally bound carbon should read 0.91 A* instead of 
1.91 A’; the last 
should read (1) alcohols, ethers and (2) ketones 
instead of (1) alcohols and (2) ether, respectively. 


two valence states of oxygen 


Critical Points and Lattice Vibration Spectra, 
James C. Purtiuipes [Phys. Rev. 104, 1263 (1956) ]. 
In Sec. II1 a classification of all possible fluted 
points arising from threefold degeneracies was 
given in terms of the sectors of the \’ surface. The 
latter were obtained from the radial extrema of the 
surface. Eugene Blount has pointed out to the 
author that the analysis given located only radial 
stationary points, some of which must be saddle 
points. In fact, the Morse equality for the 
surface is 


No—N1+N2= 2. 


It was found that radial stationary points occurred 
in the Ag, Ag, Z~, and G; directions of multiplicity 
6, 8, 12, and 24, respectively. From the Morse 
equality the G; points must always be saddle points. 
From this, one can show that the points denoted 
by SS, C, D in Table I never occur. In addition, to 
distinguish between the various possibilities one 
need no longer determine C;, so that the sixth 
column of Table I can be disregarded. 


Negative to Positive Ratio from Nonrelativistic 
Theories of Pion Photoproduction, Micuar. J. 
Moravesik [ Phys. Rev. 105, 267 (1957) ]. The last 
sentence in reference 33 should read as follows: 
“That the two couplings give different results is 
not surprising since the often quoted equivalence 
theorem does not hold for photoproduction if the 
anomalous magnetic moments are included.” 


1933 
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